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Abstract

Based on the lemma from Toplitz transformation for sequences of
uniformly convergent functions, we derive and prove the uniformly

convergent Stolz theorem for sequences of functions in region /.
1. Introduction

In this paper, we start from Stolz theorem for infinite sequences and generalize it

to Stolz theorem for sequences of functions. First we give the following theorems for
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infinite sequences:

Theorem 1 (Stolz Theorem [1-5]). Let {a, } and {b,} be two sequences such

that

(1) {a, } is a strictly monotone increasing sequence;

) lim a, = .
n—oo

. bbb . . . .. L
If lim =21 — | exists (having a limit of positive and negative infinity), then
n—ee dyy —dy

b
lim 2 =1.
n—oo Cln

There is no requirement for sequence {b,, } to have a limit of oo, so this theorem

*k
could be remarked as — Stolz theorem. Similarly, we generalize Stolz theorem for

sequences of uniformly convergent functions with indeterminate expression as

following:

Theorem 2. [f two sequences of functions {f,(x)} and {g,(x)} satisfy the

following conditions in region I,

(1) g,(x) is uniformly convergent to +e on region I,

(2) Forany xe I, 0 <{g,(x)} monotone increases;

fn+1(x) - fn(x)

.is bounded on region I.
gn+1(x) — g, (x

(3) For any given n, function

fu(x)
gn(x)

fn+1(x) - fn(x)
gni1(x) — g,(x)

Then, if is uniformly convergent to h(x), is uniformly

convergent to h(x).

Similar to the proof of Stolz theorem for unlimited sequences, we need to give
Toplitz transformation for sequences of functions which are the following three

lemmas.

Lemma 1. Let sequences of functions {f,(x)}, {g,(x)}, and {a;(x)} be
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defined in region I, if for any x € I, we have:

g1 (x) ary(x) 0 0 <\ i)

25 (%) ay(x) agp(x) - 0 o folx)

SO0 an® o an) | £
and the following hold,

(1 aij(x)ZO,j<i, i, j=1,2,L Vxel;

i
2) D a;(x)=1,Vie N, Vxe I;
j=1

(3) Forany je N, xe I; a,; is uniformly convergent to 0 when n approaches

nj
infinity;
(4) For any n, f,(x) is bounded in region I.

Then, if {f,,(x)} is uniformly convergent to h(x), x e I, we have

n

Zanj(x)fj(x) =g,(x)=>h(x), n—>oeo, xel.

J=1

Proof. For any n, f,(x) is bounded in region I, if {f,(x)} is uniformly
convergent to /(x), then {f,(x)} and h(x) are uniformly bounded in region I, that
means there exists M > 0 such that for any n, x € I, | f,(x)| < M.Further because

{f,(x) = h(x)} is uniformly convergent to 0, then for € =1, there exists N > 0, for

any n > N, xe I, {f,(x)—h(x)} <1

Let M = max{M, M,,..., My, 1}, where M; is the bound for f; — h(x) in

region /, thus for any x € I, n, we have
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|fn(-x) - h(x)l <M.
As {f,(x)} is uniformly convergent to h(x), we know that for any € > 0, there

exists a N, forany n > N, x € I, we have

|fn(-x) - h(x)l <

| m

Moreover, for any n, {anj (x)} is uniformly convergent to 0, we have
Ny e
M Z ayj (x)¢ uniformly convergent to 0, therefore for the above 5 there exists a
Jj=1

Ny, forany n > Ny, xe I,

Ny e
MZ Clnj (X) < 5
j=l1

Let N = Ny + Ny, when n > N, forany x € I, we have:

|80(0) = h)| =Y @y (D) f;(0) = h(x) =Y @y (0)f;(0) = h(x)Y | ay(x)
Jj=1 j=1 j=1
=D @y ()50 = 1)) €D a1 f5(6) = ()|
j=l Jj=1
No n
= Jay (R0 = B+ D g (D f5() = k()
j=1 j=Np+1
Ny n
SMZ|anj(x)|+§ Z |anj(x)|S§+§=£.
j=1 j=Ng+1
So we have

n

Zanj(x)fj(x) =g,(x) = h(x),n >, xel.

J=1
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Thus Lemma 1 holds.

Lemma 2. Let sequences of functions { f,(x)}, {g,(x)}, and {a;;(x)} defined

n

in region I, forany xe I, g,(x) = Z a,;(x)fj(x) exists and following hold,

J=1

(1) There exists k > 0, forany n€ N, x € I, |a, (x)] +|a, (x)| + ... + |a,, (x)]

<k
(2) Forany je N,xe I, anj(x) is uniformly convergent to 0, n — oo

3) A,(x) =ay(x)+a,(x)+...+a,,(x) is uniformly convergent to 1 as

n—o, xel;
(4) For any n, f,(x) is bounded in region I.

Then, if {f,,(x)} is uniformly convergent to 0, n — oo, x € I, we have

n

> a4y ()f;() = g, ()= 0. 0o xel

Jj=1
Proof. Since f,(x) is uniformly convergent to 0, and for any n, f,(x) is

bounded in region I, we know that { f, (x)} is uniformly bounded in region I, which

means that there exists M > 0, forany je€ N, {anj (x)} uniformly convergent to 0,

and we have |f,(x)] < M. Similarly, for any € > 0, there exists a N, for any

n> Ny, xe I,we have |f,(x) < % Since for any n,|a,;(x)| is uniformly

n
convergent to 0, further we know {M Z|an]~ (x)|} is uniformly convergent to 0, thus
Jj=1

for the above € > 0, there existsa Ny > 0, forany n > Ny, x € I we have

n
MZ |a,; (x)] < %
=

Let N = Ny + Ny, when n > N, forany x € I, we have
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Ny N

< Jay LN+ D Jay (M)

Jj=1 Jj=No+1

anj(x)fj(x)

Jj=1

N

No

€ € €

< M2|anj(x)| +§ ' Z|anj(x)| < E+§ -k =¢
j=1 j=Ng+1

Thus Lemma 2 holds.

Lemma 3. Let sequences of functions {f,(x)}, {g,(x)}, and {a;(x)} be

n

defined in region I. If for any xe I, we have g,(x)= Zanj(x)fj(x) and

j=1
following hold:

(1) There exists k>0, for any ne N,xe I, we have |an1(x)| +
[, (X)| + ...+ |y, (%)] < ks

(2) Forany je N, xe I, {anj(x)} is uniformly convergent to 0, n — oo,

3) A,(x)=a,(x)+a,,(x)+...+a,,(x) is uniformly convergent to 1 as

n—o, xel;
(4) For any n, f,(x) is bounded in region I.
Then, if {f,,(x)} is uniformly convergent to h(x), x € I, we have

n

Zanj(x)fj(x) =g, (x) = h(x), n—>o,xel.

Jj=1
Proof. Let A,(x) =1+ a,(x), then {a,(x)} is uniformly convergent to 0, we
can get

n

2n(x) = h(x) = D" a,; (0 f; ()[4, (x) = 00, (x)] = A(x)

J=1

= a, (x)(f1(x) = h(x)) + a2 (x)( f2(x) = h(x))
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+ oot @y, (X)(f,y (x) = h(x)) + h(x)o, (x)
= Z,(x) + h(x)a, (x).

Since {f,(x)} is uniformly convergent to h(x), we can conclude that
{fu(x)—h(x)} is uniformly convergent to 0, hence {Z,(x)} is uniformly
convergent to 0, then

g, (x) = h(x) = Z,(x) + h(x)o, (x).

As for any n, f,(x) is bounded in region I, we know that 4(x) is bounded, which
means there exists a M > 0 such that for any x € I, |h(x) < M. On the other hand,
o, (x) is uniformly convergent to 0, so, for any € > 0, there exists a N > 0 such

that for any n > N, x € I, we have |o,(x)| < &,
[h(x)o, (x)] < Mo, (x)| < Me.

Thus {A(x)a,(x)} is uniformly convergent to 0, furthermore, we can conclude that
{g,(x) = h(x)} is uniformly convergent to 0, and {g, (x)} is uniformly convergent

to A(x). Thus Lemma 3 holds.

Now we use the above lemmas to prove Theorem 2.

fn+1(x) - fn(x)

Proof. Let z,(x) =
w0 gn+1(x) = g, (x)

be uniformly convergent to h(x) and

gj(x) - gj—l(x)

, then
gn(x)

anj(x) =

fax) _ folx)

gn(x)  gu(x)

w, (x) = a1 (X)z1(x) + apa ()20 (X) + ... + a,,, (x)z,(x) =

Since {g,(x)} is uniformly convergent to +eo, so we have a,;(x)=

(%) — g j-1(x)
R A o ks is uniformly convergent to 0 (n — o, x € I), then
g (%)
8n(x) ~ go(x)

A, (x) =a(x)+a,,n(x)+...+a,,(x)= . )
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is uniformly convergent to 1. Then from above Lemma 3, we have

Moreover, since {

n

w,(x) = Zanj(x)zj(x) = h(x), n oo, xel
=

fo(x)
gn(x)

} is uniformly convergent to 0, we have that {f” (x)} is
8n(x)

uniformly convergent to /(x), n — oo, x € I. Finally, Theorem 2 holds.

(1]

(2]

(3]

(4]

(5]

References
Mathematical Analysis, Vol. 1, Mathematics Department, Huadong Normal
University, China Higher Education Press, Beijing, 2008, pp. 78-98.

Liu Lishan, Basic theory and typical methods for mathematical analysis, China Science

and Technology Press, Beijing.

W. Fleming, Multivariate Function, Translated by Zhuang Yadong, People’s
Education Press, Beijing, 1982, pp. 94-99.

Ouyang Guangzhong, Zhu Xueyan, Jin Fulin and Zhu Chuanzhang, Mathematical
analysis, China Higher Education Press, Beijing, 2007, pp. 184-193.

Liu Yulian and Fu Peiren, Mathematical analysis lecture, 3rd ed., China Higher

Education Press, Beijing, 1992.



