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Abstract 

In [1], the { }YT Weibull-  family of distributions were introduced, and 

some of their properties with application were presented. Inspired by 

quantile generated probability distributions [2], we introduce a so-called 

Weibull-Tq  family of distributions induced by the uniform distribution 

and present some properties of this new class of distributions. When T  

follows the standard Power distribution, it is shown that the Quantile 

standard Power-Weibull distribution induced by the uniform distribution 

is practically significant in modeling real life data. 
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1. The { }YRT -  Family of Distributions 

This family of distributions was proposed by Alzaatreh et al. [3]. In particular, 

let YRT ,,  be random variables with CDF’s ( ) ( ) ,xTPxFT ≤=  ( ) =xFR  

( ) ,xRP ≤  and ( ) ( ) ,xYPxFY ≤=  respectively. Let the corresponding quantile 

functions be denoted by ( ) ( ) ,, pQpQ RT  and ( ),pQY  respectively. Also if the 

densities exist, let the corresponding PDF’s be denoted by ( ) ( ) ,, xfxf RT  and 

( ),xfY  respectively. Following this notation, the CDF of the { }YRT -  is given by 

( )
( ( ) )

( ) { ( ( ))}xFQFdttfxF RYTT

xFQ

a
X

RY
== ∫  

and the PDF of the { }YRT -  family is given by 

( )
( )

{ ( ( ))}
{ ( ( ))}.xFQf

xFQf

xf
xf RYT

RYY

R
X =  

2. The XqT -  Family of Distributions Induced by V  

Definition 2.1. Let V  be any function such that the following holds: 

(a) ( ) ( ) ( )[ ],, bVaVxF ∈  

(b) ( )xF  is differentiable and strictly increasing, 

(c) ( ) ( )aVxFx =−∞→lim  and ( ) ( ).lim bVxFx =∞→  

Then the CDF of the XqT -  family induced by V  is given by 

( )
( )( )

( )( )
,

1
dt

tQr
xK

xFV

a∫=  

where 
( )( )tQr

1
 is the quantile density function of random variable [ ],, baT ∈  for 

,∞≤<≤−∞ ba  and ( )xF  is the CDF of any random variable .X  
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Theorem 2.2. The CDF of the XqT -  family induced by V  is given by 

( ) ( )( )[ ].xFVQxK =  

Proof. Follows from the previous definition and noting that .
1

Qr
Q

o
=′  

Theorem 2.3. The PDF of the XqT -  family induced by V  is given by 

( )
( )

( )( )( )[ ]
( )[ ].xFV

xFVQr

xf
xk ′=  

Proof. ,,
1

, fF
Qr

QK =′=′′=
o

k  and K  is given by Theorem 2.2. 

3. The Weibull-Tq  Family induced by Uniform Distribution 

We take ( )( ) ( ),xFxFV WB=  where ( )xFWB  is the CDF of the two-parameter 

Weibull distribution, that is, ( )
( )

,1
k

λ
−

−=
x

exFWB  where .0,, >λ kx  Note that the 

PDF of the two-parameter Weibull distribution is obtained by differentiating the 

CDF, ( ).xFWB  In this paper, we denote the PDF of the two-parameter Weibull 

distribution, by ( ).xfWB  Now let TQ  be the quantile function of the random variable 

,T  then from Theorem 2.2, we have the following: 

Corollary 3.1. The CDF of WeibullqT -  family of distributions induced by the 

Uniform distribution is given by 

( ) ( )( ).xFQxF WBTM =  

If Tr  is the PDF of the random variable ,T  and since ( ) ,
1

TT
T Qr

Q
o

=′
 then it 

follows from Theorem 2.3, that we have the following: 

Corollary 3.2. The PDF of WeibullqT -  family of distributions induced by the 

Uniform distribution is given by 
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( )
( )

( ) ( ( ))
.

xFQr

xf
xf

WBTT

WB
M

o
=  

4. Transformation and Quantile Function 

Lemma 4.1. If T  is uniform, then the random variable ( )[ ]k
1

1log TX −−λ=  

belongs to the Quantile Uniform-Weibull family of distributions induced by the 

uniform distribution. 

Proof. By Corollary 3.1, we must show the CDF of X  is ( ).xFWB  Observe T  

is defined on [ ],1,0  and since T  is uniform, thus Lemma 1(a) of [1], implies X  has 

CDF { ( )} ( ),xFxFF RRT =  where ( )xFR  is CDF of the two-parameter Weibull 

distribution, that is, ( ) ( ).: xFxF WBR =  

Lemma 4.2. The quantile function for the WeibullqT -  family of distributions 

induced by the Uniform distribution is given, for ,10 << y  by 

( ) [ ( )],yRQyQ TWBM =  

where WBQ  is the quantile function of the two-parameter Weibull distribution, and 

TR  is the CDF of the random variable .T  

Proof. By definition, ( ) ( ),1 yFyQ MM
−=  where ( ) ( ( )).yFQyF WBTM =  Thus, 

it is enough to check that [ ( )] .yyQF MM =  Now observe we have the following: 

[ ( )] [ [ ( )]]yRQFyQF TWBMMM =  

( ( [ ( )]))yRQFQ TWBWBT=  

[ ( )] ( ( )) ( ( )) yyFFyQFyRQ WBWBWBWBTT === −1since  

( ( )) ( ( )) .since 1 yyRRyRQy TTTT === −  
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5. Modes 

Observe from Corollary 3.2 that we have the following: 

( )[ ]
( ) ( ( ))

( )[ ]xf
xFQr

xf WB
WBTT

M log
1

loglog +





=

o
 

( ) ( ( ))[ ] ( )[ ].loglog xfxFQr WBWBTT +−= o  

Now differentiating the above expression with respect to x, one obtains 

( )
( )

( ) ( ( )) ( )
( ) ( ( ))

( )
( )

.
xf

xf

xFQr

xFxFQr

xf

xf

WB

WB

WBTT

WBWBTT

M

M ′
+

′
−=

′

o

o
 

Now multiplying both sides of the above expression by ( ),xfM  one obtains 

( )
( ) ( ( ))
( ) ( ( ))

( )
( ) ( ( ))xFQr

xf

xFQr

xFQr
xf

WBTT

WB

WBTT

WBTT
M

oo

o
2′

−=′  

( )
( ) ( ( ))

.
xFQr

xf

WBTT

WB

o

′
+  

If 1=k  in ( )
( )

,1
k

λ
−

−=
x

exfWB  then let the modified CDF be denoted by 

( ) λ
−

−=
x

exF Mod
WB 1:  

and if the random variable X  has CDF ( ) ,xF Mod
WB  write ( ).~ λWBX  Now we have 

the following: 

Lemma 5.1. An implicit expression for the modes of the ( )λWBqT -  family of 

distributions induced by the uniform distribution is given by 

( ) ( ( ))

( ) ( ( ))
,log










 ′
λ=

xFQr

xFQr
x

Mod
WBTT

Mod
WBTT

o

o
 

where Tr,0>λ  is the PDF of the random variable TQT ,  is the quantile function 
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of the random variable ,T  and ( ) .1: λ
−

−=
x

exF Mod
WB  

Proof. It is obtained by solving the following equation for x 

( ) ( ( ))

( ) ( ( )) ( ) ( ( ))xFQr

e

xFQr

xFQr

Mod
WBTT

Mod
WBTT

Mod
WBTT

x

oo

o 2

2

0 λ
′

−=

λ
−

 

( ) ( ( ))
.

2

xFQr

e

Mod
WBTT

x

o

λ−

λ
−

 

6. Shannon’s Entropy 

Theorem 6.1. If a random variable M  follows the WeibullqT -  family of 

distributions induced by the uniform distribution, then the Shannon entropy of ,M  

call it MS  is given by 

( )( )[ ] ,log TWBWBM TQfES η+−=  

where Tη  is the Shannon entropy of the random variable .T  

Proof. By definition 

( )[ ]
( ) ( ( ))

.
1

loglog 













−+−=

XFQr
EXfES

WBTT
WBM

o
 

However, ( )XFT WB=  has PDF 
( ) ( )

,
1

tQr TT o
 thus, it follows that 

( )[ ] ( )( )[ ].loglog TQfEXfE WBWBWB =  

On the other hand 

( ) ( ( )) ( ) ( )
.

1
log

1
log T

TTWBTT tQr
E

XFQr
E η=













−=













−

oo
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Hence the conclusion. 

7. Moments 

Theorem 7.1. If a random variable M  follows the WeibullqT -  family of 

distributions induced by the uniform distribution, then the thr  non-central moments 

admit the following integral representation: 

[ ] ( )[ ]
( ) ( )

.
11

0
du

uQr
uQME

TT

r
WB

r

o∫=  

Proof. Follows from using the substitution ( ).mFu WB=  

Lemma 7.2. Let WBQ  be the quantile function of the two-parameter Weibull 

distribution, and TR  be the CDF of the random variable .T  If X  is uniform on 

[ ],1,0  then the random variable ( )[ ]XRQY TWB=  follows the WeibullqT -  family 

of distributions induced by the uniform distribution. 

Proof. By Corollary 3.1, it is enough to show that the CDF of Y  is TQ  

( )( ).yFWB  Since X  is uniform on [ ] ( ) .,1,0 xxXP =≤  Now observe we have the 

following: 

( ) ( )[ ][ ]yXRQPyYP TWB ≤=≤  

( ) ( )[ ]yFXRP WBT ≤=  

( )( )[ ]yFQXP WBT≤=  

( )( ).yFQ WBT=  

Theorem 7.3. The thr  non-central moments of the WeibullqT -  family of 

distributions induced by the uniform distribution admit the following combinatorial 

sum representation 

[ ]
( )

[ ( )( ) ] ,;
1

,

00

i
k

r

Tij

jii

ji

r
r

XREp
j

i

j
k

r
i

k

r
i

k

r
YE

+
+

=

∞

=










−

−













 −λ
= ∑∑  
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where TR  is the CDF of the random variable XT ,  is uniform on [ ],1,0  and ijp ,  

are obtained from equation (3.19) of [1]. 

Proof. Using the quantile function of the two-parameter Weibull distribution, it 

follows from Lemma 7.2 that 

[ ] [( ( )( ) ].1log k

r

T
rr XREYE −−λ=  

From equation (3.18) of [1], we get 

( ( )( )
( )

( )( ) .
1

1log ,

00

i
k

r

Tij

jii

ji

k

r

T XRp
j

i

j
k

r
i

k

r
i

k

r
XR

+
+

=

∞

=










−

−













 −
=−− ∑∑  

By taking expectation in the expression immediately above and using it in the 

expression before it, the result follows. 

8. Mean Deviations 

Lemma 8.1. Let ( ) ,dxxfxI M

c

c ∫ ∞−
=  where ( )xfM  is the PDF of the 

WeibullqT -  family of distributions induced by the uniform distribution, then 

( )
( ),

1
,0,

1

1
1

,

00

i
k

cSp
j

i

j
k

i
k

i

k
I uij

jii

ji

c +








−

−













 −λ
= ∗

+

=

∞

=

∑∑  

where 

( )( )
( )

( )( )
( ) ( )

.
1

,, du
uQr

uacS
TT

cF

a
u

WB

o

α∗
ϕ ϕ=α ∫  

WBF  is the CDF of the two-parameter Weibull distribution, Tr  is the PDF of the 

random variable TQT ,  is the quantile function of the random variable ,T  and ijp ,  

are obtained from equation (3.19) of [1]. 
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Proof. By definition 

( )
( ) ( ( ))

.dx
xFQr

xfx
I

WBTT

WB
c

c
o∫ ∞−

=  

Using the substitution ( )xFu WB=  and the quantile function of the two-parameter 

Weibull distribution, the above integral can be written as 

( )
( )( )

( ) ( )
.

1
1log

1

du
uQr

uI
TT

k

cF

a
c

WB

o
−−λ= ∫  

From equation (3.18) of [1], we get 

( )( )
( )

.
1

1
1

1
1log

1

,

00

1 i
k

ij

jii

ji

k up
j

i

j
k

i
k

i

k
u

++

=

∞

=










−

−













 −
=−− ∑∑  

Thus the above integral can be written as 

( ) ( )

( ) ( )
du

uQr
up

j

i

ji

i
I

TT

icF

ij

jii

ji

c

WB

o

1

1

1
1 1

0
,

00

++

=

∞

=
∫∑∑ 









−

−













 −λ
= k

k

k
k

 

( )
( ),

1
,0,

1

1
1

,

00

i
k

cSp
j

i

j
k

i
k

i

k uij

jii

ji

+








−

−













 −λ
= ∗

+

=

∞

=

∑∑  

where the notation below has been used in the last equality in the expression 

immediately above 

( )( )
( )

( )( )
( ) ( )

.
1

,, du
uQr

uacS
TT

cF

a
u

WB

o

α∗
ϕ ϕ=α ∫  

Theorem 8.2. For the WeibullqT -  family of distributions induced by the 

uniform distribution, the mean deviation from the mean, ( ) ,µD  and the mean 

deviation from the median, ( ),MD  are given, respectively by 
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( ) ( )
( )

( )iSp
j

i

ji

i
FD uij

jii

ji

M +µ








−

−













 −λ
−µµ=µ ∗

+

=

∞

=
∑∑ k

k

k
k

1
,0,

1

1
1

22 ,

00

 

and 

( )
( )

( ),
1

,0,
1

1
1

2 ,

00

i
k

MSp
j

i

j
k

i
k

i

k
MD uij

jii

ji

+








−

−













 −λ
−µ= ∗

+

=

∞

=

∑∑  

where MF  is the CDF of the WeibullqT -  family of distributions induced by the 

uniform distribution 

( ) ( ) ( ) ∗∗
µ=

∗∗ =++=+µ uucuu SiMSicSiS
kkk

1
,0,,

1
,0,

1
,0, ( ) ,

1
,0,

Mc
ic =+

k
 

and 

( )
( )

( ) ( )
.

11
,0,

1

0
du

uQr
ui

k
cS

TT

i
k

cF

u

WB

o

+∗ ∫=+  

WBF  is the CDF of the two-parameter Weibull distribution, Tr  is the PDF of the 

random variable TQT ,  is the quantile function of the random variable ,T  and ijp ,  

are obtained from Equation (3.19) of [1]. 

Proof. Let MF  be the CDF of the Weibull-Tq  family of distributions induced 

by the uniform distribution. By definition 

( ) ( ) µ−µµ=µ IFD M 22  

and 

( ) .2 MIMD −µ=  

So the theorem follows by combining the above definitions with the previous 

Lemma. 
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9. Example with Application 

9.1. Example 

Recall from [4] that the standard Power distribution has the CDF given by 

( ) α
α = ttF  

for 10 << t  and 0>α  and the corresponding PDF is given by 

( ) 1−α
α α= ttf  

for 10 << t  and .0>α  Assuming T  follows the standard Power distribution, then 

we have the following: 

Theorem 9.1. The CDF of the Quantile standard Power-Weibull distribution 

induced by the uniform distribution is given by 

( ) [
( )

] ,1
1
αλ

−
−=

kx

exFM  

where .0,,, >λα kx  

Proof. Since T  is standard Power, then, ( ) ,
1
α= ttQT  where ,10 << t  and 

.0>α  On the other hand, WBF  is the CDF of the two-parameter Weibull 

distribution. Thus the result follows from Corollary 3.1. 

Remark 9.2. When X  follows the Quantile standard Power-Weibull 

distribution induced by the uniform distribution, we write ( ).,,~ αλ kQSPWUX  
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Figure 1. The CDF of QSPWU (1, 1, 0. 5). 

Theorem 9.3. The PDF of the Quantile standard Power-Weibull distribution 

induced by the uniform distribution is given by 

( )

( ) ( )

,

1
11 1

λα









λ







−

=

+−+−
−− α

λλ
k

M

x
eke

xf

kxkx

 

where .0,,, >λα kx  

Proof. Follows from differentiating the CDF of the Quantile standard Power-

Weibull distribution induced by the uniform distribution. 

 

Figure 2. The PDF of QSPWU (1, 1, 0.5). 
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9.2. Application to breaking stress of carbon fibers data 

The three-parameter Cauchy-Weibull{Logistic} distribution [1] has been shown 

to be practical in modeling real data, in particular, the breaking stress of carbon fibers 

data, Table 4 of [1]. In this section, we compare the performance of the Quantile 

standard Power-Weibull distribution with the three-parameter Cauchy-

Weibull{logistic} distribution in modeling the breaking stress of carbon fibers data. 

9.2.1. The three-parameter Cauchy-Weibull{Logistic} distribution 

Remark 9.4. We say the random variable T  has the Cauchy distribution with 

parameters ,, βα  and write ( ).,~ βαCAT  We say the random variable R  has the 

Weibull distribution with parameters ,, λk  and write ( ).,~ λkWER  We say the 

random variable Y  has the Logistic distribution with parameters ,, µθ  and write 

( ).,~ µθLOY  

Theorem 9.5. The CDF of the three-parameter Cauchy-Weibull{Logistic} 

distribution is given by 

{ }( )
[

( )
( )

]
,

2

1,;1

,;
log

arctan
1

,,; +



















β

λ−

λ

π
=βλ

kxF

kxF

kxF R

R

LCW  

where ( )
( )

0,1,; ≥−=λ λ
−

xekxF
kx

R  and .0,, >βλk  

Proof. In constructing the three-parameter Cauchy-Weibull{Logistic} 

distribution of Almheidat et al. [1], it is assumed that ( ) ( ) ,,0~,0,1~ βCATLOY  

and ( ).,~ λkWER  Thus, from equation (2.10) contained in Almheidat et al. [1], we 

have 

{ }( ) [
( )

( )
] ,,0;

,;1

,;
log,,;









β
λ−

λ
=βλ

kxF

kxF
FkxF

R

R
TLCW  

where ( )λ,; kxFR  is as stated in the theorem, and 
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{ } ( ) .
2

1
arctan

1
,0; +

βπ
=β

x
xFT  

 

Figure 3. The CDF of { }( ).1437.2,953.2,9321.7;xF LCW  

9.2.2. The Maximum Likelihood Estimates in ( )αλ ,, kQSPWU  

From Theorem 9.3, the log-likelihood function is given by 

[ ]

( ) ( )
( )

.

1
1

1

1

1























αλ














−

=

+−
λ

+−
−−

=

α
λλ

∑
kx

n

i

i
kixkix

kee

LogLLog  

The maximum likelihood estimates are obtained by solving the following three 

equations below, simultaneously for αλ ,, k  

( ) ( ) kkk

k

−−
−

=









λ

αλ













−=

α
λλ∑

11

1

1

1
1

0 i
n

i

x
ee

ixix

 

( ) ( )
( ) ( )












αλ

+−













−

−

+−
λ

+−
−− α

λλ

3

2

1

11

1

k
kk

kk
i

ixix
x

ixee
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( ) ( )
( )

2

1

1 1

1

αλ














−

−

+−
λ

+−
−− α

λλ k
k

kk
i

ixix
x

ee

 

( ) ( )
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9.2.3. Comparison with Empirical Distribution 

By modifying the symbolic MLE procedure described in [5] and using 

Mathematica’s Find Root procedure, we found upon taking ix  to be the breaking 

stress of carbon fibers data, Table 4 of [1], and using appropriate initial conditions in 

Find Root that the MLE in the Quantile standard Power-Weibull distribution induced 

by the uniform distribution, are given by 

( ) ( ).24928.1,91085.3,23093.3ˆ,ˆ,ˆ =αλ k  

Thus we have the following: 
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Figure 4. The CDF of ( )24928.1,91085.3,23093.3QSPWU  (blue), and 

{ }( )1437.2,953.2,9321.7;xF LCW  (red), fitted to the empirical distribution (little 

circles in black) of Table 4 of [1]. 

Note that the parameter values in { }( )1437.2,953.2,9321.7;xF LCW  are the 

MLE estimates of the three-parameter Cauchy-Weibull{Logistic} distribution 

obtained from Table 4 of [1], and these values are reported in Table 5 of [1]. 

10. General Observation 

From the figure above, it is clear the QSPWU distribution with the parameter 

values obtained from the MLE procedure is very good in modeling the breaking 

stress of carbon fibers data, Table 4 of [1], when compared with the parameter values 

in the three-parameter Cauchy-Weibull{Logistic} distribution reported in Table 5 of 

[1]. The newly discovered Quantile standard Power-Weibull distribution induced by 

the uniform distribution might be good in modeling data with similar type shape, as 

that revealed by the histogram of the carbon fibers data, Table 4 of [1]. 
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