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Abstract

Motivated by [1], we prove the interpolative Berinde weak mapping

theorem of [2] in the setting of controlled metric type spaces.

1. Introduction and Preliminaries

Definition 1.1 ([3]). Let X be a nonempty set and 0: X X X > [1, ). An

extended b-metric is a function d : X X X + [0, =) such that forall x, y, ze X:
(@) d(x, y)=0iff x =y,
(b) d(x, y) =d(y, x),

(c) d(x, y) < 0(x, y)[d(x, z) +d(z, y)].
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Moreover, we say (X, d) is an extended b-metric space.

Definition 1.2 ([1]). Let X be a nonempty set, and o : X X X > [, eo). The

function d : X X X [0, =) is called a controlled metric type, if for all x, y, z €

X:
(a) d(x, y) =0iff x =y,
(b) d(x, y) =d(y, x),
(©) d(x, y) £ alx, z)d(x, z)+ oz, y)d(z, y).
Moreover, we say (X, d) is a controlled metric type space.
Example 1.3 ([1]). Take X = {0, 1, 2}. Consider the function d given as
d(0,0)=d(1,1)=d(2,2)=0,

d(0,1) = d(1, 0) = 1,

d(0,2) = d(2, 0) = %

\S]

d1,2)=d2.1)=7%.

Take o.: X X X B> [l, ) to be symmetric and defined as
o(0,0) =o(l, 1) = a(2, 2) = (0, 2) =1,
5 11
1,2)== 1)=—.
a( 9 ) 4 b a(()’ ) 10
It follows that d is a controlled metric type space, but is not an extended b-metric

space, since

a0, 1)=1> % — (0, 1)[d(0, 2) + d(2, 1)].
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Definition 1.4 ([1]). Let (X, d) be a controlled metric type space, and {x,, }

n>0

be a sequence in X.

(a) We say that the sequence {x,} converges to some x¢€ X, if, for every
e >0, there exists N = N(¢)e N such that d(x,, x) <e for all n > N. In this

case we write lim,_,., x, = x.

(b) We say that the sequence {x,} is Cauchy, if for every ¢ > 0, there exists

N = N(¢) € N such that d(x,,, x,,) < € forall m, n > N.

(c) The controlled metric type space (X, d) is called complete, if every Cauchy

sequence is convergent.

Definition 1.5 ([1]). Let (X, d) be a controlled metric type space. Let x € X

and € > 0.
(a) The open ball B(x; ¢) is
B(x;e)={ye X :d(x, y) < e}

(b) The mapping 7 : X > X is said to be continuous at x € X, if for all

e > 0, there exists & > 0 such that
T(B(x, 8)) < B(Tx, ).

Remark 1.6 ([1]). If T is continuous at x in the controlled metruc type space

(X, d), then x, — x implies that Tx,, — Tx as n — oo
2. Main Result

Theorem 2.1. Let (X, d) be a complete controlled metric type space. Let

T : X — X be a mapping such that

d(Tx, Ty) < Ad(x, y)%d(x, Tx)%
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forall x,ye X, x,y¢ Fix(T)={xe X : Tx =x}, A€ (0, 1). For xy € X, take

x, = T"xq. Suppose that

UXip1s Xiyp) 1

<x.

sup lim
m21i—= a(xi+17 Xm

In addition, assume that for every x € X, we have
lim o(x,, x) and lim o(x, x,,) exist and are finite .
n—soo n—soo

Then the fixed point of T exist.

Proof. Consider the sequence {x, = T"x,}, and observe we have the following
d(x,, Xp4y) = d(T"xp, T" ' xg)
=d(T(T" "xy). T(T"xp))

=d(Tx Tx,)

n—1»

< M(x

1 1
n—1> Xn )2 d(xn—l’ Txn—l)2

1 1
=M (x,_1, x,)2d(x,_1, x,)2
= ld(xn_l, xn).

Also

d(Xpi1s Xpp2) = d(Txy,, Txyyy)
1 1
< M(x,, x,41)2d(x,, Tx, )2
1 1
= xd(-xn, xn+1)2d(-xn’ xn+l)2
= xd(xn’ xn+1)

< Xd(x,_1. x,).
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The two chain of inequalities immediately above implies d(x}, x5) < Ad(xg, x;)
and d(x,, x3) < lzd(xo, x1). By induction we have
d(x,, x,41) < XN'd(xg, x1)

for all N e N. Now let n,me N with n <m, using the fact that ox, y) =1,

observe we have the following
d(x,, x,,) < o(x,, X,.1)d(x,;, X,01) + WUX,415 X)) (X015 %)
< 0xy, X40)d (X X40) + 041 X )01 X042)d (X g1, X02)
+ 0U(X 415 Xy )OUX, 105 X ) (X025 Xpy)
< 0xy, X41)d (X X40) + 041 X )01 X042)d (X g1, X02)
+ 015 X JOUX 125 X JOUXy 25 X 13)d (X425 X43)

+ a(xn—h xm)a(xn+27 xm)a(xn+37 xm)d(xn+3’ Xm

<.
m—2 i
LEREANEREANED NN | CCTEN] TR e
i=n+1\_j=n+1
m—1
+ H (x(xk’ -xm)d(xm—l’ xm)
k=n+1
m=2 i '
< afxy,, X400 N d(xg, 1) + Z H (x5 X ) 0, X )N d(xg, xp)
i=n+1\ j=n+1
m—1
+ H o, X, W' (xg, xp)
k=n+1

m=2 i
< alx,, x4 d(xg, X1) + Z { H alx;, x, )J(x(xi, Xip)Nd (xg, x1)

i=n+1\_j=n+1
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m—1
+ H o, X, )N a(xys 2 ) (0 X)
k=n+1

m—1

i
= oUx,, X, 0)N'd(xg, x) + Z H Uxj5 X ) (00X, X4 X d (g, Xp)
i=n+1\_j=n+1
m—1 i )
< alx,, x,401)N"d(xg, x1) + Z Hoc(xj, X ) l0U(x;, x40 )N d(xg, X7)-
i=n+1\j=0

P
S[) = Z Hu(x]', xm) Oc(xl-, xi+1)kl.

It follows we have

Since

d(x,, x,,) < d(xg, x))["ox,,, xX,41) + (Speg = Sp)]-

ool Xy, x;
sup lim M < l,
m>] i (X(XH_I, Xm) }\.

then by the ratio test, lim,_,., S, exists, and hence the real sequence {S,} is

Cauchy. Now taking limits in the inequality below

d(x,, x,,) < d(xg, x) [K"o(x,, x,41) + Sy = S0

we deduce that

lim d(x,, x,,) =0.
n, m—>co

So {x,} is Cauchy in the controlled metric type space (X, d). Since (X, d) is

complete, {x,} converges to some ue€ X. We show u is a fixed point of 7. By
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using the controlled triangle inequality, we deduce the following

d(u, x,.1) < o, x,)dw, x,)+ ox,,, x,41)d (x5 Xp41)-

. . Ol X; 1, X; . .
Since sup,,>; lim;_,., W < %, lim,_,,, o(x,, x) and lim,_,, o(x, x,)
1 > 'm

exist and are finite, and {x, } is Cauchy, we deduce the following

lim d(u, x,41) = 0.
n—soeo

Using the controlled triangle inequality again we deduce the following

d(u, Tu) £ olu, x,,1)d (W, x,41) + Ux,41, Tu)d (x4, Tu)
1 |
< olut, x,01)d (W, x,01) + Aox,y 4, Tu)d(x,, u)2d(x,, Tx, )2

1 1
= o, x,41)d U, x,41) + A0U(x, 41, Tu)d(x,, u)2d(x,, X,.1)2.

Since lim,,_,., o(x,, x) and lim,_,., o(x, x,,) exist and are finite, and lim,_,, d
(u, x,41) =0, if we take limits in the above inequality as n — oo, we deduce

d(u, Tu) = 0, thatis u = Tu, and the fixed point exists.
3. Open Problem

We begin with the following

Definition 3.1 ([1]). Let 7: X — X. For some xge€ X, let O(xg) = {xo,

TxO,T2x0,~--} be the orbit of x;. A function H : X > R is said to be
T-orbitally lower semi-continuous at ve X, if for {x,}c O(xy) such that

X, — v, we have

H(v) £ lim inf H(x,).

n—o

As a consequence of Theorem 2.1, we have the following
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Conjecture 3.2. Let (X, d) be a complete controlled metric type space. Let

T : X — X be a mapping such that
1 1
d(Tz, T?z) < Ad(z, T2)2d(z, T2)2 = Ad(z, T?)
forall ze O(xy), z¢ Fix(T), A e (0,1). Take x, = T"xy. Suppose that

N O T P 1
Sup llm M < —.
m>1 [ —oo Oc(le, Xm) 7\,
Then x, > ue X (asn — ). Moreover, such u verifies Tu =u iff the

functional x — d(x, Tx) is T-orbitally lower semi-continuous at u.
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