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Abstract 

Motivated by [1], we prove the interpolative Berinde weak mapping 

theorem of [2] in the setting of controlled metric type spaces. 

1. Introduction and Preliminaries 

Definition 1.1 ([3]). Let X  be a nonempty set and [ ).,1: ∞×θ aXX  An 

extended b-metric is a function [ )∞× ,0: aXXd  such that for all :,, Xzyx ∈  

(a) ( ) ,iff0, yxyxd ==  

(b) ( ) ( ),,, xydyxd =  

(c) ( ) ( ) ( ) ( )[ ].,,,, yzdzxdyxyxd +θ≤  
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Moreover, we say ( )dX ,  is an extended b-metric space. 

Definition 1.2 ([1]). Let X  be a nonempty set, and [ ).,1: ∞×α aXX  The 

function [ )∞× ,0: aXXd  is called a controlled metric type, if for all ∈zyx ,,  

:X  

(a) ( ) ,iff0, yxyxd ==  

(b) ( ) ( ),,, xydyxd =  

(c) ( ) ( ) ( ) ( ) ( ).,,,,, yzdyzzxdzxyxd α+α≤  

Moreover, we say ( )dX ,  is a controlled metric type space. 

Example 1.3 ([1]). Take { }.2,1,0=X  Consider the function d given as 

( ) ( ) ( ) ,02,21,10,0 === ddd  

( ) ( ) ,10,11,0 == dd  

( ) ( ) ,
2

1
0,22,0 == dd  

( ) ( ) .
5

2
1,22,1 == dd  

Take [ )∞×α ,1: aXX  to be symmetric and defined as 

( ) ( ) ( ) ( ) ,12,02,21,10,0 =α=α=α=α  

( ) ( ) .
10

11
1,0,

4

5
2,1 =α=α  

It follows that d is a controlled metric type space, but is not an extended b-metric 

space, since 

( ) ( ) ( ) ( )[ ].1,22,01,0
100

99
11,0 ddd +α=>=  
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Definition 1.4 ([1]). Let ( )dX ,  be a controlled metric type space, and { }
0≥nnx  

be a sequence in .X  

(a) We say that the sequence { }nx  converges to some ,Xx ∈  if, for every 

,0>�  there exists ( ) N∈= �NN  such that ( ) �<xxd n ,  for all .Nn ≥  In this 

case we write .lim xxnn =∞→  

(b) We say that the sequence { }nx  is Cauchy, if for every ,0>�  there exists 

( ) N∈= �NN  such that ( ) �<nm xxd ,  for all ., Nnm ≥  

(c) The controlled metric type space ( )dX ,  is called complete, if every Cauchy 

sequence is convergent. 

Definition 1.5 ([1]). Let ( )dX ,  be a controlled metric type space. Let Xx ∈  

and .0>�  

(a) The open ball ( )�;xB  is 

( ) ( ){ }.,:; �� <∈= yxdXyxB  

(b) The mapping XXT a:  is said to be continuous at ,Xx ∈  if for all 

,0>�  there exists 0>δ  such that 

( )( ) ( ).,, �TxBxBT ⊆δ  

Remark 1.6 ([1]). If T  is continuous at x in the controlled metruc type space 

( ) ,, dX  then xxn →  implies that TxTxn →  as .∞→n  

2. Main Result 

Theorem 2.1. Let ( )dX ,  be a complete controlled metric type space. Let 

XXT a:  be a mapping such that 

( ) ( ) ( )2
1

2
1

,,, TxxdyxdTyTxd λ≤  
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for all ( ) { } ( ).1,0,:,,, ∈λ=∈=∈/∈ xTxXxTFixyxXyx  For ,0 Xx ∈  take 

.0xTx n
n =  Suppose that 

( )

( )
.

1

,

,
limsup

1

21

1 λ
<

α

α

+

++

∞→≥ mi

ii

im
xx

xx
 

In addition, assume that for every ,Xx ∈  we have 

( ) ( ) finiteareandexistxxandxx n
n

n
n

,lim,lim αα
∞→∞→

. 

Then the fixed point of T  exist. 

Proof. Consider the sequence { },0xTx n
n =  and observe we have the following 

( ) ( )0
1

01 ,, xTxTdxxd nn
nn

+
+ =  

( ( ) ( ))00
1 , xTTxTTd nn−=  

( )nn TxTxd ,1−=  

( ) ( )2
1

2
1

111 ,, −−−λ≤ nnnn Txxdxxd  

( ) ( )2
1

2
1

,, 11 nnnn xxdxxd −−λ=  

( ).,1 nn xxd −λ=  

Also 

( ) ( )121 ,, +++ = nnnn TxTxdxxd  

( ) ( )2
1

2
1

,, 1 nnnn Txxdxxd +λ≤  

( ) ( )2
1

2
1

11 ,, ++λ= nnnn xxdxxd  

( )1, +λ= nn xxd  

( ).,1
2

nn xxd −λ≤  
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The two chain of inequalities immediately above implies ( ) ( )1021 ,, xxdxxd λ≤  

and ( ) ( ).,, 10
2

32 xxdxxd λ≤  By induction we have 

( ) ( )101 ,, xxdxxd n
nn λ≤+  

for all .N∈N  Now let N∈mn,  with ,mn <  using the fact that ( ) ,1, ≥α yx  

observe we have the following 

( ) ( ) ( ) ( ) ( )mnmnnnnnmn xxdxxxxdxxxxd ,,,,, 1111 ++++ α+α≤  

( ) ( ) ( ) ( ) ( )2121111 ,,,,, +++++++ αα+α≤ nnnnmnnnnn xxdxxxxxxdxx  

( ) ( ) ( )mnmnmn xxdxxxx ,,, 221 +++ αα+  

( ) ( ) ( ) ( ) ( )2121111 ,,,,, +++++++ αα+α≤ nnnnmnnnnn xxdxxxxxxdxx  

( ) ( ) ( ) ( )323221 ,,,, ++++++ ααα+ nnnnmnmn xxdxxxxxx  

( ) ( ) ( ) ( )mnmnmnmn xxdxxxxxx ,,,, 3321 +++− ααα+  

L≤  

( ) ( ) ( ) ( ) ( )11

1

2

1

11 ,,,,, ++

+=

−

+=

++ α













α+α≤ ∏∑ iiiimj

i

nj

m

ni

nnnn xxdxxxxxxdxx  

( ) ( )mmm

m

n

xxdxx ,, 1

1

1

−

−

+=

α+ ∏ k

k

 

( ) ( ) ( ) ( ) ( )101

1

2

1

101 ,,,,, xxdxxxxxxdxx
i

iimj

i

nj

m

ni

n
nn λα














α+λα≤ +

+=

−

+=

+ ∏∑  

( ) ( )10
1

1

1

,, xxdxx m
m

m

n

−
−

+=

λα+ ∏ k

k

 

( ) ( ) ( ) ( ) ( )101

1

2

1

101 ,,,,, xxdxxxxxxdxx i
iimj

i

nj

m

ni

n
nn λα














α+λα≤ +

+=

−

+=

+ ∏∑  
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( ) ( ) ( )101
1

1

1

,,, xxdxxxx mm
m

m

m

n

−
−

−

+=

αλα+ ∏ k

k

 

( ) ( ) ( ) ( ) ( )101

1

1

1

101 ,,,,, xxdxxxxxxdxx i
iimj

i

nj

m

ni

n
nn λα














α+λα= +

+=

−

+=

+ ∏∑  

( ) ( ) ( ) ( ) ( ).,,,,, 101

0

1

1

101 xxdxxxxxxdxx
i

iimj

i

j

m

ni

n
nn λα














α+λα≤ +

=

−

+=

+ ∏∑  

Put 

( ) ( ) .,, 1

00

i
iimj

i

j

p

i

p kxxxxS +

==

α













α= ∏∑  

It follows we have 

( ) ( ) [ ( ) ( )].,,, 1110 nmnn
n

mn SSxxkxxdxxd −+α≤ −+  

Since 

( )

( )
,

1

,

,
limsup

1

21

1 λ
<

α

α

+

++

∞→≥ mi

ii

im
xx

xx
 

then by the ratio test, nn S∞→lim  exists, and hence the real sequence { }nS  is 

Cauchy. Now taking limits in the inequality below 

( ) ( ) [ ( ) ( )],,,, 1110 nmnn
n

mn SSxxkxxdxxd −+α≤ −+  

we deduce that 

( ) .0,lim
,

=
∞→

mn
mn

xxd  

So { }nx  is Cauchy in the controlled metric type space ( )., dX  Since ( )dX ,  is 

complete, { }nx  converges to some .Xu ∈  We show u is a fixed point of .T  By 



THE INTERPOLATIVE BERINDE WEAK MAPPING … 

 

7 

using the controlled triangle inequality, we deduce the following 

( ) ( ) ( ) ( ) ( ).,,,,, 111 +++ α+α≤ nnnnnnn xxdxxxudxuxud  

Since 
( )
( )

( )xx
xx

xx
nn

mi

ii
im ,lim,

1

,

,
limsup

1

21
1 α

λ
<

α

α
∞→

+

++
∞→≥  and ( )nn xx,lim α∞→  

exist and are finite, and { }nx  is Cauchy, we deduce the following 

( ) .0,lim 1 =+
∞→

n
n

xud  

Using the controlled triangle inequality again we deduce the following 

( ) ( ) ( ) ( ) ( )TuxdTuxxudxuTuud nnnn ,,,,, 1111 ++++ α+α≤  

( ) ( ) ( ) ( ) ( )2
1

2
1

,,,,, 111 nnnnnn TxxduxdTuxxudxu +++ λα+α≤  

( ) ( ) ( ) ( ) ( ) .,,,,, 2
1

2
1

1111 ++++ λα+α= nnnnnn xxduxdTuxxudxu  

Since ( )xxnn ,lim α∞→  and ( )nn xx,lim α∞→  exist and are finite, and dn ∞→lim  

( ) ,0, 1 =+nxu  if we take limits in the above inequality as ,∞→n  we deduce 

( ) ,0, =Tuud  that is ,Tuu =  and the fixed point exists. 

3. Open Problem 

We begin with the following 

Definition 3.1 ([1]). Let .: XXT a  For some ,0 Xx ∈  let ( ) { ,00 xxO =  

}L,, 0
2

0 xTTx  be the orbit of .0x  A function RaXH :  is said to be 

orbitally-T  lower semi-continuous at ,Xv ∈  if for { } ( )0xOxn ⊂  such that 

,vxn →  we have 

( ) ( ).inflim n
n

xHvH
∞→

≤  

As a consequence of Theorem 2.1, we have the following 
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Conjecture 3.2. Let ( )dX ,  be a complete controlled metric type space. Let 

XXT a:  be a mapping such that 

( ) ( ) ( ) ( )TzzdTzzdTzzdzTTzd ,,,, 2
1

2
12 λ=λ≤  

for all ( ) ( ) ( ).1,0,,0 ∈λ∈/∈ TFixzxOz  Take .0xTx n
n =  Suppose that 

( )

( )
.

1

,

,
limsup

1

21

1 λ
<

α

α

+

++

∞→≥ mi

ii

im
xx

xx
 

Then ( ).as ∞→∈→ nXuxn  Moreover, such u verifies uTu =  iff the 

functional ( )Txxdx ,→  is orbitally-T lower semi-continuous at u. 
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