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Abstract

We continue the investigation of the tail-dependence behaviour of some

new types of copula models, published recently in [5] and [6].
1. Introduction

For the sake of simplicity, we concentrate our investigations to the

two-dimensional case. Let U;, Uy be standard random variables, i.e.,
they follow a uniform distribution over the interval [0, 1] each. Let
further 77, T3 be real continuous functions over R? and W =
T, (U, Uy), Wy = To(Uy, Uy). If Wy, W, already follow a continuous

uniform distribution over [0, 1] each, then (W, W,) is a representative of
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a two-dimensional copula. Otherwise, (Vi, V) := (F;(W;), Fy(Ws,)) is a
representative of a two-dimensional copula if F; denotes the continuous

cdfof W,, i =1, 2.

Of particular interest especially for financial markets or risk
management is the tail dependence of copulas which was explicitly
treated for dependence-of-unity copulas in [2], [3] and [4], and for the new
approach in [6], which we shall continue here. The simplest definition of

the coefficient Ay of upper and Aj, of lower tail dependence is

P(Wy, > Fy'(¢), Wy > F5'(t))

Ay = 1t11{‘111 1—; )
-1 -1
t

see, e.g., [1], Def. 7.36, p. 247.

In case that F; = Fy, i.e., Wi and W, have same distribution, we

also have

. P(W; >s, Wy >s) L
Mpo=lm ==y A= lm 75)

2. Particular Cases

Case 1. Here we consider the choice
W, = T1(Uy, Uy) = Uy + Uy, Wy = Ty(Uy, Uy) = max(Uy, Us).

It is easy to see that the corresponding c.d.f.’s are given by

0<x <1,

2
1—2(1—2) . 1<x<2
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and
Fylx) = x?, 0<x <1

The following graph shows 10,000 simulations of (Vj, V;)=
(R (W), Fy(Ws)).

The red lines (u, v) represent the (sharp) lower and upper envelopes of

the copula, which are given by

, if u <

U1 = Vlower = ( 1-u

1
2 b

M|

=

2
- , otherwi
3 J otherwise

and

Vg = Uypper =
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The lower bound is reached if V; and V, are close to each other, while

the upper bound is reached if one of V; or V; is close to zero.

The subsequent graph explains our arguments for the calculation of

the coefficient Ay; of upper tail dependence, which is given by Ay = 0.

We start with some preliminary inequalities.
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We have, for t > %, with u denoting Lebesgue measure,

P(W, > F' (), Wy > F5'(0))

= P(max(Uy, Uy) > t, Uy > 2 -2 -1t -Uy)
= w(4l) = 5 (V2 -2 - (24 -2+ v2 -2 )

or, by a Taylor expansion around the point ¢ = 1,

u(A(t)) = «/5(1 - t)3/2 + (’)((1 - t)z), hence Ay = }m}“l(Af(?) =0,

as stated.

The subsequent graph explains our arguments for the calculation of
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the coefficient A; of lower tail dependence, which is given by A; =

2(v2 = 1) = 0.828427... .

We start again with some preliminary inequalities.

14

08

— 21 —u
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We have, for ¢ >%, with ¢ = «/5—1,

P(max(Uy, Uy) < F5''(t), Uy + Uy < FH(E))

= Plmax(Uy, Uy) < Vt, Uy < 2t - U;)

= w(A@) =t —w = t[l —%J = 2t

and hence Aj, = hﬁ}@ =2c = 2(\/5 —1) = 0.828427... , as stated.
t

Case 2. Here we consider the choice
Wy = T (U, Us) = UPUB, Wy = Ty(U;, Uy) = UPUS with real o, B > 0.

For simplicity, let U = Uy, V = Us,.
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The common c.d.f. of U and V is given by

O<x <1

which can be seen as follows.
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For 0 < x < 1, there holds
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by symmetry reasons.

The following graphs show 10,000 simulations each of the copula
given by (F(W;), F(Wy)), for different values of o and .

oa=4,p=3

The red lines (u, v) represent the (sharp) lower and upper envelopes of

the copula, which are given by

Vo = F((F'l(u))aJ and vy = F((F_l(u))ﬁ
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Alternatively, the lower envelope can be described by the points

B o
F(u), Flu®> and the upper envelope by the points F(u), F|lub ,

O<ucx<l.

Note that for o >> B, the copula tends to the independence copula,
and for o = B, we obtain the upper Fréchet bound. Note also that the

copula is symmetric in a, B.

The subsequent graph explains our arguments for the calculation of

the coefficient Aj of lower tail dependence, which is given by Az = 0.

First notice that for 0 < x <1, the intersection point of (—jﬁ and
u

Q=
—_

(%} is given by u, = x with value u,.
u
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Next we have
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P(UVP < x, UPV® < x)

1
xa+B

1 1 1 1 2
= xP 4 I [ijadu+ J. [Ljﬁdu = xMB
1 uP 1 u®
B OB
with
B-a
Flx) IR e B
PU*VP < x, UPV* <x) @-B o-B
and hence
lim Flx)

= oo, l.€.,
=0 P(U*VP < &, UPV® < )

IA

. PU*VP < x, UBV* < &)
1 : =0=Ap.
230 Flx) k

IA
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The subsequent graph explains our arguments for the calculation of

the coefficient Ay of upper tail dependence, which is given by

My = P50 if > p.

o+p
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with, by a Taylor expansion around x =1,

POVP >, UPV* > &) 28 2a-P) . e
- ) B g AT

2B

0c+B>O'

hence Ay =
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