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Abstract 

In this paper, we investigate the relationship between the plane curves and 

slant helices in .3
1E  Moreover, we show how could be obtained a slant 

helix from a plane curve. Finally, we give some slant helix examples 

generated by plane curves in .3
1E  

1. Introduction 

In classical differential geometry, a general helix in the Euclidean 3-space, ,
3
E  

is a curve with constant slope which means that it makes a constant angle with some 

fixed direction (the axis of the helix). A necessary and sufficient condition that a 

curve be a general helix is that the ratio of curvature to torsion be constant. In 

particular, circular helices where both curvatures and torsion are constant so as plane 

curve where the torsion vanishes identically provide two subclasses of general 
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helices. 

Recently, Izumiya and Takeuchi, in [7], have introduced the concept of slant 

helix in Euclidean 3-space. A slant helix in Euclidean space 3
E  was defined by the 

property that the principal normal makes a constant angle with a fixed direction. 

Moreover, Izumiya and Takeuchi showed that γ  is a slant helix in Euclidean 3-space 

if and only if the geodesic curvature of the principal normal of a space curve γ  is a 

constant function. 

In [8], L. Kula and Y. Yayli studied the spherical images under both tangent and 

binormal indicatrices of slant helices and obtained that the spherical images of a slant 

helix are spherical helix. In [9], the authors characterize slant helices by certain 

differential equations verified for each one of obtained spherical indicatrix in 

Euclidean 3-space. Recently, Ali and Lopez, in [1], have studied slant helix in 

Minkowski 3-space. They showed that the spherical indicatrix of a slant helix in 3
E  

are helices. 

In [3], M. Altinok and L. Kula studied the relationship between the plane curves 

and slant helices in .3
R  Moreover, they get slant helix from plane curve. 

In this paper, we consider the relationship between the plane curves and slant 

helices in .3
E  Moreover, we get slant helix from plane curve. Also, we give some 

slant helix examples in .3
E  

2. Preliminaries 

The Minkowski 3-space 3
1E  is the Euclidean 3-space 3

E  equipped with 

indefinite at metric given by 

,2
3

2
2

2
1 dxdxdxg ++−=  

where ( )321 ,, xxx  is a rectangular coordinate system of .3
1E  Recall that a vector 

3
1E∈v  is called spacelike if ( ) 0, >vvg  or ,0=v  timelike if ( ) 0, <vvg  and null 

(lightlike) if ( ) 0, =vvg  and .0≠v  The norm of a vector v is given by 

( )vvgv ,=  and two vectors v and w are said to be orthogonal if ( ) .0, =wvg  

An arbitrary curve ( )sα  in 3
1E  can locally be spacelike, timelike or null (lightlike), if 
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all its velocity vectors ( )sα′  are spacelike, timelike or null, respectively. Spacelike 

or a timelike curve α  has unit speed, if ( ) ( )( ) .1, ±=α′α′ ssg  A null curve α  is 

parameterized by pseudo-arc s, if ( ) ( )( ) 1, =α ′′α ′′ ssg  ([10]). For a non-null unit 

speed space curve ( )sα  in the space 3
1E  with non-null normals. 

The Frenet frame { }BNT ,,  of α  and the curvatures τκ,  of α  is given by 

( ) ( ) ( )
( )
( )

( ) ( ) ( ),,, sNsTsB
s

s
sNssT ×=

α ′′

α ′′
=α′=  

( ) ( ) ( )( ) ( ) ( ) ( )( )., 21 sBsNgssNsTgs ′ε=τ′ε=κ  

The following Frenet formulae are given in [4, 5] 

( ) ( ) ( ),sNssT κ=′  

( ) ( ) ( ) ( ) ( ),10 sBssTssN τ+κεε−=′  

( ) ( ) ( )sNssB τεε=′ 21  (2.1) 

and the Minkowski vector products of Frenet vectors are given as 

( ) ( ) ( ),sBsNsT =×  

( ) ( ) ( ),1 sTsBsN ε−=×  

( ) ( ) ( ),0 sNsTsB ε−=×  

where ( ) ( )( ) ( ) ( )( ) 1,,1, 10 ±=ε=±=ε= sNsNgsTsTg  and ( ) ( )( ) 2, ε=sBsBg  

1±=  and two iε ’s are equal to 1 the other iε  is .1−  It is well known that, the 

pseudo-Riemannian sphere with radius 1=r  and centered at origin is defined by 

 { ( ) },1,:3
1

2
1 =∈= ppgpS E  (2.2) 

the pseudohyperbolic space of radius 1=r  and centered at origin is defined by 

 { ( ) },1,:3
1

2
0 −=∈= ppgpH E  (2.3) 

are the hyperquadrics with dimension 2 and index 1 and with dimension 2 and index 

0, respectively, ([10]). 
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Definition 2.1. A unit speed curve γ~  is called a slant helix if there exists a non-

zero constant vector field U in 3
1E  such that the function ( )( )UsNg ,  is constant [1]. 

It is important to point out that, in contrast to what happens in Euclidean space, 

in Minkowski ambient space we can not define the angle between two vectors (except 

that both vectors are of timelike type). For this reason, we avoid to say about the 

angle between the vector fields ( )sN  and U [1]. 

3. Plane Curves and Slant Helix 

In this section, we investigate the relationship between the plane curves and slant 

helices in .3
1E  

Theorem 3.1. Let γ  be a timelike curve on spacelike plane with unit spacelike 

normal vector. If 
( )γ ′′γ′

−γ′γ ′′
−=θ

,

1
2

g
 is constant, then 

 
( )

cadt
g ��

+







γ ′′

γ ′′γ′
θ−γ=γ ∫

,
tan~  (3.1) 

γ~  is a timelike slant helix, where θ  is a constant and ca
��

,  are constant vectors. 

Proof. Suppose that γ  is a plane curve with Frenet frame { }nt
�

�

,  and with 

curvature .pκ  

Differentiating equation (3.1), we get 

( )
,

,
tan~ a

g
t

�
�









γ ′′

γ ′′γ′
θ−γ′=γ ′  

.

1

~

2

2
ant p

��
�

−γ′

′γ′γ′
−κγ′+′γ′=γ ′′  (3.2) 

Since 

 
( )

,
,

1
tan

2

γ ′′γ′

−γ′γ ′′
−=θ

g
 (3.3) 
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we can write 

 
( )

.
,tan

1
2

γ ′′

γ ′′γ′θ
−=−γ′

g
 (3.4) 

By using equation (3.4) in equation (3.2), we obtain 

.cot~ 2
ant p

��
�

γ ′′θ+κγ′+′γ′=γ ′′  

Since γ  is a timelike curve, ( ) ( ) 1,,1, =−= nngttg
��

��

 and 

( ) ( ) ( ) ( )aagttgg
��

��

,1,~,~ 22 −γ′+γ′=γ′γ′  

,1−=  

i.e., γ~  is a timelike curve. Then 

 ( ) .1 2

1
2

atT
�

�

−γ′+γ′=  (3.5) 

Also 

( ) ( ) ( ) ( ) ( )aagnngttgg p

����
��

,cot,,~,~ 22242 γ ′′θ+κγ′+′γ′=γ ′′γ ′′  

.
sin 2

2

θ

γ′
=  

So 

 ( ) constantcoscot
sin 2 =θ=γ ′′θ+κγ′+′′γ′

γ ′′

θ
= antN p

��
�

 (3.6) 

and 

 ( ) .
cot

1
sin 3

2

1
22









γ′κ+

γ′

θγ ′′
−κ−γ′γ′−

γ ′′
θ

= antB pp

��
�

 (3.7) 

We can easily see that ( ) ( ) 1,,1, =−= NNgTTg  and ( ) ,1, =BBg  that is, T is a 

timelike vector, N is a spacelike vector and B is a spacelike vector. Moreover 

,
sin θ

γ ′′
=κ  
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θ

−γ′
=τ

cos

1
2

 

and 

 .cot θ=κg  (3.8) 

Consequently 

 constant,coscot
sin

, =θ=γ ′′θ
γ ′′

θ
=aN

�

 (3.9) 

which means that γ~  is a timelike slant helix. 

Theorem 3.2. Let γ~  be a unit speed timelike curve. If γ~  is a timelike slant helix 

in ,3
1E  then the spherical image of the tangent indicatrix (T) of γ~  is a spherical 

helix [8]. 

Corollary 3.1. We denote the curvatures of tangent indicatrix (T) of  γ~  

generated by plane curve γ  by ., 11 τκ  

 

θ−γ′

θ
=κ

22
1

cos

sin
 (3.10) 

and 

 .

cos

cos

22
1

θ−γ′

θ
=τ  (3.11) 

Then 

.cot
1

1 θ=
κ

τ
 

Theorem 3.3. Let γ~  be a unit speed timelike curve. If γ~  is a timelike slant helix 

in ,3
1E  then the spherical image of the binormal indicatrix (B) of γ~  is a spherical 

helix [8]. 

Corollary 3.2. We denote the curvatures of binormal indicatrix (B) of  γ~  

generated by plane curve γ  by ., 22 τκ  Therefore 
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1

sin

2
2

−γ′

θ
=κ  (3.12) 

and 

 .

1

cos

2
2

−γ′

θ
=τ  (3.13) 

Then 

.cot
2

2 θ=
κ

τ
 

Theorem 3.4. Let γ  be a spacelike curve on spacelike plane with unit timelike 

normal vector. If  
( )γ ′′γ′

−γ′γ ′′
−=θ

,

1
tanh

2

g
 is constant, then 

 
( )

cadt
g ��

+







γ ′′

γ ′′γ′
θ−γ=γ ∫

,
tanh~  (3.14) 

γ~  is a spacelike slant helix, where θ  is a constant and ca
��

,  are constant vectors. 

Proof. By using the method in Theorem 3.1, the proof of Theorem 3.4 is 

obvious. 

Theorem 3.5. Let γ  be a timelike curve on timelike plane with unit spacelike 

normal vector. 

(a) If 
( )γ ′′γ′

+γ′γ ′′
−=θ

,

1
tan

2

g
 is constant, then 

 
( )

cadt
g ��

+







γ ′′

γ ′′γ′
θ−γ=γ ∫

,
tan~  (3.15) 

γ~  is a unit speed spacelike curve with spacelike principal normal vector. 

(b) If 
( )γ ′′γ′

+γ′γ ′′
−=θ

,

1
coth

2

g
 is constant, then 

 
( )

.
,

coth~ cadt
g ��

+







γ ′′

γ ′′γ′
θ−γ=γ ∫  (3.16) 
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γ~  is a unit speed spacelike curve with timelike principal normal vector, where θ  is 

a constant and ca
��

,  are constant vectors. 

Proof. By using the method in Theorem 3.1, the proof of Theorem 3.5 is 

obvious. 

Theorem 3.6. Let γ  be a timelike curve on timelike plane with unit spacelike 

normal vector. 

(a) If  
( )γ ′′γ′

γ′−γ ′′
−=θ

,

1
tan

2

g
 is constant, then 

 
( )

cadt
g ��

+







γ ′′

γ ′′γ′
θ−γ=γ ∫

,
tan~  (3.17) 

γ~  is a unit speed spacelike curve with spacelike principal normal vector. 

(b) If 
( )γ ′′γ′

γ′−γ ′′
−=θ

,

1
coth

2

g
 is constant, then 

 
( )

cadt
g ��

+







γ ′′

γ ′′γ′
θ−γ=γ ∫

,
coth~  (3.18) 

γ~  is a unit speed spacelike curve with timelike principal normal vector, where θ  is 

a constant and ca
��

,  are constant vectors. 

Proof. By using the method in Theorem 3.1, the proof of Theorem 3.6 is 

obvious. 

Theorem 3.7. Let γ~  be a unit speed spacelike curve. If γ~  is a spacelike slant 

helix in ,3
1E  then the spherical image of the tangent indicatrix (T) of γ~  is a 

spherical helix [1]. 

Theorem 3.8. Let γ~  be a unit speed spacelike curve. If γ~  is a spacelike slant 

helix in ,3
1E  then the spherical image of the binormal indicatrix (B) of γ~  is a 

spherical helix [1]. 
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4. Examples 

In this section, we give an example of timelike and spacelike slant helix in 

Minkowski 3-space and draw its pictures and its tangent indicatrix, and binormal 

indicatrix by using Mathematica. 

Let γ  be a timelike curve on timelike plane with unit spacelike normal vector. 

γ  is defined by 

 ( ) ( ) ( ) 





 +−+=γ 0,2cosh

2

1
cosh2,2sinh

2

1
sinh2 ttttt  (4.1) 

and is rendered in Figure 1. Curves γ~  generated by timelike curve γ  on timelike 

plane with unit spacelike normal vector is a timelike slant helix, which is rendered in 

Figure 1. Timelike slant helix is obtained as 

( ) ( ) ( ) 













−+−+=γ

2

3
sinh

3

24
,2cosh

2

1
cosh2,2sinh

2

1
sinh2~ t

ttttt  

and its tangent indicatrix, principal normal indicatrix and binormal indicatrix, 

respectively, are 

( ) ( ) ( ) ,
2

3
cosh22,2sinhsinh2,2coshcosh2 














−+−+=

t
tttttT  

( ) ,3,
2

sinh22,
2

cosh22 





 −














=

tt
tN  

( ) ( ) ( ) 













−+=

2

3
sinh22,2coshcosh2,2sinhsinh2

t
tttttB  

and are rendered in Figure 2. 

Let γ  be a spacelike curve on spacelike plane with unit timelike normal vector. 

γ  is defined by 

 ( ) ( ) ( )





 +−+=γ ttttt 4cos

12

1
cos

3

4
,4sin

12

1
sin

3

4
,0  (4.2) 

and is rendered in Figure 3. Curves γ~  generated by spacelike curve γ  on spacelike 

plane with unit timelike normal vector is spacelike slant helix, which is rendered in 

Figure 3. The spacelike slant helix is obtained as 
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( ) ( ) ( )





 +−+






−=γ tttt

t
t 4cos

12

1
cos

3

4
,4sin

12

1
sin

3

4
,

2

5
sin

15

8~  

and its tangent indicatrix, principal normal indicatrix and binormal indicatrix, 

respectively, are 

( ) ( ) ( ) ,4cos
3

1
cos

3

4
,4sin

3

1
sin

3

4
,

2

5
cos

3

4






 +−






−= tttt

t
tT  

( ) ,
2

3
sin

3

4
,

2

3
cos

3

4
,

3

5






















−=

tt
tN  

( ) ( )( ) ( )( ) 





 +−+






= ,4coscos4

3

1
,4sinsin4

3

1
,

2

5
sin

3

4
tttt

t
tB  

and are rendered in Figure 4. 

Let γ  be a timelike curve on timelike plane with unit spacelike normal vector. 

γ  is defined by 

 ( ) ( ) ( ) 





 −+=γ 0,2sinh

2

1
sinh2,2cosh

2

1
cosh2 ttttt  (4.3) 

and is rendered in Figure 5. If [ ],3cosh45 t>  curves γ~  generated by timelike curve 

γ  on timelike plane with unit spacelike normal vector is spacelike slant helix with 

spacelike principal normal vector, which is rendered in Figure 5. The spacelike slant 

helix is obtained as 

( ) ( ) ( ) 













−−+=γ

2

3
cosh

3

24
,2sinh

2

1
sinh2,2cosh

2

1
cosh2~ t

ttttt  

and its tangent indicatrix, principal normal indicatrix and binormal indicatrix, 

respectively, are 

( ) ( ) ( ) ,
2

3
sinh22,2coshcosh2,2sinhsinh2 














−−+=

t
tttttT  

( ) ,3,
2

sinh22,
2

cosh22 





 −






−






=

tt
tN  

( ) ( ) ( ) 













−−−−=

2

3
cosh22,2sinhsinh2,2coshcosh2

t
tttttB  
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and are rendered in Figure 6. 

Let γ  be a spacelike curve on timelike plane with unit spacelike normal vector. 

γ  is defined by 

 ( ) ( ) ( ) 





 −−−γ 0,2sinh

2

1
sinh2,2cosh

2

1
cosh2 ttttt  (4.4) 

and is rendered in Figure 7. If [ ],3cosh45 t<  curves γ~  generated by spacelike 

curve γ  on timelike plane with unit spacelike normal vector is spacelike slant helix 

with spacelike principal normal vector, which is rendered in Figure 7. The spacelike 

slant helix is obtained as 

( ) ( ) ( ) 













−−+=γ

2

3
cosh

3

24
,2sinh

2

1
sinh2,2cosh

2

1
cosh2~ t

ttttt  

and its tangent indicatrix, principal normal indicatrix and binormal indicatrix, 

respectively, are 

( ) ( ) ( ) ,
2

3
sinh22,2coshcosh2,2sinhsinh2 














−−+=

t
tttttT  

( ) ,3,
2

sinh22,
2

cosh22 





 −






−






=

tt
tN  

( ) ( ) ( ) 













−−−−=

2

3
cosh22,2sinhsin2,2coshcosh2

t
tttttB  

and are rendered in Figure 8. 
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Figure 1. Timelike curve γ  on timelike plane and γ~  generated by the timelike 

curve. 

 

Figure 2. Tangent indicatricix T, principal normal indicatrix N of the timelike slant 

helix lie on 2
1S  and binormal indicatrix B of the timelike slant helix lies on .2

0H  

 

Figure 3. Spacelike curve γ  on spacelike plane and γ~  generated by the spacelike 

curve. 

 

Figure 4. Tangent indicatrix T, binormal indicatrix B of the timelike slant helix lie on 

2
1S  and principal normal indicatrix N of the timelike slant helix lies on .2

0H  
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Figure 5. Timelike curve γ  on timelike plane and γ~  generated by the spacelike 

curve. 

 

Figure 6. Tangent indicatrix T, principal normal indicatrix N of the timelike slant 

helix lie on 2
1S  and binormal indicatrix B of the timelike slant helix lies on .2

0H  

 

Figure 7. Timelike curve γ  on timelike plane and γ~  generated by the spacelike 

curve. 

 

Figure 8. Tangent indicatrix T, principal normal indicatrix N of the timelike slant 

helix lie on 2
1S  and binormal indicatrix B of the timelike slant helix lies on .2

0H  
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