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Abstract 

We analyze the solution of the affine Cauchy problem with a given 

analytic curve in its singular set. Then, we show how to obtain affine 

maximal maps with prescribed cuspidal edges and swallowtails. As 

consequence, we extend our recent work about improper affine spheres 

with singular curves. 

1. Introduction 

The family of affine maximal surfaces in 3
R  is an important subject in 

geometric analysis, since they are extremals of a geometric functional and the 

associated Euler-Lagrange equation is a non linear fourth order partial differential 

equation, which generalizes the Hessian one equation, see [6, 18]. 
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In particular, the improper affine spheres are the umbilical affine maximal 

surfaces. Thus, the famous result by Jörgens in [14] motivated that Calabi proposed 

the affine. Bernstein problem, which asked if the elliptic paraboloid is the only global 

example. 

He also proved that, for locally strongly convex affine maximal surfaces, the 

second variation of the equiaffine area functional is always negative and obtained an 

affine Weierstrass formula, in terms of harmonic vector fields and holomorphic 

curves, see [7-9]. 

After Calabi’s work, the use of geometric methods in studying PDEs of affine 

differential geometry was continued by different authors and the affine Bernstein 

problem was solved affirmatively, see [17, 21, 25, 26, 27]. 

This lack of global regular examples has led to a recent study of affine maximal 

maps, that is, affine maximal surfaces with some singularities. This has revealed an 

interesting global theory, where the solution of the affine Cauchy problem shows the 

existence of an important amount of affine maximal surfaces with singular curves and 

isolated singularities, see [1-5, 10, 13, 20]. 

Here, we characterize when an analytic curve of 3
R  is the singular curve of 

some affine maximal map with prescribed cuspidal edges and swallowtails. 

First, in Section 2, we introduce the notion of affine maximal map with a 

conformal representation, which generalizes the Weierstrass formula for improper 

affine spheres. 

Thus, in Section 3, we can take the solution of the affine Cauchy problem and 

give the conditions to the existence and uniqueness of affine maximal maps with the 

desired singularities. In particular, we also characterize when an analytic curve of 

3
R  is the singular curve of some improper affine sphere with prescribed cuspidal 

edges and swallowtails. 

2. Improper Affine Spheres and Affine Maximal Maps 

Consider 3: R→Σψ  a definite improper affine sphere, that is, an immersion 

with constant affine normal ξ  and Riemannian affine metric h. Then, see [19, 24], up 
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to an equiaffine transformation, one has ( )1,0,0=ξ  and ψ  can be locally seen as 

the graph of a solution ( )yxf ,  of the Hessian one equation 

 .12 =− xyyyxx fff  (2.1) 

In such case, the definite affine metric h of ψ   is given by 

 ,2 22
dyfdxdyfdxfh yyxyxx ++=  (2.2) 

the affine conormal N is 

 ( )1,, yx ffN −−=  (2.3) 

and (2.1) is equivalent to 

 ( ) [ ] [ ],,,,,det NNNh yxyx =ξψψ=  (2.4) 

that is, the volume element of h coincides with the determinant [ ]..,., ξ  

We also observe that ψ−= ddNh ,  and N is determined by 

 ,0,,1, =ψ=ξ dNN  (2.5) 

with the standard inner product ,  in .3
R  Moreover, from (2.1), (2.2) and (2.3), 

one can obtain 

,0=∆ Nh  

where h∆  is the Laplace-Beltrami operator associated to h. 

Actually, see [9, 11, 12, 16], if we take a conformal parameter C∈+= itsz  

for the Riemannian affine metric h, then from (2.4) and (2.5) we have 

 [ ] [ ] 0,,,,,,2 >−=ξψψ−=ψ=ρρ= zzzzzz NNNiNzdzdh  (2.6) 

and 

 ,, zzzz
i

NNN
i

ψ×ψ
ρ

−
=×

ρ

−
=ξ  (2.7) 

where −= sz  it and by ×  we denote the cross product in .3
C  Hence, we get 
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 zzzz iNNiN ψ×ξ=×=ψ ,  (2.8) 

and the Laplacian 

 .0, =ρξ=ψ zzzz N  (2.9) 

Remark 1. In general, the holomorphic curve { }0: 2 ×→Σ CzN  can be 

integrated locally and the harmonic affine conormal N is the real part of a 

holomorphic curve. However, since the affine normal ξ  is constant, from (2.8), we 

have a global holomorphic curve { },21: 2 ×→ΣΦ C  such that 

 ., Φ−Φ=ψ×ξΦ+Φ= iN  (2.10) 

Conversely, we can recover the improper affine sphere ψ  with its harmonic 

affine conormal { }1: 2 ×→Σ RN  and the conformal class of its affine metric as 

 ( ) .Re2Re2 Φ×Φ+Φ=×=ψ ∫∫ didzNiN z  (2.11) 

Next, we change the plane { }12 ×R  by the space 3
R  and obtain the following 

generalization of improper affine spheres. 

Definition 2.1. Let Σ  be a Riemann surface. We say that a map 3: R→Σψ  is 

an affine maximal map if there exists a harmonic vector field 3: R→ΣN  such that 

[ ]zz NNN ,,  does not vanish identically and ψ   is given as in (2.11). 

Remark 2. The singular set ψS  of an affine maximal map ψ   is the set of 

points where [ ]zz NNNi ,,−=ρ  vanishes. It is clear that ψΣ S   is dense in .Σ  

Observe that in this case the affine normal ξ  given by (2.7) may not be well-

defined on .ψS  

Of course, when φ=ψS  one has an affine maximal surface, which is an 

improper affine sphere if ξ  is constant. 

From now on, we consider an affine maximal map 3: R→Σψ  with affine 
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conormal 3: R→ΣN  and a regular analytic curve ,: Σ→γ I  for an interval I. 

Also, we denote γψ=α o  and ,γ= oNU  with parameter .Is ∈  Thus, by the 

Inverse Function Theorem, there exists a conformal parameter itsz +=  and we can 

parameterize a piece of the affine maximal map by ,: 3
RC →⊂Ωψ  with ,Ω⊂I  

( ) ( ) ( ) ( ).0,,0, sUsNss =α=ψ  

Then, from the Identity Principle and (2.11), we obtain that the map ψ   can be 

recovered as 

 ( ) ,,,Re2 00
0

IszdzNiNs
z

s
z ∈⊂Ω∈×+α=ψ ∫ C  (2.12) 

where the affine conormal N is given by 

 ( ) ( ) ( ) ,,,Re 0
0

IszdizUzN
z

s
∈⊂Ω∈








ζζη−= ∫ C  (2.13) 

with ( )zU  and ( )zη  the holomorphic extensions of ( ) ( )0,sNsU =  and 

( ) ( )0,sNs t=η  to a neighborhood Ω  of I. 

Moreover, from (2.11) we have that, along ,α  

 α′−=×η U  (2.14) 

and Is ∈0  is a singular point of  ψ  if 

 ( ) ( ) ( ) ,0,, 000 =α′′−=α ′′=ρ sUsUs  (2.15) 

where by prime we indicate derivative with respect to s. 

Conversely, if 3:,, R→ηα IU  are analytic maps satisfying (2.14) on I, then 

there exists a unique solution ψ  to the geometric Cauchy problem for affine maximal 

maps with these data, see [2, 3]. 
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3. Singular Curves of Affine Maximal Maps 

We analyze the solution of the above problem when 3: R→α I  is a singular 

curve of ψ . This case is interesting because the data U and η  are determined by α  

and two analytic functions. In fact, from (2.14) and (2.15) we have 

 
λ

α ′′×α′
=U  (3.1) 

and 

 ( ) .
2

α′×α ′′×α′
α ′′×α′

λ
−α ′′×α′φ=η  (3.2) 

Thus, we can obtain the following results. 

Theorem 3.1. Let 3: R→α I  be an analytic curve with non-vanishing 

curvature on I. Then, for any analytic functions ,0,:, >λ→φλ RI  there is a 

unique affine maximal map  ψ  with U and η  given by (3.1) and (3.2), respectively. 

Moreover, α  is a singular curve of  ψ  and ( )sα  is a cuspidal edge for all 

.Is ∈  

Proof. From the hypothesis, we can define the affine maximal map ψ   as in 

(2.12), with the affine conormal N given by (2.13). Now, since N is harmonic, from 

(3.1) and (3.2), we get that, along ,α  

[ ] [ ] 0,,,,, =′α′−=η′= UUUNNN ts  

and 

[ ] [ ] [ ]UUUUNNN tts ′′′−ηη′= ,,,,,,  

[ ]
.0

,,
3

2
<

λ

α ′′′α ′′α′
−λ−=  

Consequently, [ ]zz NNN ,,  does not vanish identically and the points of α  are the 

unique singular points in a neighborhood of it. 

Also, we have that, along ,α  
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[ ]

α′
λ

α ′′′α ′′α′
−=ψα′=ψ

2

,,
, ts  (3.3) 

and the kernel of ψd  at ( ) ( )0,ss =γ  is spanned by 

([ ] ).,,, 2λα ′′′α ′′α′=ν  

Hence, ( ) 0,det 2 ≠λ=νγ′  and we conclude that ( )sα  is a cuspidal edge for all 

,Is ∈  see [15]. 

Example 3.2. If we take the curve 3: RR →α  and the functions 

RR →φλ :,  given by 

( ) ( ) ( )( ) ( ) ( ) ,,1,0,sin,cos R∈∀=φ=λ=α ssssss  

then, from Theorem 3.1, the data 

( ) ( ) ( ) ( ) ( )( ),1,sin,cos,1,0,0 ssssU =η=  

provide the harmonic affine conormal ,: 32
RR →N  

( ) ( ) ( ) ( ) ( )( )ttststsN += 1,sinhsin,sinhcos,  

and the affine maximal map   ,: 32
RR →ψ  with coordinates 

( ) ( ) ( ) ( ) ( ) ( ),sinhcoscoshcos1,1 tststts −+=ψ  

( ) ( ) ( ) ( ) ( ) ( ),sinhsincoshsin1,2 tststts −+=ψ  

( ) ( ).2sinh
4
1

2
,3 t

t
ts −=ψ  
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Figure 1. Affine maximal maps with cuspidal edges. 

So, around ,0=t  the singular set of ψ   is the circle ( ) { }( )0×ψ=α RR  and 

the singularities are cuspidal edges, (see Figure 1). 

Similarly, we can obtain an affine maximal map 32: RR →ψ  with 

( ) ( ) ( )( ) ( ) ( ) .,1,,sin,cos R�∈∀=φ=λ=α sssssss  

That is, with the helix ( ) { }( )0×ψ=α RR  in its singular set. 

Theorem 3.3. Let 3: R→α I  be an analytic curve with non-vanishing 

curvature on { }0−I  and such that I∈0  is a zero of α ′′×α′α′,  and 

[ ]α ′′′α ′′α′ ,,  of order 1, 2 and 3 respectively. 

Then, for any analytic functions 0,:, >λ→φλ RI  on { }0−I  and with a 

zero of order 2 in 0, there is a unique affine maximal map ψ   with U and η  given 

by (3.1) and (3.2), respectively. 

Moreover, α  is a singular curve of ψ   and ( )0α  is a swallowtail. 

Proof. We follow the arguments of the above proof, from (3.1) to (3.3). Note 

that η,U  and tψ  are well defined by the hypothesis. 

However, in this case, the kernel of ψd  at ( ) ( )0,ss =γ  is spanned by 

[ ]









α ′′′α ′′α′
λ

=ν
,,

,1
2
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and ( )0α  is a swallowtail, because 0 is a zero of order 1 of 

( )
[ ]

.
,,

,det
2

α ′′′α ′′α′
λ

=νγ′  

Example 3.4. The curve 3: RR →α  defined by 

( ) ( ) ( ) ( ) ( ) ( )





 +−+=α ssssss 3cos

6
1

,2sin
2
1

sin,2cos
2
1

cos  

 

Figure 2. Affine maximal map with 3 swallowtails. 

has 

[ ] ( ) ( ),6sin
2
1

3sin,, ss −=α ′′′α ′′α′  

with the same π2 -periodic zeros, ππ
3
4

,
3
2

 and ,2π  that the function RR →λ :  

given by 

( ) ( ).3cos1 ss −=λ  

Thus, from Theorem 3.3, we can obtain an affine maximal map with α  as a singular 

curve with three swallowtails connected by three arcs with cuspidal edges, (see 

Figure 2). 

Finally, from (2.5), (2.8) and (3.1), if we take [ ]0,, ξα ′′α′=λ  and 

,0 α′×ξ−=η  with ( ),1,0,00 =ξ  then we can deduce the following results for 
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definite improper affine spheres with singular curves, see [22, 23] for the indefinite 

case. 

Corollary 3.5. Let 3: R→α I  be an analytic curve with [ ] 0,, 0 ≠ξα ′′α′  on 

I. Then, there is a unique definite improper affine map containing ( )Iα  in its 

singular set. 

Moreover, ( )sα  is a cuspidal edge for all .Is ∈  

Corollary 3.6. Let 3: R→α I  be an analytic curve with [ ] 0,, 0 ≠ξα ′′α′  on 

{ }0−I  and such that I∈0  is a zero of [ ]0,,,, ξα ′′α′α ′′×α′α′  and 

[ ]α ′′′α ′′α′ ,,  of order 2,2,1 and 3 respectively. 

Then, there is a unique definite improper affine map containing ( )Iα  in its 

singular set and ( )0α  is a swallowtail. 

References 

 [1] J. A. Aledo, R. M. B. Chaves and J. A. Gálvez, The Cauchy problem for improper 

affine spheres and the Hessian one equation, Trans. Amer. Math. Soc. 359 (2007), 

4183-4208. 

 [2] J. A. Aledo, A. Martínez and F. Milán, The affine Cauchy problem, J. Math. Anal. 

Appl. 351 (2009), 70-83. 

 [3] J. A. Aledo, A. Martínez and F. Milán, Affine maximal surfaces with singularities, 

Results Math. 56 (2009), 91-107. 

 [4] J. A. Aledo, A. Martínez and F. Milán, Non-removable singularities of a fourth order 

nonlinear partial differential equation, J. Differential Equations 247 (2009), 331-343. 

 [5] J. A. Aledo, A. Martínez and F. Milán, An extension of the affine Bernstein problem, 

Results Math. 60 (2011), 157-174. 

 [6] W. Blaschke, Vorlesungen über Differentialgeometrie II. Affine Differentialgeometrie. 

Springer, 1923. 

 [7] E. Calabi, Improper affine hyperspheres of convex type and a generalization of a 

theorem by K. Jörgens, Michigan Math. J. 5 (1958), 105-126. 

 [8] E. Calabi, Hypersurfaces with maximal affinely invariant area, Amer. J. Math. 104 

(1982), 91-126. 



SINGULAR CURVES OF AFFINE MAXIMAL MAPS 

 

67 

 [9] E. Calabi, Affine differential geometry and holomorphic curves, Lect. Notes Math. 

1422 (1990), 15-21. 

 [10] M. Craizer, Singularities of convex improper affine maps, J. Geom. 103 (2012),     

207-217. 

 [11] L. Ferrer, A. Martínez and F. Milán, Symmetry and uniqueness of parabolic affine 

spheres, Math. Ann. 305 (1996), 311-327. 

 [12] L. Ferrer, A. Martínez and F. Milán, An extension of a theorem by K. Jörgens and a 

maximum principle at infinity for parabolic affine spheres, Math. Z. 230 (1999),    

471-486. 

 [13] G. Ishikawa and Y. Machida, Singularities of improper affine spheres and surfaces of 

constant Gaussian curvature, Internat. J. Math. 17(39) (2006), 269-293. 

 [14] K. Jörgens, Über die Lösungen der differentialgleichung ,12 =− srt  Math. Ann. 127 

(1954), 130-134. 

 [15] M. Kokubu, W. Rossman, K. Saji, M. Umehara and K. Yamada, Singularities of at 

fronts in hyperbolic space, Pacific J. Math. 221 (2005), 303-351. 

 [16] A. M. Li, Affine maximal surfaces and harmonic functions, Lect. Notes Math. 1369 

(1989), 142-151. 

 [17] A. M. Li and F. Jia, The Calabi conjecture on affine maximal surfaces, Results Math. 

40 (2001), 256-272. 

 [18] A. M. Li, F. Jia, U. Simon and R. Xu, Affine Bernstein Problems and Monge-Ampère 

equations, World Scientific, 2010. 

 [19] A. M. Li, U. Simon and G. Zhao, Global Affine Diffierential Geometry of 

Hypersurfaces, Walter de Gruyter, 1993. 

 [20] A. Martínez, Improper affine maps, Math. Z. 249 (2005), 755-766. 

 [21] A. Martínez and F. Milán, On the affine Bernstein problem, Geometriae Dedicata 37 

(1991), 295-302. 

 [22] F. Milán, Singularities of improper affine maps and their Hessian equation, J. Math. 

Anal. Appl. 405 (2013), 183-190. 

 [23] F. Milán, The Cauchy problem for indefinite improper affine spheres and their Hessian 

equation, Advances in Mathematics 251 (2014), 22-34. 

 [24] K. Nomizu and T. Sasaki, Affine Differential Geometry, Cambridge University Press, 

1994. 



FRANCISCO MILÁN 

 

68 

 [25] N. S. Trudinger and X-J. Wang, The Bernstein problem for affine maximal 

hypersurfaces, Invent. Math. 140 (2000), 399-422. 

 [26] N. S. Trudinger and X-J. Wang, Bernstein-Jörgens theorem for a fourth order partial 

differential equation, J. Partial Differential Equations 15 (2002), 78-88. 

 [27] N. S. Trudinger and X-J. Wang, Affine complete locally convex hypersurfaces, Invent. 

Math. 150 (2002), 45-60. 


