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Abstract

Sine-Gordon (SG) equation is a second order nonlinear partial
differential equation (NPDE) proposed by Backlund in 1876 as a model
for nonlinear pseudo-spherical surface and its exact solution found by
reducing to two coupled first order NPDEs and method called Auto-
Backlund Transformation (ABT). In this study, above ABT is further
simplified to a pair of coupled nonlinear first order ordinary differential
equations by the method of Lie Group Similarity Transformation and
found same exact solution that Backlund reported as well as a new

exact solution of SG equation is also reported.
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1. Introduction

The contact Transformation of Differential Geometry [1] provides Lie
Group Similarity Transformation in nonlinear differential equations [2]
by which one can construct various classes of similar equations [2, 3].
Backlund reported [4, 5] two simultaneous first order differential
equations arising in differential geometry so that by contact
Transformation one can find class of similar equations corresponding to a
given nonlinear partial differential equation (NPDE), thereby integrals of
original equation can be found out. This method is called Auto-Backlund
Transformation (ABT) if two integrals are of same equations are
connected [5, 6, 7].

Sine-Gordon (SG) equation [4, 5] proposed by Backlund is a two

dimensional (1 +1) can be written as
Uy = sin(u) (1.01)

as a model for nonlinear pseudo-spherical surface of constant negative
curvature. Same equation studied by Lamb [8, 9] as a model of
propagation of ultra short optical pulses. Painleve Property (PP) [10]
Inverse Scattering Transformation (IST), Lax Pairs [11] are known and so
considered as a completely integrable system. A well known exact

solution of SG equation reported by Backlund is
u(x, t) = 4 arctan[exp(kx — wt)]. (1.02)

Backlund found above solution by converting (1.01) into a pair of

simultaneous first order NPDEs
Uy + Uy = (2/c)sin[(u — v)/2] (1.03)
and

u, —v; = 2csinf(u +v)/2], (1.04)
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where u and v are two distinct exact solutions of SG equation (1.01) and

¢ 1s an arbitrary constant.

This study reports simplification of (1.03) and (1.04) into a pair of
simultaneous first order nonlinear ordinary differential equation by the
method of Lie Group Similarity Transformation [2] and reproduces the
same exact solution (1.02) in more general form, also found new exact

solution of SG equation (1.01).

2. Lie Group Similarity Transformation Method
for Partial Differential Equation

Essential details of the Lie continuous point group similarity
transformation method to reduce the number of independent variables of
a partial differential equation (PDE) so as to obtain respective ordinary
differential equation (ODE) [6] is the following. Let the given PDE in two

independent variables x and ¢ and one dependent variable u be
F(x, ¢, u, uy, Uy, Ugyy Ugys o) = 0, (2.1)

where u;, u,, ... are all partial derivatives of dependent variables u(x, ¢)

with respect to the independent variable ¢ and x, respectively.

When we apply a family of one parameter infinitesimal continuous

point group transformations,

x =x +eX(x, t, u) + O(e?), (2.2)
t =t+eT(x, t, u)+ O0(e?), (2.3)
u=u+eU(x, ¢, u)+O0(e?), (2.4)

we get the infinitesimals of the variables u, ¢t and x as U, T, X,
respectively and € is an infinitesimal parameter. The derivatives of u

are also transformed as
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Uy = Uy + E[Ux 1+ 0(82 )s (2.5)
Uy = Uyy + €U ]+ O(€%), (2.6)
uy = uy +e[Uy ]+ 0(82), 2.7

where [U,], [U,.], [Uy] are the infinitesimals of the derivatives u,,
Uye, Uy, respectively. These are called first and second extensions and

are given by [2]
[U,]1=U, + (U, - X, Ju, - Xu2 - Touy — Teuyuy, 2.8)
[Une] = Upe + (U = X iy + (U = 2K, Ju = X1

+ Uy = 2X gty = 3X Uty — Tty — 2Tty — Ty

2T uyy — T upcu, — 2T, uuu,., (2.9
[Uy]= Uy + 204, - Ty g = Xy + Uy = 2T ]utz

- 2Xpupuy - Tuuut3 - quutzux +[Uy = 2T} gy - 2Xuy

3T uyuy — X, uyu, — 3X, U u;. (2.10)

The invariant requirements of given PDE (2.1) under the set of above

transformations lead to the invariant surface conditions,

oF oF oF oF
TE-FX%-FUE‘F[UX]E

oF
ouyy

U150, @11)

axx

+[Uy]

On solving above invariant surface condition (2.11), the infinitesimals X,
T, U can be uniquely obtained, that give the similarity group under

which the given PDE (2.1) is invariant. This gives
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du  xdu_du _ (2.12)

Tdt dx dU ~

The solution of (2.12) are obtained by Langrange’s condition,

dt _dx _du

T X0 (2.13)
This yields,
x = x(t, Cq, Cy)
and
u = u(t, Cy, Cq), (2.14)

where C; and Cy are arbitrary integration constants and the constant
C; plays the role of an independent variable called the similarity variable
S and Cy that of a dependent variable called the similarity solution

u(S) such that exact solution of given PDE, so that
u(x, t) = u(S). (2.15)

On substituting (2.15) in given PDE (2.1) reduces to an ordinary

differential equation with S as independent variable and u(S) as

dependent variable.

3. Simplification of ABT by Lie Group

Similarity Transformation

The general form of the simultaneous equations (1.03) and (1.04) is

given by
F(t, x, u, v, vy, Uy, U, v;) = 0. (3.01)

The invariant surface conditions for (3.01) is
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a_F+Xa_F+Ua_F+Va_F a_F

r ot ox ou ov + U] ou

X

OF 1y 1 2F

H%%ZH%]F+MﬁF=

W 0, (3.02)

ov

where [U,], [U;], [V,], [V;] are the first extensions of the partial
derivatives of [u, ], [w], [v.], [v;] for two dependent variables [2] that

are the following

[Us] = Uy + Upuiy + Upvy = (Tyy + Xuy)

—(Tyuu; + Tyouy ) — (Xugu, + Xou,), (3.03)
Vel = Vy + Vitty + Vo — (Tyo, + X,0,)

—(Tyuv; + Tyovp ) — (X uevy, + X005 ), (3.04)
[U:]=U, + Uy, + Uy, — (Xyuy, + Thuy)

(T uu + Tyouy ) — (X, uu, + Xyu,v;), (3.05)
Vil= Vi + Vi, + Vo, = (Xpv, + Tyvp)

(T uv; + Tyopuy ) — (X uu, + Xyu,vp). (3.06)

Substitute (3.03), (3.04), (3.05), (3.06) in the invariant surface condition

(3.02) and collect same orders of derivatives of u, and v, then we get the

following constraints for U = V = 0,
T,=0,T,=0 T, =0, T, =0, (3.07)
X, =0, X,=0, X, =0, X, =0. (3.08)

On solving above constrained equations, we get

X =w, (3.09)
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T =k, (3.10)

where w and %k are arbitrary integration constants. Then substitute

(3.09) and (3.10) in the Lagrange’s conditions (2.13)

dx _dt _du _ dv

X" T-U -V @11
then we get the similarity variable z(x, ¢) as
2(x, t) = (kx — wt). (3.12)

Then the similarity solution of the simultaneous differential equations
(1.03) and (1.04) are

ulx, t) = u(z), (3.13)
and
v(x, t) = v(z). (3.14)

On substituting (3.13) and (3.14) in the ABT of SG equation (1.03) and
(1.04), we get the following coupled simultaneous first order ordinary

differential equations

(@) o
and

Since u(x, t) = 0 is an exact solution of SG equation (1.01), substituting

u =0 1in (3.15) and (3.16) we can find an exact solution of SG equation

(1.01) as

v(x, t) = - + 4 arctan[kx — wt + C], (3.17)
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where k =2/c and w =2¢c and C is an integration constant. Above

exact solution of SG is more general form than the known solution (1.02).

4. Discussion

Auto-Backlund transformation of SG equation (1.01) also connect four
exact solutions without any derivatives, but trigonometric relationships
[1, 3] as

tan[(u?’ ;uO)} = HZ:SH tan{(u1 Zuz)}, (4.01)

where ug, uy, ug, and ug are any four exact solutions of SG equation
(1.01) and a, b, ¢, and d are arbitrary constants. So that when ug, uq,
and us are known then the fourth solution us can be found out from
(4.01). u(x, t) = 0 is a solution of SG equation, so let uy = 0, also from

(1.02) we have the well-known solution (1.02), )

u; = 4 arctan[exp(kx — wt)] be the second solution.

Recently this author reported [12] a new solution of SG equation
using Lie group similarity transformation in which similarity variable

s(x, t)
s(x, t) = [ = c2xt + c(kx — vt) + kv]. (4.02)
Then the exact solution of SG equation (1.01) is
u(x, t) = ul(s), (4.03)
where u(s) is
u(s) =4 arctan(4x/§). (4.04)

Then the third solution ug of SG equation is (4.03) and the fourth new

solution can be obtained from the trigonometric relation (4.01) as
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tan| 23| = [M} tan[arctan[exp(kx —vt)] -4 arctan(x/g )] (4.05)
4 (c+d)

This process of finding new solutions of SG equation (1.01) can be

continued for any number of times, but complexity of solutions is also

increasing more and more as above.
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