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Abstract 

Sine-Gordon (SG) equation is a second order nonlinear partial 

differential equation (NPDE) proposed by Backlund in 1876 as a model 

for nonlinear pseudo-spherical surface and its exact solution found by 

reducing to two coupled first order NPDEs and method called Auto-

Backlund Transformation (ABT). In this study, above ABT is further 

simplified to a pair of coupled nonlinear first order ordinary differential 

equations by the method of Lie Group Similarity Transformation and 

found same exact solution that Backlund reported as well as a new 

exact solution of SG equation is also reported. 
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1. Introduction 

The contact Transformation of Differential Geometry [1] provides Lie 

Group Similarity Transformation in nonlinear differential equations [2] 

by which one can construct various classes of similar equations [2, 3]. 

Backlund reported [4, 5] two simultaneous first order differential 

equations arising in differential geometry so that by contact 

Transformation one can find class of similar equations corresponding to a 

given nonlinear partial differential equation (NPDE), thereby integrals of 

original equation can be found out. This method is called Auto-Backlund 

Transformation (ABT) if two integrals are of same equations are 

connected [5, 6, 7]. 

Sine-Gordon (SG) equation [4, 5] proposed by Backlund is a two 

dimensional ( )11 +  can be written as 

 ( )uuxt sin=  (1.01) 

as a model for nonlinear pseudo-spherical surface of constant negative 

curvature. Same equation studied by Lamb [8, 9] as a model of 

propagation of ultra short optical pulses. Painleve Property (PP) [10] 

Inverse Scattering Transformation (IST), Lax Pairs [11] are known and so 

considered as a completely integrable system. A well known exact 

solution of SG equation reported by Backlund is 

 ( ) ( )[ ].exparctan4, wtkxtxu −=  (1.02) 

Backlund found above solution by converting (1.01) into a pair of 

simultaneous first order NPDEs 

 ( ) ( )[ ]2sin2 vucuv xx −=+  (1.03) 

and 

 ( )[ ],2sin2 vucvu tt +=−  (1.04) 
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where u  and v  are two distinct exact solutions of SG equation (1.01) and 

c  is an arbitrary constant. 

This study reports simplification of (1.03) and (1.04) into a pair of 

simultaneous first order nonlinear ordinary differential equation by the 

method of Lie Group Similarity Transformation [2] and reproduces the 

same exact solution (1.02) in more general form, also found new exact 

solution of SG equation (1.01). 

2. Lie Group Similarity Transformation Method 

for Partial Differential Equation 

Essential details of the Lie continuous point group similarity 

transformation method to reduce the number of independent variables of 

a partial differential equation (PDE) so as to obtain respective ordinary 

differential equation (ODE) [6] is the following. Let the given PDE in two 

independent variables x  and t  and one dependent variable u  be 

 ( ) ,0...,,,,,,, =xxttxt uuuuutxF  (2.1) 

where ...,, xt uu  are all partial derivatives of dependent variables ( )txu ,  

with respect to the independent variable t  and ,x  respectively. 

When we apply a family of one parameter infinitesimal continuous 

point group transformations, 

( ) ( ),,, 2ε+ε+= OutxXxx  (2.2) 

( ) ( ),,, 2ε+ε+= OutxTtt  (2.3) 

( ) ( ),,, 2ε+ε+= OutxUuu  (2.4) 

we get the infinitesimals of the variables ,u  t  and x  as ,U  ,T  ,X  

respectively and ε  is an infinitesimal parameter. The derivatives of u  

are also transformed as 
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[ ] ( ),2ε+ε+= OUuu xxx  (2.5) 

[ ] ( ),2ε+ε+= OUuu xxxxxx  (2.6) 

[ ] ( ),2ε+ε+= OUuu tttttt  (2.7) 

where [ ],xU  [ ],xxU  [ ]ttU  are the infinitesimals of the derivatives ,xu  

,xxu  ,ttu  respectively. These are called first and second extensions and 

are given by [2] 

[ ] ( ) ,2
txxtxxuxxuxx uuTuTuXuXUUU −−−−+=  (2.8) 

[ ] ( ) ( ) 3222 xuuxxuuuxxxxuxxxx uXuXUuXUUU −−+−+=  

txuutxxutxxxxxuxxxu uuTuuTuTuuXuXU
2232 −−−−−+  

,22 xxtutxxuxtx uuTuuTuT −−−  (2.9) 

[ ] [ ] [ ] 222 tuuuuxttttttutttt uTUuXuTUUU −+−−+=  

[ ] xtttttuxtuutuutxtu uXuTUuuXuTuuX 222 23 −−+−−−  

.33 txtuxttutttu uuXuuXuuT −−−  (2.10) 

The invariant requirements of given PDE (2.1) under the set of above 

transformations lead to the invariant surface conditions, 
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On solving above invariant surface condition (2.11), the infinitesimals ,X  

,T  U  can be uniquely obtained, that give the similarity group under 

which the given PDE (2.1) is invariant. This gives 
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 .0=−+
dU

du

dx

du
X

dt

du
T  (2.12) 

The solution of (2.12) are obtained by Langrange’s condition, 

 .
U

du

X

dx

T

dt
==  (2.13) 

This yields, 

( )21 ,, CCtxx =  

and 

( ),,, 21 CCtuu =  (2.14) 

where 1C  and 2C  are arbitrary integration constants and the constant 

1C  plays the role of an independent variable called the similarity variable 

S  and 2C  that of a dependent variable called the similarity solution 

( )Su  such that exact solution of given PDE, so that 

 ( ) ( )., Sutxu =  (2.15) 

On substituting (2.15) in given PDE (2.1) reduces to an ordinary 

differential equation with S  as independent variable and ( )Su  as 

dependent variable. 

3. Simplification of ABT by Lie Group 

Similarity Transformation 

The general form of the simultaneous equations (1.03) and (1.04) is 

given by 

 ( ) .0,,,,,,, =ttxx vuuvvuxtF  (3.01) 

The invariant surface conditions for (3.01) is 
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where [ ],xU  [ ],tU  [ ],xV  [ ]tV  are the first extensions of the partial 

derivatives of [ ],xu  [ ],tu  [ ],xv  [ ]tv  for two dependent variables [2] that 

are the following 

[ ] ( )xxtxxvxuxx uXuTvUuUUU +−++=  

( ) ( ),xxvxxutxvtxu uvXuuXuvTuuT +−+−  (3.03) 

[ ] ( )xxtxxvxuxx vXvTvVuVVV +−++=  

( ) ( ),xxvxxutxvtxu vvXvuXvvTvuT +−+−  (3.04) 

[ ] ( )ttxttvtutt uTuXvUuUUU +−++=  

( ) ( ),txvxtuttvttu vuXuuXuvTuuT +−+−  (3.05) 

[ ] ( )ttxttvtutt vTvXvVuVVV +−++=  

( ) ( ).txvxtuttvttu vuXuuXuvTvuT +−+−  (3.06) 

Substitute (3.03), (3.04), (3.05), (3.06) in the invariant surface condition 

(3.02) and collect same orders of derivatives of ,u  and ,v  then we get the 

following constraints for ,0== VU  

,0=uT  ,0=tT  ,0=vT  ,0=xT  (3.07) 

,0=uX  ,0=vX  ,0=xX  .0=tX  (3.08) 

On solving above constrained equations, we get 

,wX =  (3.09) 



SIMPLIFICATION OF AUTO-BACKLUND TRANSFORMATION … 

 

41 

,kT =  (3.10) 

where w  and k  are arbitrary integration constants. Then substitute 

(3.09) and (3.10) in the Lagrange’s conditions (2.13) 

 ,
V

dv

U
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T

dt

X

dx
===  (3.11) 

then we get the similarity variable ( )txz ,  as 

 ( ) ( )., wtkxtxz −=  (3.12) 

Then the similarity solution of the simultaneous differential equations 

(1.03) and (1.04) are 

 ( ) ( ),, zutxu =  (3.13) 

and 

 ( ) ( )., zvtxv =  (3.14) 

On substituting (3.13) and (3.14) in the ABT of SG equation (1.03) and 

(1.04), we get the following coupled simultaneous first order ordinary 

differential equations 
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Since ( ) 0, =txu  is an exact solution of SG equation (1.01), substituting 

0=u  in (3.15) and (3.16) we can find an exact solution of SG equation 

(1.01) as 

 ( ) [ ],arctan4, Cwtkxtxv +−+π−=  (3.17) 
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where ck 2=  and cw 2=  and C  is an integration constant. Above 

exact solution of SG is more general form than the known solution (1.02). 

4. Discussion 

Auto-Backlund transformation of SG equation (1.01) also connect four 

exact solutions without any derivatives, but trigonometric relationships 

[1, 3] as 

 
( ) ( )

( )
( )

,
4

tan
4

tan 2103





 +






+
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 − uu

dc

bauu
 (4.01) 

where ,0u  ,1u  ,2u  and 3u  are any four exact solutions of SG equation 

(1.01) and ,a  ,b  ,c  and d  are arbitrary constants. So that when ,0u  ,1u  

and 2u  are known then the fourth solution 3u  can be found out from 

(4.01). ( ) 0, =txu  is a solution of SG equation, so let ,00 =u  also from 

(1.02) we have the well-known solution (1.02), so 

( )[ ]wtkxu −= exparctan41  be the second solution. 

Recently this author reported [12] a new solution of SG equation 

using Lie group similarity transformation in which similarity variable 

( )txs ,  

 ( ) [ ( ) ]., 2
kvvtkxcxtctxs +−+−=  (4.02) 

Then the exact solution of SG equation (1.01) is 

 ( ) ( ),, sutxu =  (4.03) 

where ( )su  is 

 ( ) ( ).4arctan4 ssu =  (4.04) 

Then the third solution 2u  of SG equation is (4.03) and the fourth new 

solution can be obtained from the trigonometric relation (4.01) as 
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 (4.05) 

This process of finding new solutions of SG equation (1.01) can be 

continued for any number of times, but complexity of solutions is also 

increasing more and more as above. 
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