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Abstract 

We have studied the characteristics of diffusions generated by the non-

stationary Markovian replication process with harmonic replication 

probability. We have found that the mean-squared displacement 

depends on the time as well as the period of the harmonic replication 

probability, that is, at the early stage, the MSD grows with time while 

the MSD is saturated after a crossover time which increases as a power 

of the period, and it has been described by a scaling function. Also, we 

have measured the distribution of persistent length for various periods 

of replication probability. For small size of persistent length, the 

distribution is constant while for large size, it decays as power law. The 

crossover size increases as a power of the period and the rescaled 

distributions collapse into a single curve by scaling function. 
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1. Introduction 

The Brownian motion is a prototype of the diffusive phenomena. It 

has been modelized by a simple stochastic model, random walk which is 

characterized by the mean-squared displacement (MSD) growing with 

time linearly [1]. In recent, anomalous diffusions deviating from the 

normal diffusion has been received much attention in statistical physics 

as well as various movements of humans and animals and even bacteria 

[1-5]. The anomalous diffusions is characterized by the MSD ( )tM  that is 

not linearly dependent on time unlike the normal diffusion and follows 

power-law behavior [6, 7] 

( ) ( ) ,~ 22 HttxtM =  (1) 

where H is the Hurst exponent. For ,21>H  persistence in a diffusion 

exists and is called superdiffusion, while for ,21<H  anti-persistence is 

exhibited and is called subdiffusion. 

Recently, the non-stationary Markovian replication process (NMRP) 

was been introduced to describe the non-stationary diffusions affected by 

complex temporal stimuli coming from natural environments [8]. In the 

NMRP, a step just replicates or anti-replicates the latest step, at each 

time t with a replication probability which step process is Markovian, that 

is, the next step only is affected by the current step. In the meanwhile, 

allowing a replication probability varying with time by which the degree 

of replication or anti-replication is controlled results in long-term 

correlations between steps and describe a variety of diffusions with 

different replication probabilities [8, 9]. 

Given the oscillatory replication probability, the MSD has been shown 

the step-like behavior [8], which is different from the anomalous diffusion 

with power-law behavior of the MSD. When the period of the replication 

probability is a half of the total number of steps, the MSD is changed 
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from the ballistic diffusion to the saturated phase, that is, the phase of 

diffusion is changed [10]. The phase change of movement is important to 

the intermittent search strategy [11] and run-tumble motions of bacteria 

[5]. Therefore it is meaningful to study the characteristics of the phase 

changing diffusions using the NMRP with oscillatory replication 

probability in detail. In this paper, we have considered the harmonic 

replication probability with various periods. We have measured the MSDs 

and the persistent length distribution for various period and found that 

they show the scaling behavior with the periods. 

2. Model and Results 

In one dimension, the NMRP model is defined as a stochastic process 

of which dynamics is controlled by the time-varying probability ( ),tα  we 

call it the replication probability as follows, 
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where l is the uniform spacing between neighboring sites in one 

dimensional lattice and τ  is the time interval, a walker stochastically 

moves to one of the two neighboring sites. The relation between the 

walker’s position at time ,, txt  and the step a walker takes, ,tσ  is defined 

as ( ) ( ) .ttxtx σ+−= τ  The first step ( )
τ

σ  is randomly chosen between 

the two possibilities l±  with equal probabilities. Successive steps at 

τ2≥t  are determined by the rule (2). 

We have used the replication probability of ( ) ( ),cos2 TNtt π=α  

where N is the number of total steps and T is a parameter controlling the 

period that is given as TN. Figure 1(a) shows ( )tα  for the various 

parameters T = 2, 4, 8, 16, and 32 and the corresponding MSDs are shown 

in (b). The MSDs grow with time initially and then are saturated to 
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constant values that become larger when T is larger. In the (c), we 

measured the saturated values of MSDs as a function of the parameter T 

and found that the saturated MSD scales as µTM ~sat  with .3.1≈µ  

Thus the MSD behaves as 

( )







>>

<<
=

µ ,,

,,
,

2

c

c
H

ttT

ttt
TtM  (3) 

where ct  is a crossover time separating two phases and the dashed line 

represents that .1=H  As shown in the Figure 1(d) the crossover time ct  

depends on the parameter T as 

,~ κTtc  (4) 

and the fitting line represents that .65.0≈κ  If we rescale the time and 

the MSD with appropriate quantities, the various curves of the MSDs will 

collapse a curve and we can find a scaling function as follows, 

( ) ,, 
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where the scaling function ( )xf  is given by 
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Figure 1. (a) Plot of the replication probability ( )tα  for various 

parameters T with values 2, 4, 8, 16, and 32 from the bottom to 

the top. (b) The MSDs ( )TtM ,  versus time t for T = 2, 4, 8, 16, 

and 32 from the bottom to the top. (c) The saturated MSD ( )TM  

versus the parameter T. The solid line represents that the MSD 

follows power-law behavior, ( ) .~ 3.1TtM  (d) The crossover time 

ct  versus the parameter ctT .  behaves as .~ 65.0Ttc  

The exponents µ  and κ  are not independent. As shown in the Figure 

1(b) if we approach the crossover point ( )( )cc tMt  from the left, the MSD 
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becomes ( ) 2~ cc ttM  according to the Equation (3), while approaching the 

same point from the right we have ( ) .~ µTtM c  Therefore from the 

relation µTTtc ~~ 22 κ  at the crossover point, we obtain the relation 

between the two exponents, 

,2κ=µ  (7) 

which is excellent agreement in the relation between values obtained by 

this simulations. Figure 2 shows the collapse of the MSDs with the 

various parameter T into a single curve by the scaling function of 

Equation (6). 

 

Figure 2. Plots of the scaling function ( )xf  for various 

parameters. The rescaled MSDs collapse into a single curve. 

The distribution ( )sP  of the persistent length s that is the number of 

the successive steps into the same direction is another quantity being 

able to classify the characteristics of diffusions. We have also measured 

the ( )sP  with the various values of T, and studied the scaling behavior of 
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it. Figure 3(a) is the plot of the persistent length distribution ( )sP  versus 

the persistent length s with T = 2, 4, 8, 16, and 32 from the top to the 

bottom. The slope of the dashed line is –2.5, which means that the 

persistent length distribution follows the power-law behavior ( ) β−ssP ~  

with 5.2≈β  for large s. While for small s, they have constant values. It 

indicates that persistent lengths of large size exist in the NMRP unlike 

the normal diffusions where there is no large persistent length [12]. Also, 

the number of small size of the persistent length decreases for large T. 

Figure 3(b) shows the plot of the constant persistent length distribution 

versus T and the slope of the solid line is 3.87. 

Therefore the distribution of the persistent length ( )sP  is given by 
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where the value of ν  is 87.3−≈ν  and cs  is the crossover length that 

follows power-law behavior φ= Tsc  with ,94.1≈φ  which is shown in the 

Figure 3(c). The distribution can be also represented by a scaling function 
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where the scaling function is given by 
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Figure 3(d) shows the collapse of the rescaled distribution for various 

T into a single curve with the scaling function of Equation (10) and thus 

confirm the scaling property of the diffusive process. 
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Figure 3. (a) Plot of the distribution of the persistent length 

( )TsP ,  versus the persistent length s for parameters T = 2, 4, 8, 

16, and 32 from the top to the bottom. (b) The constant ( )TP  

versus T. The solid line represents that ( ) .~ 87.3−TTP  (c) The 

crossover size cs  versus .T  cs  follows power-law behavior 

.~ 94.1Tsc  (d) The scaling function ( )xg  as a function of 

.cssx =  
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3. Summary 

In summary, we have studied the scaling properties of diffusive 

behaviors changing phases from growing with time to the saturated 

phase using the NMRP with the harmonic replication probabilities having 

the different periods. We have found that the larger period, the larger 

saturated MSD and the saturated MSD follows power-law behavior with 

the period. Also the crossover time follows power-law behavior with the 

period. The distribution of persistent length depends on the period 

showing from initially constant behavior to the power-law behavior after 

the crossover size which follows the power-law behavior with the 

parameter. 
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