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Abstract

This detailed write-up reviews very nature of negatefraction vis-a-vis
existing physical thoughts. Why this project isledlas “Left Handed
Maxwell Systems” is due to counterintuitive natafethe cross product
we need to take in the Maxwell equations, to satisat wave vector as
opposite to the Poynting vector when the dielecprarmittivity and
magnetic permeability are both negatives; thativing us a media of
refractive index negative. This detailed note exigdahese phenomena,
with mathematical and possible physical explanatioria thought
experiment; elaborating concepts of ‘backward wavehidden
momentum’, ‘negative root’, and several counteiitnta topics. Though
several approaches to explain these counterintuthenomena have been
evolving, yet it is interesting if in the meta-ma&é parlance particle-wave
theory be founded! Here we give possible classgalanations to these
counterintuitive phenomena and also a new explamatiegarding
(quantized) energy momentum, wave equation if agpto this negative
indexed material: how shall they look, vis-a-visiwe indexed systems.
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Here, we propose the concept of reactive energyeapdession for new
wave-momentum for pulse of electromagnetic energide a medium
(negative refractive indexed), with suitable detiva along with possible
new wave equation. We have started to explain sbamcs which
otherwise we all take as granted as though theegirare very simple, for
instance, we have spent considerable effort hefleritgy out dispersion
concept of refractive index via classical electmayics principles. Also,
we tried to give clear simple concept of radiatipressure via kinetic
theory of gases, and as to if the volume is withatige refraction the
pressure formula gives negative answer, which nagéstion. We tried
to elaborate via simple thought experiments the ninea of energy
momentum of a single radiation pulse - a photord gnoceeded for
quantizing the same. We have tried to give visuatupe of a single
photon and then its mathematical representation.alse have included
simple thought experiments to elucidate the prilecgf the mechanical,
and wave momentum and need to have new wave momgatang with

an interpretation of constant multiplier, i.e?, as equivalent (and not

always equal to) as product of group and phasecitis. In this detailed

note, we have tried to generalize the classicakevemyuation and proposed
a new one so that wave propagation of negativexedienaterials is

covered. Before concluding, we have tried to evahe basic discussion
on why shall a negative root be taken for proddi¢tvo negative numbers
(negative epsilon and negative mu)! This note mayaken as some sort
or review paper, and/or thought provoking populeiersce article; the

details are difficult to find elsewhere; as enqdit®y several researchers
across the globe.

1. Introduction

This detailed write-up, here we present, is basegublished journal papers
those are very recent and they are “A new lookeatnature of linear momentum and
energy inside Negative Refractive Media”, Physicaifa 84 (2011), “A new
mechanics of corpuscular wave transport of momerdnch energy inside negative
refractive media, Fundamental Journal of Modernsiisy(2011)” and “Quantized
Energy Momentum and Wave for an ElectromagnetiséulA single photon inside
Negative Refractive Media”; Journal of Modern Phgs{2011); along with very
fundamental thoughts arising out of negative sigimdex of refraction plus many
other anomalous thoughts. This is a detail writedgaling with detailed derivations
what we could not deal in detail in those papers tusize limitations, but various
readers requested for details; we have summedreqréhis note.
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We are doing a project as a team (with SAMEER Kiall&cientists guided by
Professors from University of Calcutta and othestitntions) called “Left Handed
Maxwell Systems”, have demonstrated negative réfimcindex ‘meta-material’
plasmonic structures in Ka-band (33 GHz). In oupezimental investigation, we
have made these plasmonic meta-material prism$pf3@ and 15 degrees to get
enhanced transmittance of more than 15 dB from dracid; at negative angles
indicating a refractive index of about —1.8. Furtbgperiments at this point of time
are progressing with novel structures to demorestita¢ same at X-Band about 10
GHz, a lower frequency; and higher frequenciesctiines for about 100 GHz; along
with other novel experiments based on negative md megative epsilon. The
experimental set up with meta-material prism isicteg in Figure 1, and the
difference between Right Handed Material (RHM) nakmrism, and Left Handed
Material (LHM) for reversal of refraction is comggarin the same figure as produced
by ray diagram.

Why we have called the project as “Left Handed Mealk@ystems” is due to
counterintuitive nature of the cross product we dneée take in the Maxwell
equations, to satisfy that wave vector is oppositéthe Poynting vector when the
dielectric permittivity and magnetic permeabiliyedoth negatives; (that is giving us
a media of refractive index negative). Figure 28 elicidate the gist that we make
here. The detailed note on this is too includedsubsequent sections, with
mathematical and possible physical explanationghdaght experiments. The meta-
material is though new to all of us; but was fashceived by Sir Jagadeesh Chandra
Basu (Sir J C Bose) in 1898; we salute him andwleatiepict in Figure 27.

This discussion is not aimed here for this expentaledesign, where the meta-
material realized by my team is based on simple-airay and Labyrinth resonators
and other type of resonators, but to focus on ptesginew) theory of the wave
mechanics coupled to particle nature of the EMathmi, energy and momentum
transport anomalies, a possible new momentum endegcription. The meta
material ‘theory’ is really counterintuitive, seakiinteresting explanations are given
in reference section; | suggest that my class réextures as available in Google
Search and listed in Reference be made use of teyested readers, namely
“Lectures: Parts 1-8 on Left Handed Maxwell Syste(@oogle search), these are
class room lectures for the “reversed electrodyngmiSeveral students in this
country as well as abroad have used these lecties wia Google Search, and did
comment on its usability for their research workd aorientation to these
counterintuitive phenomena.
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ector network analyzer

o

transmitter

Prism (meta-material) made with LR a type of SRR and WA stacks for 33 G Hz frequency,
the excitation is TE10 mode of EM from 26GHz to 40GHz, with E parallel with the wire
structure (that is the negative EPSILON sheet interlaced SRR), H perpendicular to SRR

Figure 1. Experimental set up to demonstrate reversal ofl' Sriaiv.

Though several approaches to explain these cooni#rve phenomena have
been evolving, yet it is interesting if in the metaterial parlance particle-wave
theory be founded! Here we give possible classieaplanations to these
counterintuitive phenomena and also a new explamstiregarding energy
momentum, wave equation if applied to this negathdexed material: how shall
they look, vis-a-vis positive indexed systems. Tpisblem is a topic subject of
investigation in modern optics also. Here, we pegpthe concept of reactive energy
and expression for new wave-momentum for pulsdesfti@magnetic energy inside a
medium (negative refractive indexed), with suitalgivation along with possible
new wave equation.

In this review, we have spent considerable efiibring out dispersion concept
of refractive index via classical electrodynamictgples. Also, we tried to give
clear simple concept of radiation pressure via tictntheory of gases. We tried to
elaborate via simple thought experiments the mgaoninenergy momentum of a
single radiation pulse, a photon. We have triedjitee visual picture of a single
photon and then its mathematical representation. alge have included simple
thought experiments to elucidate the principle bé tmechanical, and wave

2

momentum; along with an interpretation of constaattiplier, i.e., ¢, as equivalent

(and not always equal to) as product of group dmakse velocities. Also, we have
elaborated that this relation is exact in the wguigles and the wave guide equations
we showed they are equivalent to quantum mechagcimahterparts. We tried to
explain the evolution of ‘backward wave’ in metateral resonating elements; and
tried to explain why shall we call our project aeft Handed Maxwell Systems; by
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deriving via simple reasoning that the cross proddiavave vector with electric or
magnetic field vectors needs be taken via ‘leftchahlere we also elaborate via
thought experiment, the physics of ‘concept of Bidagnomentum’ arising out of no
movement of the resonating element of the metanmhstructure, that too in reverse
direction to the ‘energy flux flow'. In this deteil note, we have tried to derive via
simple technique a ‘single photon’s quantized mdon®s; and given explanations to
momentum transfers schemes to different momentumect{anical, and wave
momentum). The explanations of real and imaginargrgy concepts as appears
here, we have tried to give simile to active andctive power of electrical
engineer’s; and explained the phenomena as bothpa@oemts are required in
electromagnetic as compared to sound waves. Isgieture a clearer one to the
concept of corpuscular and wave momentum of a eietgctromagnetic pulse. We
have tried to generalize the classical wave equatitd proposed a new one so that
wave propagation of negative indexed materials ageced. Before concluding
(which we must confess is difficult), we have triedevolve the basic discussion on
why shall a negative root be taken, for productvad negative numbers (negative
epsilon and negative mu)!

2. The Origin of Refractive Index

Is it so simple that after electromagnetic waveligiit) from a source enters a
media with refractive inder the propagation speed from free space, thatgsts
reduced toc / n, will explain the dispersion? Let us in this sentimake a re-visit to

electrodynamical explanation of these phenomena.sblurce electric field (assume
in x-direction) with EM wave travelling iz direction at a particular distanag is

oscillating source field, we represent &&; = E; cofwt - wz/c) = Eoeiw(t' z/c),
This source field when strikes a medium (placege@edicular to direction of plane
wave travel that is iy-plane having a thickness &fz), interacts with electrons of
the medium plate. Therefore there are extra foocethe electrons; and these extra
forced oscillations of the media due to all thecelens give an extra field, call E,.

Thus we should observe at the other end (refracteprvector summation of
Es + E5. If, say, Dz thick media were absent, the EM waves would trdtel

distanceDz in time Dz/c. But if the EM waves appear to travel at speed ph,
then it should takenDz / ¢; or the additional time is thus (due to presencmedia)

is amounting toDt = (n- 1)Dz/ c. After the travel of extra thickness of media, the
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waves continue to travel towards receiver with spefec. Replacing with (t - Dt)

or (t- (n- YDz / c), in the expression foEg we can get the waves as

Eatter-media = Eoeiw(t- (n-1)Dz/c- z/c) — ~ iw(n- 1)Dz/cheiw(t- z/c)

~ iw(n-l)Dz/cES.

Figure 2. The origin of refractive index.

What the media has done to the source wave? Tlateisinteraction with the
media’s atomic electrons changes the phase of dbecs got ‘retarded’ (due to
negative sign) by an amount equalingn - 1)Dz/ c. In terms of complex numbers,

we may say if theEg is a real quantity, (say, zero degree as phasehtigt field
due to media has rotated by negative angle -w(n- 1)Dz/c. The above
explanation shows phase angle rotation due to nauiahese phenomena, we have
summarized in Figure 2.

But we have earlier stated that extB, gets added toEg, due to forced
oscillations of charges? The addition comes frorpraximating the exponential
(rotational term) ase ™" 92/ @1 jw(n - )Dz/c. Putting this approximation

one will get
Eafter-media = Eoeiw(t_ 2/e) . i(w(n - 1)Dz/ c| Eoeiw(t- z/c),

Thus we now haveE,, the extra field due to atomic interactions produdsy

oscillating charges on the slab, being added (e®xje as quadrature to the original
source field. The, termi-indicates the extra fiel&E, is phase lagging field being
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added as vector t&g, thereby generating refracted composite fieldgast E;. So
the extra wave is what we should get is

Ea = - w Eoeiw(t' Z/C)_

Can we relateE,, to the motion of charges (electrons) in the meditus place the
media slab of thicknesBz at coordinatez = 0. Therefore, the source field is at this
place isEg = Eoei""t. Each of the electrons (or charges) in the atomddvieel the
source electric field and would climb up and dowx direction (transverse to travel
direction of the source plane wave), by a fofee ggE = quOeth, with frequency
w. We have assumed positive charges. The forced mécmaotion of the charges
(consider positive charges) is thus

me d—22X +W(2)X =F = quoeth.

dt

The solution to this isx = xoeth, substituting this in above, one obtains the
displacement equation as

_ geEo _ 0eEo et
2 2y’ 2 2 :
me(wg - W) me (WG - W)

This above expression is motion of electrons indlad plate, and is same for every
charge, except that the mean position (the zeratpafi the motion) is of course
different for each charge!

Now, if we have a plate, say, at= 0, having a ‘charge density per unit arda’

on that plate, and the charges are moving up-deaw, {nx-direction) with velocity
in xy plane, then due to their velocity (retarded)atie get electric field as

hde
2eqC

__ hge

} iw(t- z/c)
2eqC

iwxgpe .

[velocity of charge]sat(t_ 2/c) =

a

Let us derive the above. Well, the radiating fiesddoroportional to acceleration of
charges(x), that is, - szoei""t (at z = 0; where the plate of oscillating charges is

kept). The geometry of the system is like followifidne plate (symmetrical) is ay
plane, the centre of the plate is at the originonfrrcentre we want to have
perpendicular, i.ez, at distance where we need the field. Say, we pusaillating
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charge, away from origin on the plate at radiysat coordinate(x, y, 0). Then,

from the point of observatiof0, O, z), this point is called at distaneeso that we

2 2 2

haver“ + z°= =r~.

Due to this oscillating charge 4k, y, 0), the field (with retarded time) is

w(t-r/c)

proportional to- szoei . From the electric field expression only taking the

(1/r) term and neglecting thél/r2) terms of Coulomb’s law, we write the (far)

radiating field as
e W2X0eiw(t- r/c)

E, @—°— r

4pegc

We have put approximation sign, as the above egjmess actual, only if the line or
plane of movement of charges is perpendiculam® dif sight; only true if the charge
were at origin. The approximate is due to the bfisightr is not perpendicular to
charge movement afx, y, 0). Had we taken the projection of the movement of
charges perpendicular to, the equality sign would have appeared in above
expression. This is field (radiating field) duedne charge. The other charges too
contribute to the field. To that we have to integrihe effect of each charge on the
plate.

We, thus, consider a circle of ring widtlr at a radiusr in the plate. Number
of charges in the ring i§¢2pr dr)(h). Thus the integration of these types of rings
from radius zero to infinity will give us the totiéld as

¥ g WZXOeiw(t-r/c)
2 r

Etotal-z = h.2prdr.

0 4peyc

In the above integral expression all other ternesiadependent of andr are put

aside, to leave the (naked) integral a@hat is,

¥ ,-iwr/c
e
| = rdr.
0 r

With r? =r2 + 2%, we have 2rdr = 2rdr (z is independent ofr andr), the

integration is, thus,
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| = ¥ e wr/cyr = _ Cc e—i(¥) e iwz/c]
r=z iw '

Looking at the integral’s value the tergi™® s mysterious, the real part of this is
cog- ¥) which has no stable value - it can be betwded, +1); fortunately

bounded. We apply two physical senses, that izydencludeh, the surface charge
density of the plate. The modified integral reasl$ @ that is,

¥ .
|¢= he ™Wr/cqr,

r=z
To have uniformly extended constant surface chatgasity at infinity is not
practical though. The surface charge density tageto zero at infinity will make
(hat v )(ei('¥ )) zero. Another physical picture which we consider asr goes to
infinity, the radiusr of the ‘charged’ circle ring also is infinity. Theharges
oscillating at that large radius will not have effee projection perpendicular to the
line of sight! This also enables us to make contidn of upper limit of the integral
as zero. With these two arguments, we may writecti@ribution of integrallj as
| =(c/iw) e "#/°, taking contribution ofe” ¥ @0. Mathematicians would not

like this though!

We bring all other terms (inside naked integrak) anith this evaluated integral,
we get

- hde
2eqC

iw(t- z/c) — _ hge ;
= Sac [velocityof chargekyg. ,/c)-

Etotarz = Ea iwXo€
Putting the value ofxy, or differentiatingx obtained in forced oscillation solution,
and then putting the same in the above expresdioB,0 using retarded time, we

have

- W
20C " mg(wh - W?)

E, = hoe . deEo gW(t-z/c)

Above is driven motion of charges which producedr&wave’ which travels to the
right of the plate(+z). Equating the abové&, to the earlier obtained, via phase

lag method, we get the following:
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2

hde
n-1)Dz = .
(- 2egme(Wh - W)

Assuming theN as volume charge density (number of charges pernvohime) and
Dz being the thickness of the medium plate, we héwerefore, the surface charge
density ash = NDz. When we substituted this in above expression, Bkegets

eliminated from both sides and we get index ofaefon as function of frequency,
n(w) as

qu2

n=1+ .
2egme(Wh - W)

The above description of refractive index originatand the dispersion expression is
very simple approach. We have neglected that anycedfield striking the media
gets reflected and backward waves travel to thecsourhough reflection appears
from surface, the backward waves do generate wittérmedia. We have neglected
this complication. This transmission case too weetsimplified, as to striking field
in media makes forced oscillation for a single gearand simply we have multiplied
the effect by charge number density! We have naisicered effect of all other
charges to our test charge and its effect on atharges! A very complicated one,
though we can say near about¢ 1, that is media having very less charge density
(gases, air, even Bose-Einstein Condensate BEQ,tbis approximate explanation
is valid.

In our explanation of mechanical oscillator of mass of charged,, bound by

restoring forcemewcz,x, we have not considered damping, the ‘frictionatd factor

that is ¢. If the oscillator is damped oscillator, we shadplace W(z) - w? by

W% -w o+ igw In above, we have considered only one type ofllasmi. But a

system of charges in atom can have several typesallators with variouswg’s

and g's. AssumeN; electrons per unit volume whemg, is wy, with dampinggy,

gives us expression for refractive index as
2

Ye Ny

3 7 =n¢- in¢=Ren+ilmn.
2%0MMe | wh - w” +igew

n=1+

We represent this expression in Figure 3. Due tmpiag, we get ‘complex’
refractive index.
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3. Dispersion in Refractive Index

When EM radiation moves from vacuum into an isatomedium, it is
generally refracted. Its frequencly = 2pw remains same, but the wavelength, that
is, | is reduced by the refractive index> 1. The corresponding phase velocity
fl is thus reduced td/ n. Here we set = 1. But we must point out here that this
is an effective description valid on large scalé®re discrete atoms in the media are
replaced by continuous media! On atomic scale (whatdescribed in previous
section) the EM radiation is moving with vacuum ogly c even between
interactions with charges and atoms. These wilttacghe EM radiation in such a
way that in forward direction the scattered wawed ap to the incoming plane wave;
however, the scattered waves are delayed (phaftedhby p/2 relative to the
source wave. The interference between these twasvaill then effectively slow
down the propagating wave. This is normal dispersio

The relation what we obtained for refractive indexprevious section, by this
method of ‘wave-mechanics’ and electrodynamicsegius the idea of dispersion
else we could never understand the dispersion firaatéon, by the concept of
slowing down of travel of EM radiation in the medmth index of n. In the
expression oh obtained the quantitids and wy pose problem, as they are different
for different composites and materials. Figure 8vehthe same. Figure 3 and the
formula of refractive index as obtained suggesthad there can be case near and
higher to wy that we may get negative refractive index! Thermmeena in this
region is anomalous (the region in the figure widtgative slope), and the region
where refractive index increasing with frequencgtjoear and lesser thamg, is

normal dispersion.

Figure 3. Dispersion of refractive index.
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For gases air etong, that is natural frequency of charge harmonic tsoi, is
close to Ultra Violet (UV) frequency. So if the ident EM wave of sourc&g has a
frequency asw << wg, we can disregard the in the formula oih. The media thus
show a constant index of refraction for wide ran§&equencies (up to UV).

In this case when frequency of sounaeof Eg is close to visible region, then

we cannot neglectv in the formula ofn. In this zone as we keep on increasing the
source frequencyv, then also increases. This we call normal dispersiorentfor

blue light is more than for red one in normal dispersion. This normal disjp all
we know.

When w = wp (say, measuring for a glass slab near UV); thenbecomes

infinitely high. The interesting case whilev > wg, (the case when glass is

illuminated by X-rays) the formula af suggests that the index becomes less than
one. Here the speed is more tharin cases ofn < 1. (Do not worry ‘phases’ the
crest and trough can be having speed morecdhalso inside a wave-guide the phase
velocity of phases of crest and troughs are grehgerc).

We can setwy = 0, then the formula isn =1- (Nge? / 2epmgw?), is the

dispersion relation of index of refraction. Wellewan set the resonating frequency
of harmonic oscillator for charges as zero, foefolarges as these charges are not
bound the case in plasma. Utilizing the expression plasma frequency as

ng = ng / eoMe, (to be specific ‘electric plasma frequency’), verefore, have
dispersion relation ag =1- (ng/ 2w?) =1- (w& /w?). Well, this can give us
n=-1 when W=WR/x/§=Wep/2. At w=wg, we getn=0, a case for
‘nihility’.

This is dispersion, of refractive index near thigrf8ce Plasmon Polariton
resonance wheree, = -1, at W=Wep/«/§ in system of free charges (with

designed electric and magnetic plasma frequencikeysto make ‘meta-materials’

exhibiting negative refraction. Well, negative egftion is a ‘resonance’ phenomenon

- as the EM interaction with charges of media gi@asindex of refraction which is

dispersive and anomalous dispersion. In meta-nahtdasign, we approximate the
. . . . _ 2 2 _ 2 2

dielectric dispersion ase; =1- (wgp/w"), and m =1- (wp,/w"). Both

values as negative unity, gives us a media withactifze index minus one! The
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nihility in these approximate cases for permitfiviknd permeability appears at
plasma frequencies and not half the plasma fregegrss we got in the formula of
refractive index! We carry on with this discrepamfyapproximation. However, as a
special case of electric plasma and magnetic pldssnqaency forced to overlap, we

havee, =1- (K2 /W2) =m; Wep = Wmp = K; we have the dispersed refractive

index also asn = ,/e,m =1- K2 /W2; this is a special case of dispersion! We
note here that for this special case of dispersi@psilon and mu, we have negatives
in the region whenw < K; in this region though epsilon, mu andire negative yet
we observe that(de, /dw)>0; (dm /dw)>0. This is very good and

comfortable observation; as in the region of negatrefractive index with
compositely epsilon and mu having negative valueshave EM energy, that is,

d d
Uemzm(wer)E2 +W(WW})H2 >0,

a positive quantity. This makes us comfortablevdfhave a system where there is no
dispersion, with epsilon and mu as negatives, we g, = erE2 +mH 2<q;
uncomfortable situation! So we cannot have dispertss epsilon and mu negative

media! Dispersion is essential. This we shall cari while quantizing the field
energy in dispersive media.

The above explanation of obtaining expression apelision of index of
refraction what we gave for several cases, suggéststhe phase shift to the source
field by the system generated field can give ussitipe or negative phase shift. The
negative angle (lagging case) is depicted in Figuré/hen phase shift is leading it
means the displacement of charges in the equatibarmonic oscillator, that isis
opposite and reverse of the source fidld. Therefore, we do have in this case

(especially for < ), whence the response of the charges motion ogptusithe
source field, that is, sign has gotten reversedeMlectric field is pulling in one
direction, the charge (in our explanation, we haaken positive charge ofj,
magnitude equaling electronic charge) is movingtimer direction. So the phase of
the transmitted (refracted) field, thaths + E; can appear to be ahead with respect
to the source wave! It is this advance phase winighies phases are travelling more
than speed of EM radiation in vacuum thatjs > c. Figure 2 also shows that while

dispersion is possible, even negative index ofafon is possible near anomalous
regions of dispersion.
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4. How the Negative mu and Negative Epsilon are Rized,
and Makes “Left Handed Maxwell System”

As we have pointed out that our refractive indeedseto be anomalous for
negative indexed systems of meta-material, and mgstrtantly that the interaction
of EM waves to the system media should be with flubfree’ charges. We have
metals where we have free electrons - so metalsgban us negative index of
refraction! At UV frequency the metal’'s free elests behave as ‘plasma’. As we
stated that free electrons do not have, so we can write the EM interaction with

inclusion of damped motion of free electrons as

Mg X + Moo = - eBge™™e’,
mex(- WP +iwg) = - eBoe™e,
_ eEOeiwct
mg(- WP +iwg)
We have used! /dt as iw in above to get displacement’s solution. The ientd

field has frequencyw,, and ¢ the damping coefficient and the free electronic

charge. Here we assume that wave length of the [EMing the metals is
substantially larger than path length of electsmthat effectively the electron sees a
spatially constant field, and velocities are lowteat we can forgo magnetic fields
and its effect. This gives us ‘polarization’ peiitwrolume and we write that as

P = egqEpe™e! - eyEpe™e! = (e- 1)eyEpe™e = - Nex

where N is the number density of free electrons and alth&m contributing to
polarization. On this polarization expression sitlngtg the displacement expression
for x, with algebraic manipulations and also we use dRpression for plasma

frequency aswep2 = (Nez)/meeo; we obtain ‘dispersion’ expression for the

‘effective dielectric’ constant of the metals as

2
W,
e=1- P

w - igw'
So we have a negative dielectric permittivity belptasma we, frequency for

metals. This plasma frequency in case of metal idY ranges. So naturally metals
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behave as epsilon negative materials (ENG) bel@asrph frequency. We can bring
down this plasma frequency to GHz range of X, Kadbay making the number
density very low by using thin metal wires embeddpdrsely in a dielectric (or in
air). The ENG behavior we owe it to ‘electric pdatation’. Well, with ENG we can

realize negative index an? =-¢ for w, <wg, and waves wil be of

‘evanescent’ bounded waves in ENG (here the wacewés imaginary in direction
of propagation). We can also comment in the ENGoredghe response of the
material up to plasma frequency is ‘out-of-phase’the driving field. We can

approximate this epsilon’s dispersiongs=1- (Wep2 /W2 ).

We will briefly now state the artificial realizatis of the ‘negative’ magnetic
permeability. These are resonating elements. Tassidal structure to realize the
negative mu is split ring resonator SRR. The SRRcancentric rings split at one at
0° and the inner ring separated by ghsplit at180° relative to the first one. The

SRR works on principle of the magnetic field of Efddiation, which drives a
resonantLC element (circuit) through inductance, and resulting dispersive
magnetic permeability as

pr? / a®

1- (3d/ myegep?w?r3) +i(2r / mywr)

m=1-

Fw?

=1-——
w? - WR2 - iGw

2

with filling factor is F =pr?/a? the ‘magnetic pl<';1sma’wmp2 =(3d)/

[mpyeoep®r3], circuit resonance frequency wg? = (3d)/[(1- F)myegep?re].
Say, we design the SRR witd = 0.2mm, radius of outer ring ag = 1.5mm,
lattice spacing for SRR repeated structure aas 5mm, the copper resistivity
r €0, with e the dielectric permittivity of gap (capacitancsg get magnetic
plasma frequency as 7.56 GHz and the SRR circsitna@nce frequency as 6.41
GHz. The dispersion in mu, we can approximatenas=1- FW2/(W2 - Wﬁ),
with magnetic plasma frequency agy, = WR/\/ﬁ; at this mu is zero and

below this the value is negative.

The ‘artificially’ structured magnetic activity, webtain a negative value from
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the circuit resonance frequenayg to ‘magnetic’ plasma frequencyp,. This

negative realization is ‘resonance’ where very higisonating EM fields are
obtained. Therefore response of SRR, near the aesewg, and up towy, we

expect ‘out of phase’ response to the driving E&dfi This way we can get negative
mu material (MNG).

This ENG and MNG together if we tune, we get a @agivhere both mu and
epsilon are negatives; and that we get a regiddNS (Double Negative), a region
where the refractive index is negative, and medi&GDsupports propagation of EM
waves.

Does it help us to make ‘Left Handed Maxwell' systehaving realized
artificially a media with ENGe <0 and MNG m < 0? Let us take a plane wave
travelling in +z direction, with electric fieldEg pointing towards+x direction, the
magnetic field Hg pointing in +y direction, a traveling wave(Eg =
Eoe(ikRZ' iWt)) in normal dispersive media, withg > 0 and my > 0, the media

properties. A wave travelling in RHM right handeedia! Well, the Poynting flux
with right hand cross product is (the power flowedtion), that isSgz = ER * HR,

in +z direction. The Maxwell's equations in RHM are
N Eg = - iwmgHR,
N ’ HR = +iW€RER.

In this RHM the wave vectokg is in direction of propagation that is iftz

direction, and let us rewrite the RHM Maxwell's edjons in terms of wave vector as
(comes from above curls)

kr * EgR = +wmgHR,

kr” Hr = - werEg.
Above cross product we obtain via right hand.

Now as we pointed out that the media what we made resonating structure,
especially the realization of the MNG via SRR. Tigisonance gives us a response of
very high electric and magnetic fields at near alvesonance. As we pointed out the
response at the electric and magnetic resonantte iregion of ENG and MNG will
give ‘phase opposition’ to the excitation EM sigred we should get a strorg in
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—x direction (opposite tEg ) and strongH | in -y direction (opposite tdHg). The

near resonance response of the DNG media with ENGMNG is very strong, so
resultant response is witk, and H only (the incident is negligible compared to

these giant fields, and we obtain ‘out of phassepomse!). Now if we check with the
right hand, the cross produ&, ~ H  gives us the power flovg in the original

direction of +z directed!
Now if we rewrite the Maxwell's equation by puttiiije media properties as
negatives, that is by putting the values as, <0, and e <0, get the curl

expressions for NRM DNG media as

N~ EL =+iW|'T]_H|_,
N, HL = - iWeLEL.

We cannot us&g to make the equations with MNG and ENG so we wniggjuality

and equality as

k" EL ' -wmH =+wmH,,

kR, HL 1 +We|_E|_ =- WeLEL.
The, vectorkg is in +z direction, so if we use right hand and take cruigs E;
my thumb points towardsy-or in H ’s direction and not in desiredH  ’'s way!
Similarly we do right handed cross kg with H, we find our thumb towardsx,

that is, towards E| as against desired directidfy . From here we infer thatg is

not the direction of ‘wave-vector’!

Let us reverse the wave vector and point it towardsdirection (opposite to
kr). and we call itk; and write the equations as desired (of course ahewing

will come from the revised curls)
ke " EL=-wmH,
k., H_=+we E.
We find thatk, with E; and H is following the right handed cross product rule

to satisfy above. The fact isx, + y and +z follow right handed cross product rule,
but - x, - y and - z will follow the ‘left handed cross product’ rulBut the above



30 SHANTANU DAS

cross product equations for NRM DNG media satigfiatrhanded cross product rule
since we have made ‘phase inversionEcdndH too. So where is left handed cross
product? But what is our reference coordinate, ihad in +x, H in +y and let us

write the following.

Now if we write a general for DNG or NRM media thails opposite (that is in
-z direction) toS=E" H (+z direction) with,E in +x andH in +y direction

the Maxwell’s equations foe <0 andn < 0 are

N“ E = +iwnH, N H =-iweE
and

k” E=-wrH, k" H = +weE.

The reference remaing as pointing towards+x, H pointing towards+y, and

travelling in +z as for source incident field of RHM. The Poyntfigk follows the
right handed cross product while tkeE H triad follows a cross product with left
hand! This is why called this system with ENG anti®® (DNG) an NRM media a
‘Left Handed Maxwell’'s system.

The NRM media having opposite to the Poynting vector means that its @has
velocity is opposite to a media of RHM, say, vacutine phases travel in opposite
direction as respect to energy flow. This mediapsuts backward waves. This left
handed cross product is depicted in Figure 26 fiaitien of Left Handed Maxwell's
system. We will try and explain the ‘backward wévgeneration physically in
subsequent section.

5. The Problem of Scaling the Meta-Material Structues to THz and beyond
and its Differences with Photonic Structures

Well, we have in short described in previous sedtohow we are making
artificial structures and probably will go up toB%Hz of electromagnetic artificial
structures (requirements of nano-scaled structufdd)ough most materials exhibit
good electric response, can be found at almoshalifrequencies from RF to UV,
magnetic response of most materials is limited dov Imicrowave (GHz) level.
Magnetic polarization usually results from eithempaired electron spin or orbital
electron currents, and collective excitations afsth usually tend to occur at low
microwave frequencies. Some materials exhibit sanmagnetic activity at even
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100 GHz, but are rare and Band Width is too narrBut now possibility of
artificially structuring materials at micro and mascales enable us to generate a
variety of meta-materials with magnetic activityadmost up to IR including RF the
microwave frequency and THz frequency in betwednusTeven magnetic activity let
alone negative permeability are special at Higlybeacy.

Maxwell's equations appear to suggest that we cabesthe phenomena by
simple scaling of length-scales. However, main fmobto scale to IR and optical
frequency is that metals no longer behave as Rdelectrical Conductor PEC, and
EM fields penetrate considerably into metals. Thisans that dissipative nature of
the metals must be taken into account for scabngk. Also technological ability on
nm scales is to be overcome. We can thus, sedirttition to scale up to IR comes
due to inertia of electrons. The limit of magne#sonance is about 350 THz.

A normalL-R circuit when excited by a step voltage has follaywalations
v(t) = Ld:j—(tt)+ RI() and i(1) = 1~ exf- t/t)], with t =L/R (1)

The current seems to be delayed due to ‘time cofisiWe may ask a question, is
anything else in electrical circuit that cause gel&€learly in order to have current,
the charge carriers must be accelerated and it thlke to accelerate a particle of
mass m,. Therefore current will necessarily lag behind &g& causing it to rise.

Consider a conductor of lengtitross-section aredS = prz. If V volts are applied
across the conductor the currentiis JS = NevS whereJ is current densityN is

number of charges with as electronic charge in coulombs, anthe velocity of
charges. This chargewith electronic massn, movement, in electric fiel&, we can

write as force balance relation for this chargedigla in electric field as in (2)

dv \Y; V= Img ﬂ+ i
dt = teon Ne?s dt  teg

)
Comparing (2) with thé-R circuit (1) equation, we get kinetic or inertiatlinctance
and kinetic resistance as follows:

_ _Img _ Ime '
NeZS NEZSCO”

®3)

Looking at expression of kinetic/inertial resistanowve find, it is nothing but
‘ordinary resistance’. On the other hand the exgioesfor kinetic inductance is new.
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As the area of conductor becomes smaller and smahe kinetic inductance
becomes comparable to magnetic inductance. It ocan ebecome dominant

inductance as in example in circuit containing reods. Since‘wgp = Nez/eome,
that is ‘electric plasma frequency’; then we caitevand have, kinetic inductance as

Li =1/ (preqwep).

The presence of this additional inductance canpdamed by noting that at
high frequencies the currents are hardly diffugssand almost ballistic; because the
distance through which electrons moves with in aioge of wave becomes
comparable to the mean free path in metals. Thens#hat if the frequencies are too
high, the electrons can hardly be accelerated landesponse falls.

The mass of electron contribute additionally toitigctance. Current density is
J = Nev@Ng(- iweE/ m,) then the potential drop ¥ @ mgl / Ne?} (13 /1t),
implying an inductance that is proportional to #&les mass. The effective damping
factor G= Lig/ (L + Lg) also increases becomes much larger as the siffee of

ring is reduced (wheréy = r’rbpr2 is geometrical inductance).

This is due to the fact that the proportional egeirg ballistic motion of the
electron increases as size gets reduced and vedistises are then very large indeed.
Thus even if the size of the ring were negligiltle inertial/kinetic inductances would
still be present preventing scaling to higher fieagies. Well, this effect of inertial
inductance is also there even if super conductiplit ing Resonators (SRR) is
employed. The large increase in damping as the sime scaled down broadens the
resonance and permeability does not rapidly digpensd the regions of MNG (Mu-
Negative) vanish altogether. This increase in dagpg matter of great concern for
optical frequencies. SRR with these two splits tetaltail off at wave length of 5
micro-meters, (IR region). By adding more capaeitigaps to lower the net
capacitance and adjusting the dielectric consthisubstrate MNG with this scaled
down is achievable at 1.5 micro-meters. Parallefainsticks, say pair of wire of
100 nm length periodically embedded in dielectrehéves as MNG at IR. The
Figure 4 will give indication of scaling up to THx frequency, the structure for
having ENG and MNG together.

Well, whatever is today’s limitation to scale ug thhequency, let us believe that
we can have a material which has a refractive irederRegative value. So what is the
nature of classical photon if it were to enter feM material?
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Here we briefly distinguish meta-materials from fuhoc crystals as follows.
Meta-materials, in some sense, can be strictlyiftinduished from other structured
photonic material (Photonic Crystal or Photonic 8&®aps). In photonic crystal or
the band-gap materials, the stop-band arises esudt of multiple Bragg's scattering
in a periodic array of dielectric scatterers. lotfdne periodicity of the structure here
is of the order of wavelengths, and hence homogéniz in the sense cannot be
carried out. In meta-materials the periodicity ysdomparison far less important and
all the properties mainly depend on single scateonances. So we shall discuss as
though we have got a homogeneous meta-materiabigrigi negative index of
refraction, compositely arising out of scalar ofgatve mu and negative epsilon.
What shall be then photon (polariton) momentumdasihis NRM? In photonic
crystals we do get negative refraction, and alsowhve vector not directed towards
power flow, by virtue of anomalous dispersive refian, due to anisotropic
character of epsilon mu - rather the propertiesmaterial (epsilon and mu that
defines index of refraction) in the photonic crystare tensors and not scalar ones.
Whereas in the composite meta-materials, we haedarsc epsilon and mu as
negatives defining index of refraction as negatlmephotonic crystals, we can thus
have negative refraction without index of refrantleing negative. In the composite
meta-material, we have a negative value of refpacis negative square root of
product of negative epsilon and negative mu. Thighematical query we will be
addressing in the last section. So our problemhiatwvould the photon be when we
have homogeneous composite meta-material havingtimegndex of refraction with
negative epsilon and negative mu?

Transition from open resonators to rods for scalipghe frequency

Figure 4. Scaling up to THz the NRM region one possibilityhanano-wires.
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6. The Controversy Regarding Photon-Polariton Mometum in a Media

EM radiation is refracted from the material havirgfractive indexn?t 1.
Classically it is frequencremains fixed while the wavelength of radiatibnof free
space is changed to/ n. The corresponding phase velocity = fl is lowered to

¢/ n. But we should not forget that this is effectivescigption valid on large scales.

On micro scales the EM radiation is still movinghwphase velocity as, between
the interactions with electrons and atoms. Theserantions will scatter the EM
radiation in such a way that in forward directidre tscattered ‘waves’ add up as
plane waves. However, it is delayed by a phase ship/ 2, relative to incoming

waves. The interference between these waves veh #ffectively slow down the
propagating wave. As a result of this microscopicpss the resulting wave is highly
complex object. This we have dealt in a very sifrgdi manner in detail earlier, and
obtained the concept of dispersion.

The dielectric constant and magnetic permeabilitsgracterizes ‘macroscopic’
response of a homogeneous medium, to the applied fleEMs. These are
macroscopic parameters because one usually saeksatieraged and spatially-
averaged responses averaged over sufficiently kimgs and sufficiently large
volumes. All that survives the averaging in macopsc measurement are the
frequency components of the individual (atomic arlexular) oscillators driven by
external field.

This idea we can now extend to a higher class dfoimogeneous materials
where in-homogeneity are on the length-scales nsatdller than the wavelength of
EM radiation, but can be large compared with atoonimolecular length scales. The
radiation then does not resolve these individuadavsructures, but responds to the
(atomically) macroscopic resonances of the strectiliihese are composite meta-
materials, and can be characterized by macroscp@iameters permittivity and
permeability, that define their responses to the il much like homogeneous
medium.
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Figure 5a.Controversy about momentums.

Well, the question is about nature of photon whtilenters the material having
refractive indexn. The controversy about this is over more thanrdurg (starting
from Minkowski's definition of photon’s momentum id908). Moreover, the
controversy stems from the ‘dual’ nature of thergpeacket carried by photon. We
have naive approach number-one, and we say thegee wave length of photon is
I o =c/ f, with cas speed of electro-magnetic (EM) radiation in fpace, anélis
the frequency of oscillations (which remains congtaf the EM radiation. While
this packet of energy enters the medium the waggheis now!| yeqium =10/
The free space (vacuum) momentum is tipgs= k =h/l o = hf /c; while the
momentum of photon in media iBnegium = K = h/! medium = Nh/! o = nhf /c.

If for medium n > 0, the momentum of photon increases in the medias Ti
Minkowski’'s definition.

Let us have second naive approach. In vacuum tltophmomentum is
Po =My, wherem = E/ c2. Thus we write expression that ipg = mc= (E/c2 )C

= hf /c. Same as Minkowski's free space definition. Whilerdy when photon

enters the medium, we g&kegium = MV,V = ¢/n thus Pmegium=(E/c?)(c/n)
=E/(cn)=hf /(nc). We have usedE = wy = hf. This is Abraham’s answer;

(1909). Well, Abraham’s formulation gives a momentaf photon inside a medium
(with n > 0) a lesser momentum than in free space.

These two definitions are compared in Figure 5. @animg these two
definitions, we can say at the outset that if atphgulse strikes and enters a block
of material with refractive index > 0 andn * 1, then with Abraham’s formulation,
the block (assuming on frictionless surface; anonsig zero reflection) will move
in the direction of travel of photon. While the sabilock would move opposite if we
take Minkowski's momentum. Several experiments vBtse Einstein Condensate
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(BEC), as block and with Electrically Induced Tramssion (EIT) method of slow-
light have been performed - all are not without anycontroversy though.

Figure 5b. Veselago’s NRM will make both the momentums neggtiv

In 1967, Victor Vaselago, proposed that a mediumlwae negative refractive
index, with permittivity and permeability both néiges, giving rise to a wave-vector
opposite to the Poynting’s vector. In 1999, JohndPg suggested to use SRR as
resonating element to get realize magnetic perrigabs negative in the magnetic
plasma frequency range (we have used LR a variaBR& in our experiment of
NRM prism Figure 1); with wire array structure foealizing negative electric
permittivity, at electric plasma frequency. Refégufes 5 and 6. However, let us put
n < 0 for the block (NRM), then momentum of the photsmegative in both the
formulations! Meaning if we have NRM, the photonul be taking a negative
direction that is: ‘will it then come out of thedak from the same side?’ Or in block
of NRM, with photons ‘negative’ electromagnetic iettbn pressure is exerted? The
problem seems to be not in the definitions of Minkki's or Abrahams momentums,
but aboun the refractive index!

Realizing Negative Refractive Indexed Media

Figure 6. Realizing Negative Refractive Indexed Material nBry.

7. Demarcating Phase and Group Refractive Index asp and ngq

In the section of origin of refractive index, weveamade use of interaction of
incident EM radiation to atomic electrons of th&aeting media thereby obtained a
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formula for dispersion in refractive index as:

2 2
, n=1+ qe Nk

2 2 o
260Me | wE - w? +igw

NGe

n=1+ > 3
2egmg(Wh - W7)

The introduction of damping in the ‘equation of inatof charges’ and thus in the
above formula gives us a refractive index as compiember, with real and
imaginary parts, as

n=n(- in¢ nt> 0,

We shall point out the fact that the imaginary estindicated above is responsible
for dissipation, as the propagating source signalel the dispersive media. The real
part is responsible for phase speed modificationhan media, and also in meta-
material theory the resonance near the electrignetic plasma frequency. With the
complex index of refraction the Electric Field retsh after passing through the media
(as obtained in the earlier section) we re-writéotlews

Eatter-plate = € Wn@)z/ce— iw(n¢ l)Dz/cheiW(t— z/c).

Near the electronic oscillator’s natural frequengy, the function is analytic, and we

can Taylor expand the same. That we demonstratesirsection. The discussions in
earlier section for the above derivation suggeat, tthen used in the discussion is

pertaining to ‘phase’ manipulations by the mediaug we shall call this as, phase
refractive index. Let us demarcate the two refvgcindices, and this demarcation is
essential in explaining the NRM theory and the pht® momentum. Take the

refractive index dispersive that is a function i@fuency call itnp(w), call it phase

refractive index. This is basic refractive indidgs which the velocity of phases of
traveling gets modulated inside a dispersive metias we call phase indery,.

Similarly velocity of a group of frequency travellj wave gets modulated in the
media that gives group refractive index. In case of NRM the phase refractive

index if it weren,(w;) = -1 at a particular frequency, that is, it would imply

that in that media the phases would be travelliith gpeed of light but in opposite
direction (as it would have been in vacuum). Thera backward wave inside NRM.
Refer Figure 7C; where it is demonstrated that lggss reversed while inside NRM
compared to the free space propagation. Now ifetliemo change in the refractive
index for phases with respect to frequency, meattiag{ dn,(w) / dw} = 0, we can
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call it dispersionless medium. In that case theph&locityvp(w) of the wave and
group velocityvg (w) of the wave are same. In the free space (refar&igA) both

group of frequencies and the crests and troughphafses are travelling with
Vp(We) = vg(we) = c. In the free space, we have same modulation fophiases of

the signal and group of frequency at a particukagdiency and thus we say phase and
group index are samep(wc) = ng (we) =1

If the media were dispersive, we take phase réf@dhdex as an ‘analytic’
function of the frequency, that is), = fahayidw) at a particular frequencyy,

natural frequency of harmonic electron oscillatexpansion of Taylor series, for the
dispersive ‘phase index’ (4) for this dispersiveaph refractive index; taking the
origin at w =wg that is frequency of NRM behavior; can happen dflifree

electrons exists’ and for free electromg = 0; since they are not bound to any

potential (only to its first derivative term at tfrequency near electric plasma and
magnetic plasma resonance whexe< 0 and m <0 for NRM), is defined as

group refractive index, which needs be positiveaMag that

o) @y o) + (- ) TRy
ng(w) S np(w) +w Lo 4y @

In (4), we have expanded analytic function of ‘phaslex’, atw = wy and, then
defined ‘group index’, by puttingnvg = 0; truncating the Taylor series; and also
replacing valuen,(wg), by dispersive functiomy(w), making wy =0 for this
function. Note thatng (wg) > 0. From here, for free electron system (as for meta-
materials), we can write the group velocity gg = c/ng = c/[np +w(dn, / dw]
and phase velocity ag, = c/ Np.

This demarcation of phase and group refractive xnidevery important in
understating the behavior of NRM especially thaireabf photon inside NRM. NRM

have unusual properties and in particular Snedkg predicts that the refracted ray of
EM signal on entering such a medium would be réfcon the same side of normal
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to the surface of the incident beam. The wave nurthe is k = npw/c has the

opposite sign to its value in positive indexed raedilso inside NRM it is shown
that however that Poynting vector and flow of eggogints in opposite direction to
the wave vector, hence in the expected directiath@fropagation of the EM wave-
pulse packet (a photon) travels in the directiorenérgy, while phases move the
opposite. (See Figure 7C). The existence of negatilues ofe, and m tends to
suggest ‘negative energy density’; but that is thet case when dispersion is taken
into consideration, this we had earlier explainedleed NRM can only exist if the
media is dispersive. Moreover, causality (in formh Kramer-Kronigs KK-rule)
requires that group refractive index defined in (IQJ)(WS) > 0 and group velocity;

Vg(ws) >0 are always positive. We will not detail this KKieuand its causality

here.

In the introduction, we have made a statement ofpoism experiment showing
a negative value of refractive index of —1.8. Warify here that the observed
negative refraction is for ‘phase-refractive-indexs; np(Ws) @- 18, at
W / 2p @33GHz, with region of NRM asDw/ 2p @085GHz, whereas the group
refractive indexng (wg) > 0, as this gives positive group velocity. We thus san
that we can observe a negative phase refractivexibdt the group refractive index
always shall be positive. Equation (4) should tedrat a particular frequenayg of
interest, where we shall be observing a negatifragtive index, in our experimental
case it were around 33 GHz.

We can emulate and model by a simplest expressdn €b); an NRM (phase
refractive index), by a function such that; is a frequency below which the phase

refractive index is negative and above which thasgirefractive index is positive.

2
WS
np(W)= - F (5)

This (5) is simplest form of model where we get EfEpsilon Negative) and MNG
. . . _ 2 2 _
(Mu Negative) material representation ggw) =1- (Wep,” /w”) and m(w) =1
- (me2 /W2), where wg, and wpy,, are, respectively, electric and magnetic

frequencies below which the permittivity and perbiily are, respectively,
negative-designed to overlap. In () is chosen in the region whers (wg) and
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m (ws) both are negative so that,(ws) < 0; for special casavep = Wyp = Ws.

This is design issue, we are not dealing here.tiisrspecial case of dispersion of
epsilon and mu, by using (4), we hawg + ng = 2, meaning(c/v,)+(c/vg)

= 2, interesting relation!

From (5) when we do the differentiation with redpdo w gives us

dny(w) / dw = 2(w2) /w?, when we put this and (5) in (4), we get

2 2 2
W w w

ngw)= 1- = +w 23 =1+—2. (6)
9 w? wi w?

We call e,. and m_ explicitly to distinguish NRM, for ENG and MNG it

negative permittivity and negative permeabilityspectively. For plasmonic system
to achieve NRM, we need,. <0 andm._ <0, and for ideal case fon, = -1,

we neede,. =-1 andm._. =-1 Well, we can have electric plasma and magnetic
plasma frequencies overlapped, @g, = Wy, below which ;. and m._ are
negatives, so we get NRM as (5). At the SurfacesrRten Polariton resonance
frequency wg = Wep/«/f = 0.7wgp, the value ofe,. =-1 thereby, giving the

value of phase refractive index as,p(w) =-1 Also from (5), we find that

np(w) = -1 when w2 /w? = 2. Putting this value of frequency, we obtain that
ng =3 whenn, =-1 at the frequency of operation Surface Mode Resm®n

Thus we state that the phase refractive index gmthee for NRM and the group
refractive index is positive for NRM.
Well, if we can write the Minkowski and Abraham’somentum modified (via

guantization rule) as Pminkowski =N W/C = (n% w)/ ngc and Abraham
Pabraham = ( W)/ (nc) = ( w)/(ngc); then both the momentums remain positive

even if the media is NRM. We will quantize and derthe radiation momentums in
subsequent sections and see a single photon’s nioménsame as described above.
We will show that with this modified definition thboth the momentums are
mechanical in nature and shall deliver same momeitduthe media of interaction!

We shall now from here call these mechanical moomstas p,y; and pyp.
The modified momentums are ‘single photon’ reai@at when the two definitions
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are quantized. They are ‘narrow band-width’ repnéstion of wave ‘packet’
travelling with vg = c/ng - a single-photon (polariton). Also, we assume EM

radiation is quasi monochromatic meaningDw<<wg; with Dn=
Dw‘ (In/ ‘nw)W:WO ‘ <<|n(wg)|. Note thatwy here, is not the electron oscillator’s

natural frequency, instead frequency of the ‘momoetatic’ incident EM signal.
From here onwardsvg will be indicating monochromatic EM signal’s freency; or

carrier frequency for a single photon (EM pulseatfiation); not to be confused with
‘natural frequency of charge oscillator’ as we usedearlier while deriving the
formula for index of refraction.

Figure 7. Propagation of electromagnetic pulse. (A) Pulsgpagating towards right
in free space, having envelope (dashed) and plissid) traveling with velocity in
same direction. (B) The same pulse touches theamwithh NRM with phase index as
—1, and group index as +3; shows that at the bayrtare is ‘cusp’ formation and
envelope retards. Here the phases travel in ompdtiitection and the group
(envelope) travels in same direction. This cusgllages at the surface of the NRM
boundary. (C) The pulse is travelling as envelopth wqueezed envelope inside
NRM towards the right direction with velocity-c/ 3, whereas the phases are
travelling opposite to envelope, with velocitkc.-The pulse is sharpened and

squeezed. This is ideal case of loss-less NRM wloidsy structures will have
attenuated pulse as it travels.



42 SHANTANU DAS

Figure 8. Demonstration circuit of backward wave in LHM ideffaster than light
propagation.

Output LED glows before input LED.
CRO gives the measure of negative delagut one second.

Figure 9. CRO output showing peak of output appears bef@ecbnd as compared
to input peak.

8. The Backward Wave Realization with its PhysicaGeneration
and Concept of ‘Hidden Momentum’

We can demonstrate backward wave, by a circuiteptesl in Figure 8. Here we
have emulated LHM via circuit techniques, where dhgput LED glows before the
input LED; giving idea of faster than light propéiga! The CRO record of about
one second pulse peak advancement is depictedigocitcuit in Figure 9. The same
or rather similar effect is obtained when we makeidtlically Loaded Transmission
Line (PLTL) depicted in Figure 10. The values of firansmission line are depicted
in Table 1, and the ‘faster than light' effect lo#/n in Figure 11. Figure 12 depicts
its dispersion characteristidsv - b) dispersion diagram, the region where we get

effect of Negative Group Velocitfdw/db < 0), though w/b > 0, the region

where phase and group velocities are of oppogitesss NRM region. Is it so? We
will justify this anomaly in the last section asdotually we should have NPV and
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positive group velocity; after all Figure 12 isfirst quadrant! Wait for last section,
for explanation of this anomaly.

Figure 10.Periodically Loaded Transmission Line PLTL to makéM.

Negative Group Velocity/ Negative Group Delay iméi domain

Figure 11. Input output response to have feel of ‘faster tight' propagation
through LHM.

NGV /NGD from dispersion diagram of TL-RLC Shuntustture

Figure 12. Dispersion diagram of PLTL showing region of NégatGroup Delay
and Negative Group Velocity.
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Values of electrical parameters of the strip-liret®ns

Table 1. Showing Parameters Values of PLTL

Line | R L G C length
W/ m nH/m ns/m pF/m (cm)

T 5.0928 304.15 10200 121.66 1.00¢

Ty 11.079 446.84 6500 78.18 9.4

T3 5.0928 304.15 10200 121.66 1.00¢

In the previous section, we stated about ‘backweades’ in the meta-material. Here
we shall try and explain the physical behavioresanating element. Refer Figure 13,
depicting lattice of meta-material comprising of thire-array structure and (square)
split ring resonator. The excitation or driving idawave has magnetic field directed
towards the+y axis, the driving plane waves travel #e direction, with electric

field in the +x direction.

In the SRR via Lenz's law there will be inducedremts direction shown in the
figure, to oppose the driving field, and at resamathere is very strong ‘phase
opposition’ to the driving field. Thus a resultafield will be in -y direction.
Similarly the ENG realized by the wire-array wilivg a strong phase opposed
electric field response, giving resultant elecfrédd in the - x direction. The same
we had explanted in justifying the term ‘Left Hadddaxwell's’ Systems; that these
meta-materials are. Figure 13 depicts the respbekis as of opposite phase, and
very large call them giant fields.

Thus here a magnetic dipole is formed, what it dosder action ofg| is our

‘thought experiment’ in this section. As we may ggi¢his action of electric field to
the dipole moment can have associated energy fhak @&amomentum even if the
dipoles are not moving! A hidden momentum then!

Figure 13.Physics of backward waves and hidden momentum.
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We can write the magnetic moment as= - abl(y), directed towards- y
direction. Now carefully look at the figure, whese have shown the currehin the
resonating ring, the direction of movement of pesitharges. The electric field (the
resultant one) that if; pointed in- x, does ‘positive’ work on the positive charges
that goes down at the right arm of the resonatmgaee ring; and does a negative
work at the left arm, while the positive charges elimbing up the left side arm. So a
positive charge (sayge) moving from right side of the square ring to tb& side

has extra energy, which we can quantifygge b (with respect to situation when
the charge moves from left to right of the ring).

This argument generates an ‘energy flux’ at a pnid pointing towards 2z
direction). In each magnetic dipole this energy flithere, and says there &asuch
rings, where dipoles are formed. We can stateithatich ring the energy flux at a
point per unit time isIE b. This is our flow quantity of energy crossidg So the
energy flux per ring (integratézfrom 0 toa) we get, as IE, ba(2) directed towards
- 2. Thus total energy flux fromN magnetic dipoles we can write &Syt =
-IE baN(z)=-E, “ M =E”~ M. This M is magnetization of the medium.
Therefore if we have a magnetizatibhas in the ring resonator, with source electric
field E, there is a ‘hidden momentum’ density= (E " M)/CZ, directed towards
- z direction.

The momentum of charges that move towards thedkfthe ring is higher
because they pose higher energy. The ratio betweementums to energy of
relativistic particle isv/cz. The hidden momentum concept is therefore a purely

relativistic effect as we have not considened type of momentum! This ‘hidden
momentum’ is phase reversal, thus in meta-matenisls NRM there is a concept of
‘backward wave’ the phases travel in backward divecto the power flow direction!
This is happening due to negative composite prasedt resonance, and not due to
Bragg's (anomalous) scattering like in photonicstays.

We have explained just above the hidden momentainshdue to interaction of
electric field to the magnetization of resonatipgtsings. Is there a converse that is
any other momentum of the EM radiation, as effdctnmgnetic field'? We shall
now see this interaction. The electric field actsalarges (free charges) of wire-
array, as they drive them up down with them. Whenowensider say positive free
charges, and the resonance effect of NRM then if@atement as well as velocity
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will be directed opposite so we can take velocityhe free positive charge inx
direction. The inducedB, is resultant due to phase opposition-ig direction of

H_ (as explained in Figure 13). Thus the force onderge asF = g.v”~ B, and
is directed in+z direction. If we takeB;, = E, /c, we get F = go(VE_ )/c,
directed in +z direction. But g.E, is electric force on the charges, timeshe

velocity is work done per unit time. Thus we caatsstthat the force gives a ‘pushing
momentum’ directed intz direction - this is also related to a mechanicakpure of
radiation; which we must state is positive by thigument in NRM. We shall detalil
the radiation pressure later.

Thus we see a hidden momentum, and a pushing momefor EM radiation
which are directed opposite in NRM media.

9. Electromagnetic Pulse Sharpening inside NRM

A wave with crest and trough moving and carryinGaussian pulse a ‘packet’
of energy, in free space travelling with speedightlc, (refer Figure 7A), when
entering the NRM withn, = - 1 will retard the wave-packets speeddd Ng in this

casec/ 3, (refer Figures 7B and 7C) though the directiorirafel of wave-packet,

energy will be in same direction as was in freecepdut the phases crests and
troughs will here start travelling in opposite ted-space with velocity ¢. This is

implication of the phase and group refractive indexNRM. The implication at
NRM boundary of these opposite phases meeting foilin a ‘cusp’ which be
oscillating at the junction of NRM to the free sparefer Figure 7B). This
phenomenon of retardation of the wave-packet epecbind change of direction of
travel of crest and trough the phase, inside NRigjithe ‘pulse-sharpening’ effect,
and flattening of wave-front effect, what we haweeb observing in our experiments
also, (refer Figure 7C). The pulse sharpening effetoo observed in Figure 11 (the
output input relation of PLTL of Figure 10). Thesps at the NRM boundary is due
to counter propagation of the ‘phases’ of the wamsile and outside the NRM, they
are surface charges, and at the boundary Eleaid &t this cusp oscillates; as two
sets of impinging wave fronts meet at the interfagh ENG (Epsilon Negative
Material e,. < 0). The same cusp will be obtained for the MNG, (Megative

Material m_ < 0) and it may be argued that ‘surface’ currentshiat ttase for TE

polarized incidence, will be at the boundary andynedic field at the cusp then will
oscillate. However, these points are valid whenwhee hits a slab with ENG and
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MNG, i.e., NRM here, however there will be propagatmodes inside NRM-from
evanescent. In the case of Double Negative slabMNiRere will be cusp formation
at the boundary too. The formation of surface stateexcitation of surface Plasmon
poalriton is altogether different field in moderptics, where matching of wave
vectors and phase velocities are mandatory, we sbateal with this subject here;
however this is important.

10. Electromagnetic Pulse of Energy Travelling inree Space and inside
Medium its Transmission and Reflection at the Inteface Boundary

Figures 11, 14 give us an idea what is an electgomeiic pulse. We shall relate
corpuscular and wave nature to the same. The pildbadmplitude is what is of
interest to say where the particle ought to bepaice-time. Amplitude to find a
particle (photon) at a place can in some circunt&snvary in space and time in a

manner say = AdWt- kz), wherew is the frequency, which is related classically
to energy byE = w ,andk, the wave number, is related to momentum through
p= k. In Figure 11, the carrier wave frequency is 0.9zGthus w = 0.9/(2p).

We would say the particle (photon) had a defini@mantum,p if wave numberk
were ‘exactly’ that particular wave number (with@uty spread or uncertainty); that
is a perfect wave, which goes on with same ampmitaderywhere. The amplitude
equation as described just above, then gives u$itadgand probability (square of
amplitude) for finding particle (photon) as functiof space-time. Thus for a perfect
wave the probability is constant which means prditalo find particle (photon) is
the same anywhere!

This is not the situation with single particle (ptw) travelling as in Figures 11
and 14. The amplitude modulated pulse as shownrizedma and dies out at both
the sides. It was possible for us to get this lgimglwaves of nearly same andk,
in Figure 11 signals of 0.89 GHz and 0.91 GHz, deedl to get the electromagnetic
pulse a single photon. Thus the particle (photsmyare likely to be near the maxima
(lump) of Figures 11, 14. After a few moments thiave with lump will be
elsewhere, as it is travelling with group velocity, should be related to particle

(photon) velocity.

We have classical Energy momentum relativistic egpions asE =

(mc?)/41- (v?/c?), and p=(mV)/y1- (v?/c?). Eliminating thev, from

these two expressions leads us to, expression lakweln one asE? - p2c2
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= m?c*. This relation is depicted in Figure 17 and we Ishiak in subsequent

sections. Thee is related tow andp is related tdk, using them in the total energy

2k2 2.2

expression of above we gét 2W2/C2) - = m“c“, a quantum-mechanical

relation between frequency and wave number, fouantym-mechanical amplitude
wave representing a particle of mass From this derived expression, we get

w = c\/k2 +(m?c?/ 2), which gives us phase velocity, =w/k, asv, =c¢

/[k\/k2 + (m2c2/ 2)]. Differentiating, and substituting several relatgedntities,

we obtain after algebraic simple manipulations egpion of the group velocity as

Vg = dw/dk = ke/ \/k2 +(m?c?/ ?)=c%/w=c?p/E. Recognizing that

c2p/ E = v, we can say that group velocity of the wave patkparticle velocity.

Here we have a special case\gyy = c¢?, which in general need not be equal, but

are equivalent. These we shall deal in separat®seand use this concept further to
arrive at momentum and energy transfer to mediyna single photon.

When we consider a narrow range of frequenciesnaron, within which
absorption is negligible; within this range of fueacies we can write electric field as
following

E(r,t) = Re[Eo(r, t)e'th] = Rel daEq(r, a)e '@te” ™|,

where Ey(r, t) is slowly varying compared te’ W thatisa <<w for frequencies

a for which Ey(r, t) is non-negligible. This is in short we say a higbghiency

carrier is modulated by low frequency signal, aecasamplitude modulation! This
fundamental we shall use to construct and visuaipboton (an EM pulse).

The discussion on this section is from classicattebdynamics principles. Let
us take following example a pulse of EM energy éitivyg in free-space at a
particular frequencwy, thus carrying an energy packet ofjy. This packet of EM

radiation may be represented as a Gaussian phsewtll strike a medium (other
than free-space) located at= 0, by (7), this is derived in (8).

. . 2
E = Egsv/p{et'?0/Ce Mot} oxp - ST(t -z/c)? . 7)

The field incident atz = 0 is adequately represented by complex Electrid fél:
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EM = E, dwexp[— (w- W0)2/52]exp[i(kz— wt)]
= EqVps exp| - iwg(t - z/c)]exp - %(t - z/c)? . (8)

Expression (7) is for travelling Electric field thaas two parts. The phase part given
inside the{ } brackets, and multiplied by Gaussian travellingetope in free space

as exp|- 32(t -z/ c)2 / 4], having variances , i.e., the width of the packet (Full

Width Half Maxima FWHM). The packet is travellingofn left to right thus phases
(crest and trough are translating +z -direction) with a phase velocity, = c, and

the group, i.e., the envelope carrying the inforamat energy is travelling with group
velocity vg = ¢ in the same direction otz in free space having, = ng = +1.

Refer Figure 7A, expression (7) is depicted themveling towards right with
envelope as dashed and phases as solid liness &)single photon an EM pulse
depicted as in Figure 14 that is how single phagafepicted perhaps!

Figure 14.An EM Pulse visualizing a single ‘monochromatic’'opbn.

Now we shall investigate what happens when this (&) incident Gaussian
Electromagnetic pulse enters a medium. This Gaugsidse is centered at angular
frequencywg and we shall assume that this energy beam is wdaglsed so we

can take spatial spread in only one dimension. fidfkection and refraction of
Electromagnetic waves at an interface are descrifyedrresnel law. For normal
incident, we have reflection coefficient(w) and transmission coefficient(w)

described as in (9); both being function of frequesince impedance of media is
dispersive.

Z 2Z

Zo - _
ZO+Z' t(W)_ZO+Z’ (9)

r(w) =

where Z = y/m/ e is impedance of medium and, is free space impedance. Note
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for a NRM withm, = e, = -1, the Z = Z, the incident beam suffers no reflection

and is 100% transmitted. The forms of reflected madsmitted waves follow from
the spectrum of the incidence pulse (7) as (8)(@hd

£ = E, dwexp[— (w- W0)2/52]r(w)exp[iw(t +z/¢), (10)

gtrans _ E, dwexp[— (w- W0)2 /sz]t(w) exp[— iw(t - np{w} Z/C)]- (11)

It suffices for our purpose to assume that spectisinmarrow so that we can
approximater (w) and t(w) by their values atvy and n,(w) by first two terms of

Taylor series expansion (4). This leads to simpis3ian forms for (10) and (11) as
(12) and (13)

E"™" = r(wy)EgvVps expl- iwy(t +z/c)] exp - %(t +2/c)? (12)

EaNS = ¢ (wy ) Egv/ps exp[- iwg(t - an/C)] exp - %(t - ngz/c)2 . (13)

For 100% transmission whe# = Z,, say, for NRM whene, =m =-1 with
Np(wg) =-1 and ng(wg) =3 we shall get E® =0 since r(wy) =0,

t(wg) =1 and transmitted field inside NRM is thus givendvel(14).

2
Efans = £ Jps exp[- iwg(t +npz/ C)] exp - ST(t - 3z/ c)? . (14)

11. Pressure due to Photons and ‘Radiation Comprabdity’

Here we take a detour from electrodynamics (forhdle)y and see the ‘kinetic
theory of gases’ and put that theory to a conglameeof photons. Well, if we can
confine radiation inside a volume region there Wwél a gas like ‘photon’ pressupe

in a volumeV;, like a gas law will have a radiation compresiipiaw as PV9 = C.
The gas constant indeed will not be same for radiation! TRe is constant. The
radiation pressure and compressibility of radiatome from kinetic theory of gases.

Consider large numbe\ photons (at very very high temperature) packedoinme
V. The photons are confined and thus they bombadtundary of this ‘photon’
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star, and give a pressur@ = 2(N /V)p,vy. While considering the volume is of

NRM, then we become uncomfortable with this bagation, where classically
speaking p, = npg, is negative for NRM withn < 0. The scenario is of a very very
hot star - a hot star even hotter than sun! Thetquisoare travelling in random
direction (similar case as for confined gas depligteFigure 15).

Photon’s pressure insideV with n< 0

Figure 15.Photons confined in a volume.
In Figure 15, let area of the face of the voluvhiee of A, on which thex-component
of momentum that gives kick, and twice tkisomponent of momentump, which
is given in the kick. Ifv, is the velocity ofx component, we get kick amount as
2mvy, i.e., 2p,, the momentum transferred to the wall of afgaby a single

photon. Now we need the number of collisions magl¢hk photons in a second, or
in a certain timet}. The number of photons per unit volumeNs/ V. So in this case

only the photons which are at distangg from the wall are going to hit the wall in

time t. Far away photons would not take part in collisionkicks. Thus the number
of collisions in timet is equal to the number of photons which are inrdfggon within
a distancev,t and since area of the wall A the volume occupied by the photons

which are going to hit the wall ig,t A But the number of photons that are going to
hit the wall is that volume(v,tA) multiplied by photon densitf{N /V), that is
(N/V)vtA

The pressure to the wall 5 / A = P. The differential work in compressing the
volume bydx, or bydVis dW = F(-dx) = - PAdx= - PdV. Force on the wall is

thus number of photons colliding in timetimes change in momentum divided by
timet, that is

N

F= 3 VAt 2my, |t = vy A(2my, ).

<|z
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The above is coming from impulse that() (t), is total change in momentum. The

pressureP = F / A is

N N
pP=2 v (my vy =2 v PyVy -

This above expression made us uncomfortable, wierdlume is negative indexed.
We can write average as

PV = N{ pyVy)-

The number 2 is dropped since in the collision pss¢ half of the photons will be
moving the other way away from the wall, thus whégeraging the pressure
expression 2 gets cancelled. Now as in kinetic thewve take all the three
components of randomly directed velocity that is, vy, vy and v, and average

them to obtain

Recognizing energy) = pv (rather in free spac®& = pc), for photons we have

PV =U /3. (While monatomic gases in volume 9f having gas pressure, &

follows the relaton PV = (2/3)U, with internal energy U = (1/ 2)mV?).
Compressibility of radiation can be obtained atofes$, by rewriting PV = (1/ 3)U

as
- _ L. 1_4
PV =(1/3)UPV =(g- YU, withg=1+7 =7,
PV
U=~
(9- 1)
du = (PdV +VdP)/ (g- ).

As already pointed earlier aboe®V = dU = - PdV substituting this above we get
PdV = - (PdV +VdP)/(g- 1),

gPdV = -VdP,
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ginV +InP =InC,
PVY =C, with g = % for photons.

This section we had detoured but nevertheless aesththe apprehension regarding
photon pressure if the media is NRM! Therefore weech to define photon
momentum in some different way; and thus we cardatios anomaly in ‘radiation’
pressure.

12. Energy Momentum of Gaussian Electromagnetic Psé

Let us now turn attention to a single photon, glsireM pulse (Figure 14). To
this Gaussian pulse there is a packet of energy; where we can associate

momentum wg / ¢ with this pulse. Inside a medium we can have sienéhere the

momentum can have different interpretation if wg sa=n, Wp /¢ as phase
‘wave’ momentum inside medium, then if the media hg = -1 we get confused

by this negative momentum indicating a decreaseprigssure for radiation of
electromagnetic wave, when it strikes a boundaneliWcall this momentum
Ny Wo /¢ as ‘wave’ momentum, to distinguish from ‘mechaticaomentum (15)

(16) (containing group velocity and group index) linkowski or Abraham;

P = N3 Wo / NgC = Vgna Wo / c?, (15)
Pm2 = Wp/NgC = Vg Wo /c. (16)

From the discussions of Minkowski and Abraham’s raatam in earlier section, we
wrote Papraham = Nhf /¢ and Pminkowski = hf /nc. These are modified and

placed asp,y as Abraham’s andp,, as Minkowski's. Which at present let these

be, and subsequently we will derive in next sectibmese definitions of mechanical
momentum ensure that they are positive, inside NiBMvell. Well, these mechanical
momentum definitions (15), (16) give us non-confgsithought that even with
n, <0 still there is positive electromagnetic pressuas, against definition of

‘wave’ momentum or pseudo-momentum= n, Wo / ¢, where we let believe if the

electromagnetic pressure be negative in case of NRMI, only for phase reversal
we make use of wave-momentum (the hidden momentand),for energy transport
and electromagnetic energy pressure we shall ma&eofimechanical momentum.
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The confusion is arising because of dual natumadiation, particle as well as wave
nature.

Now when the Gaussian pulse of this Electromagrestargy enters a slab with
np * 1 and ng #1 assuming 100% transmission into that slab we fthfferent

Electric field as from (17)
. 2
- s
E = Egsv p{empwoz/ce Wo'} exp - T(t - ngz/c)2 . (17)

Now if we state thahp =-1 and ng = 3, then we shall observe that the Gaussian

pulse envelope will compress itself and keep prapag inside NRM block in the
same direction of+z with group velocity c/3 but the phases will keep now
translating in space in opposite direction but withase velocity- ¢, refer Figure
7C. The meeting of the two opposite phases, (fafprre 7 B) at the NRM boundary
gives rise to cusps-owing to surface modes, whialkiet and oscillate in direction
perpendicular to propagation direction and alomgdirface of the interface.

Well, we ask a query that is if (17) can be cablgphoton as it has now become
inside NRM of my choice as-better be called as atieg-photon’ (17), (18)

ERNOON = E s Vp{e” 20/C Mot} exp - ST(t - 3z/c)? (18)

. . S5t 2c)?
is different from original (7), that iEShOtO” = Eysv/p{e"0/Ce Mot} e 4(-4°)
in the free space. Equation (18) seems to sugbasttiie pulse envelope and the
phases travel are in opposite direction, this panked not be thus called a photon
packet rather ‘negative’ photon packet! (Refer FgdC). This is also depicted
pictorially in Figure 16.

Figure 16.A positive photon and negative-photon.
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My argument of ‘negative’ photon stems from thetféitat had there be 100%
reflection to (7),r (wp) =1, then we get a packet of original photon as in (b}

where the envelope and phases are travelling in direction after hitting the
boundary atz = O, thus retaining the character of original photon.

gref — r(Wo)Eo‘/BS exp[-iwg(t + z/c)]exp - %(t + Z/c)2

St+2/of

— ElE))hoton - EOS\/B{ ~ izwo/ce- iwot}e' (19)

Reflected photon is original photon as incident tphp while transmitted photon
inside NRM is ‘negative’ photon. Well, inside medre photon polarizes the same
and thus becomes polariton, so the above is ‘negjgtolariton!

13. Electromagnetic Momentum and Energy Quantizatio for a Single Photon
inside Weakly Dispersive Dielectric Media

Essentially the EM field itself is quantized. Ofucse, we know that it is made
up of photons (Plank’s black bodyw). We also understand that these ‘modes’ are
oscillations of radiation are ‘simple harmonic dstors’ with energy as integral
multiples of w and just as a mass spring oscillator has fluainatin ground state

(X) =0 but (x?) * 0, thex being the position; similarly for EM, we havé) = 0,

with <A2> 1 0, with A as vector potential associated with travelling pl&M wave.

We shall use this vector potential and quantizestimee in a dispersive media; and
obtain energy and momentums quantized.

We wrote the mechanical momentums of single phatatispersive media with
inclusion of group velocity, group index, phaseoedly, phase index as in (20), in
earlier section, now we shall try and derive thaesa

_ 2 — vy 2 2 _ _ 2
Pma = Np Wo /NgC =VgNp Wo /€%, pmz = Wp/NgC = Vg Wo /c. (20)

The peculiar situation about momentum of electrameéig radiation is long standing
controversy, starting from Mikowski's (subscripted) definition (1908) and

followed by Abraham’s (subscripted) definition (1909). Where the former is
referred to canonical one and later is referredntichanical one classically. The
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traditional electromagnetic momentum density in edimm with averaging over a
time period, are
Ga(r D) (E(F,t)" H(T, 1) _(S(F, 1))

ga(r, 1) = ;
c2 c2

_ — N, = =N, = S(r, t
g (F,1) = (B(F, 1) B(7, 1) = enfE(r, 0" A, 1) = S o)
v
p
In the definition of gy, above, (21), in dispersive media we have used

(em!= vpz, similar to if it was free space, théegm, )™ = 2.

The quantization scheme we shall use a very simoplg starts with standard
classical expression for the electromagnetic endegysity in a dispersive dielectric
medium (non-magnetic one to keep the derivatiorpkn For classical fields in
such a dispersive medium the effective energy is

_dlew1l 3 =2 dmwl 3,2
uem-%E d3r[Ey| +%§ d3r|Fof. (22)

For a non magnetic media, them= m, and from above (22) we obtain, by putting

myH =B (23)

d(ew) 1 =2, 1 =2
Uem = E;\,ME d3r|Ey| o d3r|By|". (23)

Note that in (22), (23), we have taken average tvercarrier periodly = 2p/wg ,

for a monochromatic radiation. Therefdi? is appearing in the expressions, that is
average of sinusoidal square. The amplituEgsand Eo are the peak values of the
field. For monochromatic fields of interest, the wes Fourier spectrum is
concentrated at a particular frequenayy with spectral width Dw << wg. The

medium is assumed to be weakly dispersive withaeisp this wave packet (a single
photon), that is a ‘narrow band’ case too (24)

<<|np(wp)|- (24)

The quantum theory of the electromagnetic fieldtstdy Fourier expanding the



REVIEW ON COMPOSITE NEGATIVE REFERACTIVE INDEXED... 7%

vector potential and then substituting operatorgtie amplitude term. Consider the
classical field described by a vector potentiaFourier series having Fourier (root

mean squared) amplitude d@(k ), that is

A= 4K A (K) (i)el(k-T-wt)
A(F, t) o . A(k) <(k)e
3 _ P _ p—
Ik AR JK)e MR, 5
(20)°

The amplitudes irk space are in root mean squared (RMS). The tegms unit
‘polarization’ vector in a plane perpendicular ko= (IZ/k)[an/c]. The w is

function of wave vectok in (25) and EW(F) is mode function satisfying the

transversality condition and Helmholtz equatiomatfis,

N- F,(F) =0,
_ 2 _
N2Fy(F) + ~- enfry (F) = 0. (26)
C

From the vector potential (25), we can obtain thextec and magnetic field from
B(r,t)=N" A(r,t) and E(r,t)=-9YA(r,t)/ Tt (assuming scalar electric

potential is a constant and usifg= ik ), as

E(r, t)=-%ﬁ(r, t) = iw (‘;;')‘3 s As(k) s(k)e MRy (P), (27)
B(F.0) =N AG, 1) = Ak . s oywE o
rt)=N" A(r,t)= 5 Ik Aj(k)e MRy ()" s(k). (28)
(2p) s

From (27) and (28), we get peak value of the fiflom RMS expression of Fourier
components as

d3k
2p)*

|Bol= wy2| Ay(k) || Fu(F) |

S

and
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- d%
| BO| - 2p)3

we then substitute this in (23) and write (29).

VoK A(K)|| Fu(P)” s,

d3k 2 d(we
3 W dw
(2p) s

: )| A(R)[2 d3| Fulr) 2

em

d3k
(2p)®

k2| = /ov(2 =N 2
E| As(k)| d3r| Fw(r) s| : (29)
We now employ the identity d3r| Fy(F)" |2 = d¥| I?W(F)|2 for the mode

function, assuming the mode function is normalisedh that this integral is unity,
we simplify (29) to get

3 2
dk . d(we) , k*
(2p)3 s dw m

em —

| A(K) . (30)

Also with these peak values &, and Hy = By /My, we can write time averaged

magnitude of the Poynting flux as

S(k)=Eop" Ho = ( \/5\"'1 Ks(E)|)( V2[k/mp]| A(K) )
= 2eqwke® | KS(IZ)|2.

In this expression, we have manipulated by usiﬁg: (eomy )'l to get the Poynting

flux, and the Fourier expansion as indicated ahsver plane wave expansion, thus
E andH are orthogonal, we get simplified Poynting or egeitgx expression. This
expression will be used later for momentum quatitma

We now use the relatiomp2 =(e/ey) and vq =(dw/dk)=c/[n, +

w(dn,, / dw)], v, = ¢/ n, to rewrite (30) after algebraic manipulation as

Uem=28) —— NG (31)
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This electro-magnetic energy is a harmonic osoiflatan be expressed as sum of

energies w of several radiation oscillators with new ampliesdasag(k ), that is,

d3k ) &) = d3k
(20 5 Vo (20)°

So we get by this ‘quantization rule’, for a stamtjadhe Fourier amplitude of vector

potential
A(k) = ,/ Zeonpwc as(k). (33)

The Hamiltonian and the vector fields are represgat

wy| as(k) |2. (32)

Wsas(lz)a;r(lz)v

d3k Vg
(2p)3 s 2e0npwc

ag(k) o(k)ek Te e, (34)

The quantized vector potential for free space waddwheren, =1, v = ¢, that

. : = d% / Y (VaiK T
is photon in free space, &(F, t) = aof < \ 2w ag(k) s(k)e

In this section of Fourier expansion has considenalgt the positive frequency
w, and we wrote the Fourier series representatioplyiy the quantization rule to

the momentum density definitions (21), we get twanmentums quantized as follows

- - S(k) k
pa= (d%)ga(T. 1) = (2p)3 2 K
2eqwke® | Ag(k) |2 B
_ d% s k
(2p)° ¢’ k

d3k Vg k
W—g—al(k)as(k)

(2p)3 s c?
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d3k  VgVp — 4+,—\ -
gc" kal (k)as(k), (35)

1
—
o
-
N—r
(o]
<
—~
-
—
N—r
|

Pwm

Vg - 4, -
= —= % kal(k)ag(k). (36)
(20)° s Vp
The al(k)ag(k) operation with complex amplitudes represents modatber

operator for photons in theth mode, the expressions (35) and (36) imply that a
single photon in a dispersive dielectric medium th@smomentums

_VoV¥p - VYo Ve MpWWo _ b _ 1 0 37
Pa=-z k=qc k=2 Vo2 “n, ¢ GD
c p NpC c g
2
V, — nLv, — n,v, nLW, n
_ Vg _ pVg _'p¥g "p"o _ 2 Wo _''p Wo
by =— k= k = =NpVg—- = . (38)
b c c c ng ¢

We shall use these definitions and show that tipbeton momentums are actually
mechanical in nature. Equations (37) and (38) hee expressions of momentum
which we wrote in the previous section, the ‘wavesmentum’ we shall re-define in
the following sections-imbibing the phase and gringices and velocities as they
got included in the Minkowski's and Abraham’s défions.

14. Momentum Transfer to the Medium from Photon

Taking clue from the above discussion let us defplsase momentum’, or
‘wave-momentum’ of a (single) photon packet as (&8s choice will be clear as we
proceed for proof below, in next section.
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dzf SQr(np) Wo =N Wo n. >0
T lneng| € ©
p''g
sgnn, = +% n, <0; sgnn, =-1 (39)

Well, if the photon is in free space, then (39) ldooe p, = wq/c or if it were in
our chosen NRM withn, =-1 and ng =3, then inside NRM this ‘negative’

photon has wave-momentum @s = - (1/+/3) wq /c. Well, we could have chosen
(39) to be asp; = (np /ng) wg/c too, but the chosen square root fmpng |
will be explained in the next section, by total iyyebalance formulation.

We start our discussion of effect of our single tohcentering the medium from
region of free space. If the photon is totally eefed then because of the momentum
conservation it transfer® wg /¢ momentum to the medium. If the photon passes
into the medium, in that case momentum will be gfarred to the medium at the
interface surface where there will be reflectiord aransmission, the momentum
transferred to the medium at surface is given as:

pMeda = (1+ R0 - Tp, (40)

where the reflection probabilitg and transmission probabiliflywith respect to free-

space impedancg&g and impedance of mediufhare defined as (41):
4742

(2o +2)?

, T=(@-R)= (41)

Putting (41) in (40) and using as p = Npg (with free space momentum

Po = W/ c), we get the following algebraic manipulations

2
media_ _Wo , Zo-Z " Wo __ 4Z0Z | Wo
c Zy+Z C (Zg+ Z)? c

p

_2W0+Zo-ZZW0 4202 NWO- Wo

c ZogtZ ©  (z4+7)2 ¢ c

_2wWo W ., 4Z0Z  (Zo-2)
¢ C (Z+2) (20+2)
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_ 2 W
c

V(;IO (1+ N) 4Zoz - 2 Wo ) V(;IO (

1+ N)T. 42
2o+ 2) . +N) (42)

In the expression, (42), the valueshyfare asN =1/ Ng = Vg /¢ for Abraham’s,

N =n3 /ng = vgnj /c for Minkowski's andN = sgr(n,,)//|npng|. for the new

wave momentums. Equation (42) is expression for emiom transferred to the
media. Therefore with the definition of wave-moment as in (39), we get
momentum transferred to the media, at the surfa¢d3)

pmedia = 2wy W 1+ sgn(np)
¢ ¢ VI mpng |

Using the mechanical momentum definitions of (3}l #38), and doing the same
algebraic manipulations, we get the mechanical nmbames transferred to the
medium at the surface as

T. (43)

2
ia_ 2 W, W, npV
pmledlaz 0 _ 0 14 pgT

C C C
. V
pgda=2to. Yo 4,70 1. (44)

We have already started speaking about Minkowski Ahraham momentum as
‘mechanical’ momentum; the proof will be given sthorWell, all these momentums
transferred to medium at the surface of all tyge3) énd (44) reduce t@ wg/c for

a perfectly reflecting surface wheh = 0, corresponding to change in momentum
due to reflection. It is also clear that mechanmamentum transferred to medium by
definition of py,, will always be positive agy < ¢, however the definition ofppy

and p., when used the momentum transfer to the mediurarédce can be positive
or negative depending on the property of mediaeHex can state that in order that

Minkowski’'s momentum that isp,’}"ﬂedia be positive, the property of media with

condition [1 + (n%vg)/ cjT <2

Let us take an example of ideal case wheRce O and T =1, zero reflection
and 100% transmission for NRM with, = -1 ng =3, vg = ¢/ 3. The condition



REVIEW ON COMPOSITE NEGATIVE REFERACTIVE INDEXED... 3

for this is e, =m. =-1, gives Z = Z,, thus R=0. Otherwise for making
R = 0 the incident angle of photon at the boundary ningstat Brewster's angle.
Here the photon passes into NRM with 100% probigb{{ii =1). For this NRM

condition the momentum transfer associated with haeical momentums are
identical, corresponding td(1- vg/c), that is 2/3, of the original photon

mechanical momentum transferred to the media. Téxghanical momentum retained
by photon is(1/3) the original photon momentum. Whereas the wave-emum

transferred (43), for these values GS/§+1)/x/§ = 1577 of the original (free-
space) momentum. The wave- momentum retained lgatie’ photon, inside NRM
is (-1/ «/§) times the original momentum, pointing in opposlie=ction to wave-

momentum of original photon.

Well, originally we can say the ‘inductive’ reaativenergy of this wave-
momentum is changed to ‘capacitive’ type reactiveergy inside NRM. Refer
Figures 20A and C. This also factually matches thsidle NRM phase velocity is
opposite to the energy flow or group velocity. T¢wse wheren, = -1 ng =1

(hypothetically if it exists) the wave momentumnséerred (43) to the medium is
twice the original wave-momentum, and no mechameainentum gets transferred
to the media, well, this is case of total interreflection. For a mediunm,, =1 and

Ng = 1, the wave and mechanical momentum transferredetongdium is zero, that

is all the momentum is retained by photon. The ephof corpuscular mechanical,
and wave momentum with active energy and reactiwergy concept will be
elaborated in subsequent next sections.

15. Electromagnetic Pulse - a Photon, it's Energy-bmentum in Free Space

This section we shall elucidate the choice of mfniteon of wave momentum
for photon as in (20). Let a photon pulse be tiagin free space. Observer sitting
on the crest and another observer sitting on thelepe, travelling in free space they
will find themselves at rest with respect to eatihen while the packet enters the
NRM, the two observers will find that they are mayiaway from each other. This is
this nature of wave-momentum (hidden momentum, gsemnomentum) that is
generator of infinitesimal spatial translationsg dne infinitesimal translations of the
‘waves’ corresponds to motion of its crests andidies, and in NRM ‘opposes’ the
direction of motion of radiation. It is for thisason the wave-momentum points in



64 SHANTANU DAS

the opposite direction to the mechanical momennside NRM. Perhaps due to this
reason one may state that photon is transformétetgative’ photon inside NRM, its
characteristics is different than that of origipabton.

Consider photon travelling in free space with medte energyE,,, = mc® that

is energy associated with its corpuscular part,\sitlll phase or wave- momentum as
p= wp/c having wave energy af,, = pc, thus total energy i€, having

relation as (45) below. Refer Figure 17.

E? = p2c2 + m?c? (45)

Figure 17. The energy diagram for corpuscular and phase (wewmejgy in free
space.

Call v, as phase velocity aniy as group velocity of monochromatic EM signal
travelling in the region0<z<(d/2), where theny(w)=+1 with relative

permeability m ., =1 and relative permittivity ag, , = 1. Conventionally, we can

write for the dispersion less ideal region that;
VpVg = C2 (46)
pYg

This we are assuming that, = (w/k) = c; (dw/ dk) = ¢ in a vacuum where EM

waves are travelling is ideal condition. Now we @as question as, how are we
writing (46) that is square of velocity of EM waegual to product of the phase
velocity and group velocity? The answer to that addressed in following
description.

16. What is ¢ just a Multiplier or Something else?

We consider a space between radiator and recesvéiidd by vacuum that
carrying between them electromagnetic radiatiot witergyE and to that we assign
a linear momentum (due to wave) ag, = E,, / ¢, is also accompanying by a mass



REVIEW ON COMPOSITE NEGATIVE REFERACTIVE INDEXED... %
(corpuscular naturein = E,,, / c?.

The meaning of c?

the requirement of stillness of inertia tells us
(Dz) (M) = Z(m)
(Dz)M = ZE/ c?

... this could be interpreted as when enekgys transported from radiator to a
receiver, the mass of radiator is decreased and wfaeceiver is increased by a

massm which equaIsE/cz. The question is about muItipIiec2 is it just a

multiplier to equate dimensions of energy and n?ass
Figure 18.What isc??

The subscriptsn and w distinguishes mechanical and wave energy. Well, the
wave particle duality state&,, = E, = E. Really radiator after emitting wave-
packet recoils with velocCity,ecoi = P/ M = E/ Mc, whereM is the mass of
radiator. The wave packet reaches receiver sititrdjstanceZ after time Z / ¢ and
the radiator moves a distancBz = tV,eeoi = (Z/€) (E / Mc) = ZE/ Mc?. The
requirement of stillness of inertia of entire systeggives moment balance as

(Dz)M = ZE/c?. This description could be interpreted as, whenr@né is
transported from radiator to receiver; the massadfator gets decreased, but the

mass of receiver gets increasedibgqual toE / c? (Figure 18 summarizes this).

The question is for the multiplier a, which is numerically equal to square of
velocity of light in vacuum, which is used to jigtthe dimensions of the Energy

Mass equation that isnc® = E!' Well, can this multiplier have different physical

meaning? Let us associatg as group velocity of the wave-packet, and then in
above paragraph the expression for time wiltbeZ / Cg- Let the phase velocity be

associated to crest and trough be identified asewalocity asc, then wave
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momentum correlation will bep,, = E/cp, this makes the accompanying mass as

m = ,/E%/(cpcg )2. We have kept this expression as under root instadétihg

Em/cpCy to state that even i€ cq < 0; we do not land to a ‘negative mass’. This

validates our choice of multiplielc2 =VpVg and this could be new physical

interpretation also. Refer Figure 19.

Now for negative indexed material NRM (lossless adéal case, with
Np =- 1), we can write, an approximate relation (46), fogioe, where we have

assumed perfect condition asn. =e,_ =-1 with refractive index as
np(wp) =-1 and ng(wp) @+1, this enables the propagating modes inside the

LHM slab, with (47). In (47) where we assume thigt @c, inside LHM.
Vpvg @- c?. 47

The meaning ofc? as (vp)(vg)

associatevg as group velocity of the wave packet of radiatihren the time to
reach receiver ig = Z/vg; let the phase velocity be associated with crest an
troughs be identified as wave veloci% then wave momentum correlation is

pw = E/vp, this makes accompanying massras= E/| VpVg |
Generally thusc? © (vp)(vg) is equivalent; only in special case =

(vp)(vg)-

; 2 _
Figure 19.Can we have” = vpvg.

We will now highlight a special case of propagatmiradiation inside wave

2

guide wherec”® is exactly equal tovpvg. In wave guide Electric FielcE must

agree with all Maxwell's equations in the free spacside the guide. Along with
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divergence ofE must be zero in the free space inside the guidzedinere are no
charges there. That is the same thing as sayingt timust satisfy the wave equation,
which is in 3-D;
2 2 2
°Ey . f°Ey . °Ey
S YR CPS S &

The wave guide of our example guides the wavesdiinection withxy plane as
its cross section having dimension (bcm) shorter thanx dimension (acm).

Electric field E has only ay -component, and it does not change witfThis gives
principal propagating mode with,a = p as E, = Eg sin(kyx) exp[i(wt - k,z)].

In above wave equation, whekg, does not depend gnwe can write as following

W2

2 2 -
kyEy + k7Ey - — Ey = 0.
c
UnlessEy is zero everywhere (which is not very interestitigg above expression is
correct if

W2

2 .12 -
ky + Kz - — = 0.
c
We have already fixek, = a/p, as for principal mode, so the above expression
tells us that there can be waves of type of pralaipode (as we have assumedk jf

is related to the frequency so that same above equation gets satisfied. laroth
words that implies

ky = (W2 /c?)- (p?/a?).

The waves we assumed and described in the wave-canel propagated irz -
direction with value of wave numbek, given by above expression. This wave

number from above relation tells us that, for aegifrequencyw the speed with
which nodes (or antinodes) of waves propagate diwrguide, thus giving ‘phase
velocity’ v, = w/k,. The cut-off frequency of wave guide ¥8. = pc/a below
which waves do not propagate down the guide. Utiage facts and above equation,
we get expression for phase velocity as the folhgwi
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C
V- (we fw)2

For frequencies above cut-off where travelling veaegists thev,, in wave guide is

Vp=

greater than the speed of EM wave in vacuuiherefore, the wave guide simulates
a material with refractive index less than unitg. drder to know how fast the
‘signals’ travel, we have to calculate the spee@uwd$es or modulations made by the
interference of waves of one frequency with onenore waves of slightly different
frequencies. The speed of the envelope of suchpgobwaves is the group velocity,

itis vq = dw/dk Taking derivative ofk, = \/(WZ /c?)- (p?/a?) and utilizing
the definitions of cut-off frequencyv, = pc/a, we get the following for ‘group

velocity’

Vg = cy1- (we / w)?.

This is less than the speed of EM waves in vacaurherefore geometric mean of
Vp and vy in this special case is just equaktmr vpvg = c?.

2

We take a detour again to show that relatiopvg = c“ similarity with

Quantum Mechanics. For a particle with any veloc{gven relativistic) the

momentunp and energ¥ are related by

E2 = p2c2 + m2c?.

But in the quantum mechanics the energyvs and the momentum is/ , that is
k, so we write above energy ‘right triangle’ expressas
2 2.2
W_ = k2 + m-c
2 2

From above we gek = \/(WZ/CZ)- (m?c?/ 2), which looks very similar to

wave guide principal propagation equation, thak,js= \/(WZ /c?)- (p?/a?), an
interesting observation! The equation of total gyeE2 = p202 +m?c? has two

parts a corpuscular part representediyy = mc® and the wave-energy momentum
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part represented bf,, = pc. These two components are represented by righeangl
triangle of Figure 17. So we get total energy&?s: E% + Evzv. In the next sections,
we shall use this relation and see how equival@rhcaa'2 that is product ofv,, and

Vg, is utilized.

17. Energy-Momentum of Photon Polariton in Negativéndexed Material

This negative sign in right hand side (47) is reprging that group velocity and

phase velocity ared80 apart from each other, magnitude bemgEnergy mass
momentum expression for particle at speed of lightelativistic approach is (45),
and substituting (47), we get

2 _ 2.2 2.4 _ 2 2 2
E® = pc® + mc” = p(vpvg) + m(vpvg )©. (48)
This is depicted in Figure 17. The corpuscular gnémomentum) is orthogonal to
wave energy (momentum). WhekEeis total energyp is momentum of the wave
which is present inside the meta-matemals (rest) mass of the particle carrying the
energy packet. Well, the rest mass of photon ie,Zeut we can always associate a

mass m = Emz/(cz)z, for the Electro Magnetic Energy carrying mechahica

(corpuscular) energyE,,. This mechanical energy is responsible for radtio

positive radiation pressure. While the other pdrewergy we should associate to
phase wave-momentum, hidden momentum, pseudo momesnergy due to the
wave nature associated with photon-movement oslation of phases ‘crests’ and
‘trough’s’ motion, in the media. Manipulating (48ye get as follows:
2 _ 2 2 2
E® = p(vpvg) + m(vpvg )T,
2 2 p2
E® =mvpvg Vpvg +— . (49)

m2

Equation (49) is for free-space, medium with pesitphase and group velocity and
both equal toc. That is v, = vy =c. Now we use (49), for NRM medium and

manipulate as below:
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E2 = p2c2 + m%c

pZ(' VpVg )+ m2(_ VpVg )2 = mz(VpVg )2 - pz(VpVg )

2
m2| VpVg | | VpVg |- p_2 . (50)
m
Put in Equation (50)|,v|0vg | @c?, we get
E? = m?c? (c?)- L (m?c?) c? - P oo m2t s (- p%c?). (51)
m

The expression of (51), we split into two part® thechanical (corpuscular) energy

part (E,%=m2c4) and the energy transport by wave-momentum part

(EVZ\, =- pzcz) part. Equation (51) shows that particle energsetained itself by

the particle, inside NRM where the phase veloatppposite to group velocity. In
this case no (mechanical-corpuscular) energy issteared to the NRM medium.
This we have derived from the part of rest massegn¢hat is the first part of

expressionkE,, = mc?; meaning that corpuscular energy by photon is methi But

the intriguing question is the energy due to wawer®ntum part is imaginary, inside
NRM! That is equal toE, =-i(pc) (considering the positive root). Note the

imaginary wave energy in free space Figure 1Ejs= +i(pc). We can ascribe to
this imaginary ‘negative’- photon’ a wave-momentamvalue - wg /c. This is

depicted in Figure 20B. Compare the Figures 20A 208, the perpendicular of
right angle triangle is opposite as one is posiiivéexed media and another is
negative indexed media of refractive index (phasg group) as unity. The energy
E,, associated with the ‘wave-energy’ is reversed, eviechanical energy remains

the same. The ‘reactive’ nature &, opposite sign in both media gives the wave

momentum opposite.
Now we retard the group velocity ¥g = ¢/ 3 and have phase reversal with
phase velocity inside NRM (withn, =-L ng =+3) as v, =-c, then

| vpVg | = ¢ /3 and put the same in (48) to get
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E2 = m2 i i- p_2
3 3
1 1 1
= §(m2c4 - 3p%c?) = §m2c4 +§(— p%c?). (52)

Here the particle inside the NRM has less totapuscular energy; the difference of
energy has been absorbed by the media itself. Esiore (52) suggests one third of

the corpuscular energEn'ﬂRM =(1/ 3)mc2 is retained by the ‘photon’ inside the

NRM slab, and the two thirds of its corpuscularrggeare given to the slab!! Well,

the energy due wave momentum of the photon masifesimaginary energy in this
case asE\,';'R'V| =-i(1/ \/§)pc, (again retaining the positive root). We ascribéhie
imaginary ‘negative’- photon’ a wave-momentum a ueal p(':\‘R'V| =-(1/

V3) Wg / ¢. This is depicted in Figure 20C. The momentum fiemsases we have

discussed in earlier section also and maps coyraéth the total energy argument
cases as described here. In Figure 17, it is asbtimag| E,,, | =| Ey, | =| E|.

Figure 20.Energy diagrams of corpuscular and wave (phaspgrin NRM.
18. A Thought Experiment

Refer Figure 21; let us consider the length of NBlsb, asZ, with n, = -1,

and ng = 3. The photon (polariton) is retarded in comparisonits position in
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absence of medium by distangevhich is

z
z=(c- vg)gz(ng - 1)z. (53)
The relativistic form of Newton’s first law of matn requires that the centre-of-mass
energy of a system not subjected to any externakefshould be stationary or in
uniform motion. Our medium is isolated from suchteemal influence then the

relevant total energy is sum of photon energy, and the rest mass energy of the

medium Mc2, whereM is mass of medium. Medium is on zero friction scefal he

fact that photon has been retarded by the mediuamsnthe centre-of-mass-energy
can only have been in uniform motion if the medioas itself moved to the right by
a distanceDz, then the moments are (about vertical axis)

(D2) (Mc?) = (2)( wp). (54)
Substituting value af from (53), we get

Woz
Mc?

Dz = 0% (n, - 1). (55)

Photon retarded by n, = -1, ny = +3- a thought experiment

Figure 21. Thought experiment for mechanical momentum transfe

This motion can only take place if energy transiées place from photon whilst
inside the medium. The required velocity of the iedis vy(Dz)/ Z, from which

we can readily obtain momentum

medium _ E_ Wo _V_g _Zﬂ—g
p =Myg— =—201 =3 -3 P (56)

where pg = wg / ¢ is the initial momentum of the photon in free spadomentum
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conservation suggests that we ascribe the differém@tween the initial momentum
and this medium’s momentum to the photon’s momentsgide the medium. From
previous section the mechanical momentum of phimtehis NRM would be

1 1
pNRMml:n% Wo/ngc:vgn% W0/02 =3¢ —3Po (57)

1 1
pNRM o = Wo / NgC = Vg wg / ¢? :§—°:§po. (58)

These mechanical momentum expressions when wenusadiation pressure for
photons inside NRM of Figure 5 (Section 11), doeskenus uncomfortable with
negative photon’s pressure.

The wave momentum of photon-polariton inside thitMNslab is

c=——e) Wo 1, 59
'—|npng| C \/§p0 ( )

Expressions (57), (58) state thdt/ 3) of the mechanical momentum is retained by
the ‘photon’ inside this NRM. This is well equatiag if 1/ 3 of ‘particular’ photon
corpuscular energy is retained by photon inside NRiereas the wave-momentum
retained by photon inside NRM (59) is(1/ «/§) times the original wave

momentum, this part of wave-momentum we have notfrgm (56), that is by this
thought experiment; but via reflection transmissiprobabilites as we derived
earlier! This is because if for the thought expetiin comprises of only wave
momentum without any corpuscles part or mechamicaiponents - the waves that is
translation of phases carrying,, energy just passes the medium without making

mechanical displacement. What tHig, part does is exactly like phonons of ‘sound’
waves; that is whilek,, part gives the atomic molecular vibrations and glepEM

signals) this part makes the medium polarized (retiged) without doing

mechanical displacement. Therefore we are not amplye thought experiment on
this wave-momentum part. Unfortunately, unlike ptas (Figure 22) the photons
require mechanicak,, as well as wave parE,, of the Electromagnetic energy;

whereas for ‘sound’ phonons no mechanical parttexisly the wave part does the
translation hence for sound phonon we can assamidyevave momentum concept.



74 SHANTANU DAS

19. Imaginary ‘Reactive Energy’ and ‘Wave-Momentum’inside Medium

In the previous section, we could balance the detéon effect stating that the
corpuscular energy that comprising of mechanicat@h momentum is transferred to
the medium thereby inside NRM the retardation obtph takes place. What was
intriguing was imaginary energy of the photon iestdie NRM, what we had termed
as ‘reactive’ energy. This reactive energy of phatside NRM is making the waves
of phases travel backward inside NRM as contranpdsitive indexed material.
Could we reframe the wave-momentum inside a meelié positive indexed or be it
negative indexed as we have defined in (20); réawias in (60)? Well, the
discussion suggests yes why not!

dff Sgr(np) Wo _ Sgr(np)
Pc = - Po-
\/|”p”g| \/|”p”g|

This is a new way to define canonical (wave, psebiiden) momentum inside slab,
be it positive refractive indexed or negative refriee indexed system, also this
agrees with what we derived from total energy badadescription in the previous
section. The depiction of energy diagram for NRNhigigure 20.

(60)

The electromagnetic pulse (a photon) in free spagaires both the mechanical
E,, corresponds to particle nature and wave figytorthogonal to each other. This

is like transmission of electrical energy from geting station to load destination,
which has active part (base of right triangle) aeactive part (perpendicular of the
right angle) in Figure 17. The electrical motowi want to run it to get mechanical
work, that will come from the active part of thiswer, and the reactive part will
magnetize the motor's magnetic circuits; and no haatal output will be carried
out by this reactive part of electricity; but thatal power supplied by the power

station is the hypotenuse that B = Er% + E\f,. That is motor draws total energy

reactive as well as active from the electrical giaddeliver ‘horse-power’. The
example is same as our energy diagram Figuresd.2@n

The free space carries the total energy (active pactive) and while it enters
the medium the wave part polarizes the system ¢begpuscles part does work on the
media. The difference we can see the NRM mediaimegja ‘capacitor’ type leading
wave (reactive) energy, while positive or free gpawdia requires an inductor type
lagging wave (reactive) energy. The analogy of phatith sound wave is depicted
in Figure 22. Well, the sound waves also can hagsekbward wave (phase)
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translation, if we have material with negative Eadlodulus, and negative density
analogous to ENG and MNG. Physical significancéhf wave-momentum is to be
looked at for wave nature interaction, like consdéipn in atomic recoil due to

spontaneous emission, Doppler’ effect, Cerenkoffexeand phase matching in non-
linear optics. Thus in the description of thouglperiment what took part was
mechanical momentum and we saw that ‘single-phatepresentation of Minkowski

and Abraham behaved similarly in conserving cenfrenass energy of the thought
experiment; while this new-wave momentum is not sidered in the thought

experiment. The wave-interaction with NRM becaubé¢his new-wave momentum

will also reverse the Doppler's effect, reverse ®erenkov's effect and will do

opposite effects to ‘wave-interaction’ with atonmlalectrons.

Analogy with sound waves

Figure 22.Photon and Phonon.

Thus wave momentum, pseudo momentum phase momentumisidden
momentums are infinitesimal spatial translationshwérests and troughs moving
forward or backward while mechanical momentumsadngys positive; are ‘pushing
momentum’ a corpuscular nature.

20. Wave Equation Explanation and it's Modified prgposal for
Left Handed Maxwell Systems

We can identify the motion of the photon pulse withchanical momentum but
the wave momentum corresponds rather to motiohephase fronts. The difference
is analogous to that between phase and group tiedor a wave; the phase
velocity is that at which the phase font propagatie the pulse and its associated
energy propagate at group velocity, thus the phaddecity does not appear in
mechanical momentum expressions used above, \glgppears. We now resort to

classical wave as photon and see if we can disshgoetween positive refractive
indexed media and negative refractive indexed mekliaugh wave equation.
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Total energy of system is expressed as kinetic pitsntial as
pz
T+V=-—=+V =E 61
o (61)

By putting standard) prescriptors that isp ® i N and E® i (1/1t), and in
addition asking these prescriptors to operate omewanction y, the standard

Schrodinger wave equation is obtained as

2
. 82 . %
o Ny +VWy =i T (62)

The plane wave solution in vector formyis= Aexp - il p.r .

With p = k as photon’s momentum vector linked with its wawseter, and

E = w, without any potential the wave travels in straidime and we have

E= p2 /2m (asV = 0) and we obtain potential free wave equation as

2 ﬂZ
m?y +Ey =0. (63)

This has two solutions
y(X) = AeiX\ 2mE/ 2 + Be— iX\/ 2mE/ 2 . (64)
Case for positivé& propagating case

y (x) = AgXV2ME/ ® + Be XV2mE/ (65)

Case for negativE bounded case. This bounded case is for surface eppens for
ENG or MNG only.

Let us take th&) prescriptors modified as

p® -i exp(- iq)%; E® w, p® [kexpiq).

Then we put them in potential free energy expressio= p2/2m, when we

operate this on wave function, we get a new Schrodinger equation as
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g2a_~ 10 g 2o (66)

Well, the solutions are for this wave equation then
y(x) = A 2mE/ 2 expliq) + Be XV 2mE/ 2 expliq)

- Aeixkexp(iq) +Be ixtexp(iq)' (67)

(67) is case for propagating case
y(x) — Aex‘lsz/ 2 explig) +Be Xy 2mE/ 2 explig)

= aexkexnia) 4 g xkexp(ia) (68)

(68) is case for bounded case

A quick verification shall state that far = 0, we get wave equation for normal
media where the Right Handed Media (RHM) whije= p gives a wave propagation
in Left Handed Media (LHM) with NRM. This also openp a possibility of having
a system in between RHM and LHM. This gives a wdescription of RHM and
LHM where in the later case the phase is opposéeshergy flow can be represented
as different Quantum prescriptors and differentr8dimger wave equations. At least
mathematics hints so; well physical consequencedaarfrom reality, at present for
these newQ-prescriptors. The rotational componesp(iq) may be personified as
demarcation between phase velocity and group wglaeid their relation to the
phase and group indices, a future work! The futuoek shall also relate the relation

between this rotational component with that N:sgnnp/,/|npng| in new

formulation of the canonical (wave or hidden) motoem

21. Why for Negative Index take Negative Root of Pduct of
two Negative Quantities?

Let us first draw attention that the refractiveérdvhat we derived earlier with
electrodynamics principles is a complex quantity;explained comes because of
‘damping’ term in equation in motion (oscillatorj charges. This we elaborated in
the section origin of refractive index, and theteafThe basic property of media that
is dielectric permittivity and magnetic permeapilgives us the index of refraction,

that is, n = y/em for the medium. Well, in the resonance of epsiém mu, near
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electric and magnetic plasma frequency, we gettivegapsilon and negative mu. So
we say our index of refraction isn< 0, a negative number. That is

n=-,(-e)(-m); surprising! The mathematicians will scold on tlgsue, how

should we take a negative square root of produttofegative numbers?

Let us start with a naive approach. In actual caseshave loss tangents for
dielectric and for magnetic permeability; signifgirmmount of losses in those
material. Therefore actually we can write negatiadues of epsilon and mu as

| e|e® and | m|eP, which are actually complex numbers. With this esentation,

we can go ahead and say that /| e|| m|eip =-.Jem A very raw explanation,

that we must take negative root. Mathematiciansnatesatisfied. We say this is a
very raw and naive approach, but opens up poggitohf further arguments, to
consider negative roots.

Well, we must have second naive argument, withe@st the ‘radiation’ of
power, as our wave propagates. The power radiatgde any media (be it NRM)
depends on the ‘wave-impedan@’and is always be positive for power radiating

away, that isZ = ym/e > 0.

Let us write Z = m/e =\mmem=m/n>0; for n>0 and n>0, is

normal refractive index positive. But it also telis that for negative epsilon and mu,
we should haven < 0, the index we should have negative sign! Also wgitihe

same asZ =,me/ee=n/e>0, tells us that we should choose the sign of

refractive index as ‘negative’, for negative epsildherefore, for a system which
must radiate power away, the wave impedance irelictttat for DNG material
(epsilon and mu both negatives), we must choosesitpe of refractive index as
negative. Still mathematicians are not satisfiedwklver, we must state that these
two naive approaches have given us free hand toapuotinus sign in front of
refractive index!
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The complex wave vector and wave propagation

Figure 23.Complex plane for wave vector square.

First let us write the Maxwell’ equation for eldctffield as N2E + k%E = 0,

for a source free region; is nothing but a waveagign. Note here that the Maxwell’'s
equation does not state about the sign of waveowggtave numbeik), where
k? = w?em= w?n?, is the wave number, what physicists call, and waae&tor an
engineer will state as, to specify the propagatibEM waves. The solution to the

Maxwell’'s equation iSE = Ege ket

, a case of plane wave as none of its variable
change in the plane perpendicular to wave veg&toiThe wave vector is also
k2 = kf + kf, + kzz, and alsok = b - ia; with b as propagation coefficient, and
a the attenuation constant. The plane wave traggllin+z direction we have thus,

the electric field asE = Eye 'P%e 32

, a decaying spatially oscillating wave in a
lossy media. Well, in lossless case, we have 0 and thusk = h. This was general

revisit to concept of travelling wave, nevertheléiss associated perpendiculdr
field does travel similarly (with magnitude dividéy impedance of media), that is

Z=E/H=Jm/e.

Let us now develop this concept of the ‘complex evaector’ while radiation
propagates inside the media positive or be it megjgitrefracting. Consider an EM
wave vector(ky, 0, k,) with propagation in+z direction incident from free space,

that is(-¥ <z<0). At z=0, we have a semi infinite media frof@ < z < ¥),
other than free space with material properties asd n. Due to invariance irx-
direction, we preserve thk, across the boundary. The propagating compokent

is found from rule given as following

2 2
W W

k, =+ em——kf; kz2=em——kf.
c? c?
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Now the physical choice is to be made for signhef $quare root above. It may so
happen that the second media the semi infinite cm@d be propagating media if the
kf < Re(emv@ / c2), or Rekz2 > 0 which gives usk, as real; or the media may be

supporting decaying evanescent waves, whkileis imaginary, that is when we have
condition of kf > Re (emv@ / c2) or Rekz2 < 0. This enables us to draw a plane

depicting plane folk? ask? = ( Rek?) +i( Imk?).

If we look at expression ok2, we find the real and imaginary part comes from
Im(en) = Im[ (et + ie) (nf + ink)] = ek + e, when we take these epsilon and mu

as complex quantities. The four quadrants basegropagating and evanescent, we
have depicted in Figure 23. Let us now write thaeditric permittivity and magnetic
permeability of a ‘lossy’ medium a?° e(+iet and m° nf+ink, complex

guantities indeed, with real part with prime anagimary part as double-prime. The
convention we take for absorbing media wresr> 0 and & > 0; for ‘amplifying’

media, we take the imaginary parts of both epsiéod mu as less than zero
(negative). We consider a ‘plane wave’ proportiobal ei(”kO)Z, travelling in

‘absorbing’ media, Kq is free space wave vector) and do the followinthenétic

n = +Jem= +./(et+ ie@ (mt+ im§

= +,/(etrt- e®nd + i (etn®+ Nk @

@+ /eht+ i (etn®+ ne G

i (e +neEl)

@+etrt 1+ etE

@+ m+i_e¢n@+ me®

2 ettt

We get, from aboven = £(Ren +iImn), what we got in the section of refractive

index, a complex one (that one due to damped hacmestion of charges).

If the media is absorbing, wite¢ > 0 and n > 0 also has negative epsilon and

negative mu, that is( < 0 and nt < 0, we have the index for NRM as
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n=+ ,e®t- I—M@ =+Ren ilmn.

2 Jent

If we choose positive sign of above, then the plamge in semi infinite absorbing
NRM gets the form as following (we have only writtdthe complex part)

. . etn+ Mm@
exp(inkgz) = exp(ikgzye®t) + exp ———— kyz
p(inky2z) p(iko ) p 2\/— 0

The above states that as the distaragrows, the spatially oscillating plane waves
‘grows’ in amplitude inside negative refractive éxad material (NRM)! On
contrary, waves should decay in the dispersive aelus we cannot select positive
root; this enables us to select the negative raad Only negative root) for refractive
index of DNG, NRM. We write negative refractive @xd for doubly negative
material therefore as with negative sign as folfayi

n=- Je®t- I M@ = - 1}8¢Y¢+i—M@_

2 ettt

Could we have satisfied mathematicians now, foectglg negative root for negative
epsilon and negative mu?

Now we draw attention towards wave vectoy, which inside a medium for
travelling wave is actuallynky. Therefore, the imaginary part of the refractivéer
that is mainly from the quantitg®® + nfet, determines the nature of propagation
(properties) in any medium (absorbing, amplifyipgsitively refracting or negatively
refracting). This quantity is alsdm(n?) = Im[(e¢+ ie@(nt+im@] = etntt+ ne ¢
The quantityim k2 in a media is thus proportional ton(n?) = etn®+ n¢ This

we have placed in four quadrantskﬁ plane depicted in Figure 23.

For ‘absorbing’ medium the wave amplitudes at iititss has to disappear. For
‘amplifying’ medium one should carefully form thésdussion. The only conditions
are that evanescent waves remain decaying, propgganes remains propagating
and no ‘information’ can flow from infinities towds source! This ensures that the
‘near field’ features of a source cannot be probéd large distance merely by
putting the source in an amplifying medium.

Now if we take square root dizz plane, we will divide the plane into two
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Riemann sheets. Figure 23 depicts one plane, shatiinary Riemann sheet, with

propagating region and evanescent region of EM w/étreat depends oRe(kzz),

as we have explained earlier in this section), wilions of positivelm(kzz)
indicating absorbing media, and negatikm(kzz) indicating region of amplifying
media. If we say thaRe(e) and Reg(m) are positive, we can say that the primary

Riemann sheet corresponds to positively refractirgglia (PRM). That is what we
have printed in Figure 23 too. Also this figure wha branch cut by ‘dotted’ lines

which we have to unfold to take square root of ghane k 2. rather ‘inconvenient’
branch cut!
This inconvenient branch cut9® and 27¢° in the plane oikz2 gives us range

of arguments (angles) for primary Riemann sheet @sk22=q with

-p/2<qg<3p/2 beneath this sheet the secondary Riemann sheetravige of

angles ai)kz2 =q with 3p/2 < g < 7p/ 2 If we take square root of this plane of

Figure 23, we write the following
. VK22,
kp = £ykF = ,|kZ |9 = ‘
kZZqu/2+ip_

The second Riemann sheet corresponds to NRM witgleanof 3p/4 <

Bk, < 7p/ 4. This is depicted in Figure 24.
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Figure 24.Taking square root of plane dxgz to get plane ok,.

We now give explanation for the two Riemann shewmtes, as it appeared in
Figure 24. Regions 1 and 8 correspond to propagataves in (positively refracting
media) PRM that are absorbing or amplifying, resipely. Regions 6 and 7
correspond to growing evanescent waves that byidau infinities, which are
unphysical in the semi-infinite medium (though imjaat in truncated NRM slab!).
Decaying evanescent waves fall with Region 2 if

Im(n?) = Im(en) = etnt+ e@t> 0

and in the Region 3 itk + etimf < 0. Note the Poynting vector points away from

the source (interface) if medium are absorbing alVeand actually towards the
source (interface) if media is amplifying overdbr the case of evanescent waves in
amplifying media our choice of Poynting vector thgsoints towards the source
(interface in this case). This however does nolatéothe causality as the Poynting
vector energy flow decays exponentially to zerinfihity and no information flows
from infinity. The counter-intuitive behavior doest imply that source has turned
into sink, rather indicates that there would bgéafinfinitely large unsaturated linear
gain) accumulation of energy density (intense fielfthancements) near a source.
Now propagating waves in ENG MNG, simultaneoughattis DNG in Regions 4
and 5 depending on whethef® + elmf < 0 or en® + et > O, corresponding to

absorbing and amplifying media, respectively. Inthboases negative square root
need be chosen, this is start of second Riemarat.dhecase of normal incidence the
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sign of wave vectofk,) and sign of index of refractiom), are same. The quantity
en + etnf determines the energy flow. In dissipative medma(k,) <0 for
propagating waves, which reduce ltm(n) > 0 for normal incidence. Thus one can

reasonable talk of Negative Phase Velocity (NP\fhea Negative Group Velocity
(NGV). In PRM, we have positive phase velocity (ARWd positive group velocity.
The definition of absorbing and amplifying getsersed in the secondary Riemann
sheet, which we summarized in Figure 25.

Figure 25.The secondary Riemann sheet details for NRM.

When we plot thew - k or w - b diagram(k = b - ia), the dispersion diagram, the
anomalous dispersion we call as negative slopecatidg dw/dk <0 or
dw/db < 0, gives us to talk about negative group velocity {yGwell, we must

say the anomalous dispersion as observed in FiiRirstates about negative group
delay or feel of negative group velocity since dli@gram is made in first quadraht (
and b positives). The above on plane kj (Figure 24) tells us that in NRM, the

k, <0, to have NPV. Thus this Figure 12 giving idea of W&nd Negative Delay
is actually in the second quadrant wh&rand b are negative, take image of this
diagram about vertical axis thus to settle thisnaaly.
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Figure 26.The Left Handed Maxwell Systems.

Lastly we must confess we have several light yéarsavel before we know what
exactly a photon is when the media is negative v@nepositively refracting with
dispersion.

Figure 27.First meta material conceived by Sir J. C. Bos&g88.
Conclusion

Can we put negative numbers in existing formulaglofsics, well, sometimes
yes and sometimes no. For example if we put eipsilon or mu as negative in the
wave equation, we get a solution ‘a bounded onat’;putting both as negatives we
get solution as travelling wave; same as positidexed media! But both epsilon and
mu when negatives give a travelling wave other thamal one, a backward wave in
this case with ‘negative photons’! Putting negatesilon and mu in formula of
refractive index forces us to choose a negativaevédr index of refraction - could
explain this anomaly by spending lots of efforpulgh mathematically it still remains
a sticky issue. Putting directly a negative numibeformula of pressure of photons
gave us uncomfortable thoughts; so we had to exmlaipersion and then go about
and define two refractive indexes as group and grhasing appropriately the one
which makes us comfortable looking at physics. @anconclude? We cannot, and
also what we discussed we think and opine are adsbibemes. Though we tried to
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debate the controversy regarding the ‘photon’s’ motmm, a corpuscular and wave
nature, tried to explain the reactive and activergy of the same; and especially
inside media and media with negative index of tfom. At least we cannot put
value of index of refraction as negative in exigtphysics formulas! We need careful
attention when there is media with refractive indesgative, and reformulate the
existing physics formulas. Experimental realizatmnnegative index of refraction
has as a result raised important questions abewaldity of this negative value in
well known formulas of physics. The question ofpuscular energy transport inside
negative indexed material, formation of reactiveng@inary) energy inside the
negative indexed substances, well, the charactephofton pulse especially its
momentum (corpuscular and wave) is addressed alithgduality of particle-wave
nature of photon. Few new concepts regarding nevewsgomentum inside slab and
reactive energy inside negative indexed materidl rzaw generalized wave equation
is proposed; to meet the future theoretical advarme these realized negative
indexed materials. We have several light yearto g
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