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Abstract

We consider a canonical construction principle for multivariate copula
models on the basis of independent standard random variables which is

in particular well suited for Monte Carlo Studies.

1. Introduction

There are many approaches to copula modelling in the literature, cf.,
e.g., the papers listed in References section. Now for our investigations,

let U={U 2 }keN be a sequence of independent standard random
variables, i.e., each U, has a continuous uniform distribution over the

interval [0, 1]. Let further 77, ..., T, n € N be real continuous functions

n»
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over RY and V; =T;(U) for i =1,..,n with a continuous uniform
distribution over [0, 1] each. Then V = (Vy, ..., V,,) is a representative of

an n -dimensional copula.
Note that if W; = T;(U) is not directly uniformly distributed then

V; = F;(W;) is so if F; denotes the c.d.f. of W,.

2. Particular Cases

Consider the following special cases of a construction as indicated in

the Introduction.

Case 1. Let n =2 and Ty(U) = Uy, Wy = T,(U) = al; + (1 - a)Us,

O<OLS%. It can easily be shown that the c.d.f. Fy is given by
i 2
X
<x<
Sl —a) OV
X o
F. = - <x<1- 1
A i e o, 1)
l—x)2
_ —a<x <
_1 2all — o)’ l-a<x<1

The following graphs show 5,000 simulations of V each, for various

values of o.
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Scatterplot of V,
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Scatterplot of V, o = %

The red lines (u, v) represent the lower and upper envelopes of the

copula, which are given by vjer = Bu? and Uypper =1 - B - u)z,

0<u<1 with = 5(1%—00 This follows from (1) since W, > aU, €

Wy alU7 2 S
> =
200 —a) - 20 -a) BU{ which implies

[0, a] and V, = Fy(Wy, o) >
the lower envelope. Note also that if Uy is close to zero, then Vj is close

2
to ﬂ(;(i—l(xj = 5U12 which implies that the lower envelope is sharp. The

upper envelope follows by symmetry reasons.

Case 2. Let n = 2 and W;(U) = U; + Uy, Wy(U) = U; - U,. It is easy

to see that the c.d.f. Fy is given by

Fz(x):(l—ln(x))-x, O0<x<1
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and
2
%, OSXS]_,
F(x) = 2 (2
1—2(1—%) , 1<x<2

(cf. Case 1 for a = % ).

This follows from the observation that — In(W;(U)) represents the

sum of two independent standard exponentally distributed random

variables, hence is gamma-distributed. The following graph shows 5,000

simulations of V.
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Scatterplot of V.

The red lines (u, v) represent the lower and upper envelopes of the

copula, which are given by
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0, 1

if u <=,

Vlower = 2

(1-v2-2u)1+1n(1 -2 -2u)), otherwise

and
Y [1_ml¥ i<l
5 (1 ln(zn, if u < 5
Vupper =

(1—%\/1—14)(1—21n(1—%«/1—uj], ifu>%,

0 < u < 1. Note also that if Ug 1is close to Uy, then the upper envelope is

reached. The lower envelope is reached if Uy is close to 1.

Case 3. Let n =3 and T}(U) = Uy, T»(U) = (U, - U, )V3. Note that

Vy = Ty(U) is already uniformly distributed over [0, 1] since for
0<x<1

w=0

1
-1
_ J' 1 ln(X)] aVdw = w xl/w‘w —
0

(note that — In(U; ) - In(Uy ) is gamma-distributed).

The following graph shows 5,000 simulations of V.
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Vs
Vi
Scatterplot of V.
Case 4. Let n = 3 and W;(U) = % T,(U) = (U; - Uy V3. Note that
2
the c.d.f. F; of W;(U) is given by

%, x <1,

Fi(x) = . (3)
- >
1 2x 1

while T,(U) is already continuous uniformly distributed over [0, 1], cf.

Case 4.

The following graph shows 5,000 simulations of V.



DIETMAR PFEIFER

104

.o
o

o s

b.‘s
Elr P

2

Scatterplot of V.

Case 5. Let n =2 and W

corresponding c.d.f.s, see Cases 4 and 2.

lations of V.

1mu

The following graph shows 5,000 s

L

Scatterplot of V.
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The red line (u, v) represents the upper envelope of the copula, which is

2
given by v =1- 2(u —%] . Note that if Uy is close to 1, then V] is close

2 2
toﬂandV 1s close to 1—21—M z1—21—V which
2 2 2 2 1

implies that the envelope is sharp.
Case 6. Let n=2 and W;(U)= min(U;, Uy), Wy(U)=Uj -Us,.

Clearly (cf. (2)), Fy(x)=1-(1 - x)2 and Fy(x)= (1 -In(x))-x, 0 < x <1.

The following graph shows 5,000 simulations of V.

_~

Scatterplot of V.

The red lines (u, v) represent the lower and upper envelopes of the
copula, which are given by vy = (1-+v1-u )2 (1-2In(1-v1-u))

and vypper = (1-V1-u) - (1-In(1-v1-u)), 0<u<1. This can be
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seen as follows: we have V] =1 - (1-U; AU, )2 with @ A b = min(a, b)

forreal a, b or Uy AUy =1-41-V;. It follows

(1—1[1—V1)2 Z(Ul /\l]z)2 SU]_'UZ SUl /\U2 21—1/1—V1

and, since the map z — g(z) == 2z- (1 -1n(z)) with g’(z) = —In(z) > 0,

z e (0, 1] is monotonically increasing we have

-JT-Vi P (-1 - 1=V ) <V = g(U; - Up)
<(1-y1-v)-(1-m-,1-%,))

which proves the statement. Note that if U; is close to Uy, then the

lower envelope becomes sharp while the upper envelope becomes sharp if

U; or U, is close to zero.
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