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Abstract

In this paper electrodynamics of plasmoid lighting is explained, which we
are generating via creation of localized hot spot by application of
microwave energy. The microwave radiation is applied via co-axial
applicator, the monopole antenna; and the ‘near field’ of the radiation
causes local hot spots and thereby thermal runaway causing ejection of
small particles from the base substrate. These particles interact with the
Electromagnetic field, and due to electrostatic resonances occurring from
negative dielectric permittivity (thereby imaginary refractive index) of
these small particles, giant electromagnetic energy fields are locally
accumulated; making local discharge thus giving illuminated plasmoid
ball. This paper explains the formation of giant electric field at
electrostatic resonance, which is primary cause of localized discharge thus
plasmoid illumination, is observed in microwave drilling experiments.

Introduction

The natural phenomena of fire-ball usually occur after a lightning strike that may
lead to plasma formation and a source of considerable electromagnetic (EM)
radiation, this is observed in nature and other experimentalists as reported in [45]-
[51], and also in our experiments with near field microwave applicator. If the
frequency of this spectrum of EM radiation is such that the di-electric permittivity of
the formed plasma is negative (equivalently the refractive index an imaginary value)
then electrostatic resonances may occur [45]-[53]. Electrostatic resonances may
produce considerable accumulation of EM energy, giving ‘giant’ local fields, [1]-
[10], [14], [19], [27], [29], [35], [38], which may visually manifest as plasmoid
lighting [45]-[53]. This is plausible explanation of the ‘fire-balls’ observed in nature.
In our experiment of ‘material processing with microwave’, we are using a near field
co-axial applicator (Figure 1) through a monopole antenna, to an object (bone,
cement, concrete, thin copper sheet, thin aluminum sheet, glass etc), in order to melt
via dielectric heating and thermal runaway principle; through ‘resonating near field’
region of monopole. The molten object (which takes about 5-10 second, after

application of microwave power of 150-200 Watts radiating at 2.54 GHz) when

pierced by the monopole itself in order to drill the object; gets exposed to microwave
radiation and absorbs more microwave to form plasma, which behaves exactly as
natural fire-ball. The difference is the plasmoid ball in our case carries the original
substrate material composites (bone, glass silica, aluminum, copper glass particles)
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where as the atmospheric fire-ball contains composites of air breakdown. In this
paper the detailed physics of electrodynamics aspect of plasmoid lighting is
explained, as the particles which comes out from molten substrate behaves as
negative epsilon material, accumulating large surface charges (Surface Plasmon
Polaritons, SPP), the phenomena of surface plasmon resonances, causes local giant
fields, making local discharges [1-10, 14, 19, 27, 29, 35, 38]; causing illumination,
i.e., lit plasmoid. Same plasmoid is observed in other experiments as reported in [45-
51].

Monopole tip-3.25¢cm
Drill-Bit

Magnetron

900W, 2.45
Coaxial

Applicator

ave-Guide
Co-Axial
ansition

Launcher

WR340
Wave-Guide

Figure 1. The set up of microwave near field applicator with monopole.

Figure 2 and Figure 3 give the result of drilling of bone and aluminum sheets via
co-axial near field applicator. The same has been tried on glass, concrete, cement,
wood, and while doing the experiment, illuminated plasmoid formation is observed,
depicted in Figures 4a and 4b. The Figure 4a gives picture of co-axial drill bit in
open atmosphere, while Figure 4b, gives drilling picture inside electromagnetic EM
shielded chamber (microwave oven box).We shall be dealing with electrodynamics
aspect of the plasmoid illumination aspect and will give plausible reasoning. Why we
are calling the plasmoid [45-51] instead a plasma ball is, due to seemingly lesser
number density of sparsely placed particles which accumulated surface charges; as
compared to large number density of free charges in the case of real plasma. This

plasmoid may be a case of dusty plasma.
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Figure 3. Aluminum plate 0.7mm drilled via near field.

2. Review of Wave Mechanism and Boundary Conditions

In this section we shall be reviewing our concepts of electromagnetic wave
propagation and boundary conditions. In doing so we shall be assuming quasi static
approximations, for simplification of the derived concepts of surface waves,
propagating and bounded conditions, reflection and transmissions at the boundary
[1-10, 14, 19, 27, 29, 35, 38].

2.1. Propagating wave

Let an EM radiation (TE or TM) travel in media number-1, from — < z < 0,
in +z direction with media properties dielectric permittivity and permeability
as €y, ll;; encounters a boundary at z = 0; Figure 5. The media number-2 extends
from 0 < z <o, with properties €, and W,. The boundary conditions at the
interface z = 0, where ¢ is tangential component, and # is the normal component at

the boundary are expressed in (1). The following (1) formulation ignores surface
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currents and surface charges. The formulation (1) states that tangential components
of electric and magnetic field and normal components of electric and magnetic flux
densities are continuous at the boundary.

Hy =Hy, Ey =Ey, ¢€E, =¢8E),, WH, =WH,,. (1)

-

4a. Drilling with co-axial applicator in open atmosphere.

4b. Drilling with co-axial applicator inside EM shielded chamber.
Figure 4. Formation of plasmoid and its illumination.

Let us take a case of TM polarization, the y-component of magnetic field is:

Hy = Aekazthax) | poikaz—ku) 2

The number A is incident and B is reflected amplitude in medium-1. Refer Figure 5.
The imaginary number i = ¥—1; electrical engineers calls it j =+v—1. The wave

vectors satisfy the following condition in the medium-1, [1-10, 14, 19, 27, 29, 35,
38].
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kzlz + kxlz = k12 = Q)ZHIEI. 3)

Applying Maxwell’s curl condition, we get Electric field in medium-1 as:

1 9 ko [y —iCkgztkex) (k12K 1x)
=_ — H., ===l [Ae K2t kaX) _ B K127k X) | 4
x1 ie, Oz vl | [ € e ] “4)

In medium-2 only transmitted component appears with amplitude C, we write Y-

component of magnetic field as:
I_Iy2 — Ce_i(k22Z+kX2x) (5)
The curl of which is:

= L0 = ko o milhopzrker) ©)

iwe, 0z Y2 e,

At the boundary z = 0 matching is possible if the fields vary in the same manner in
the x-direction, which is possible if k,; = k,,, meaning phase velocity along x-
direction must be same on both sides of the boundary. It follows from geometry that

k1 = ki sin ©;, where 0, is the incident angle, and k,, = k, sin 0,, where, 0, is

angle of refraction, and k = gy, ky = Oy, and w = 27f, the angular

temporal frequency, in radian/second. From which we get usual Snell’s law that is

(7), with n; » indicating refractive index of the medium, 1 and 2.

Oy 1E) Sin B = WU €, sin O;, gt _Sin6 _ Jlog) 7

ny sin 92 i€ ’

Further matching conditions, from tangential field components at the boundary are
A+B=C, from the condition H y1 = H y25 at z=0, and
(k. /e1)(A—B)=(k,, /e5)C getting from condition E,; = E,, from z=0.
Here we can define reflection and transmission coefficients, as R = B/ A
=(1-8,)/(1+C,), T=C/A=2/(1+C,) where {, 2 (gik,)/(esk,) . If
instead of TM polarization, it were TE polarized wave, then with incident Electric

Field in y-direction, then above derivation remains same, but {,, needs be replaced

with §,,, defined as {,, & (Woky)/ (Wikyo) [1-10, 14, 19,27, 29, 35, 38].
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2.2. Bounded wave (eigen-solution resonance)

Let us now explore another aspect of wave mechanics, namely that the wave can
stick to the boundary. When it does so it is called the ‘surface’ wave, [1-10, 14, 19,
27, 29, 35, 38]. Assuming again TM wave as assumed in earlier section, the new
feature is that, waves can propagate along the boundary (in our case in the x-

direction), but their amplitudes decline exponentially away from(z =0) the

boundary, (in the z-direction). This is “bounded wave”, can happen only if k, is

sufficiently high (k, > k), so that k, = /k* —k2 in media 1, and 2 implying

k., ko are imaginary numbers and thus replaced by —ik;, —ik, where ¥, k| are

zl»

real (positive). Hence the propagation coefficient in the x-direction is obtained as:
kx2 = klz + Klz = k22 + K22. We are looking for a wave that can exist on surface

without an input. In more pretentious language we are looking for “eigen-solutions”
(resonances). That is in terms of (2) and (5) with input A = 0 the components B, and
C exists and are finite numbers; that is amplitude of wave that declines away from
boundary in negative z-direction, in medium-1 (B); and decays exponentially from
the boundary in positive z-direction in medium-2, (C) respectively, (without input
that is A). This is eigen-solution (resonance), depicted in Figure 5. In terms of meta-
materials we call this process as Surface Plasmon Polariton (SPP), SPP-Wave,
Surface Resonance, or Surface Plasmon Resonance; [1-10, 14, 19, 27, 29, 35, 38];
Figure 6.

The equation of magnetic and electric field in medium 1 and 2, for the SPP or

resonance case is

H, = BeKlze_lkxx, Hy2 — Ce—Kzze—thx (8)

y

Apply curl expression to get, electric field in x-direction

_K s K _ _:
=- L X1z, lkxx, E, =- 2 o K2z, ik x 9)

xl 110 1 1€ »

Apply again curl expressions to get electric field z-indirection

—k ) —k _ .
Ey = —XBeMie X, = X cpmRa%e e, (10)
e 0)



26 SHANTANU DAS et al.

2.3. Resonance conditions (eigen-solutions) are satisfied for negative dielectric
permittivity and imaginary refractive index

In this section we will derive, that if one of the media is having negative
dielectric permittivity, the bounded waves (SPP) appear as surface plasmon
resonance. In order to satisfy boundary conditions of the eigen-solution that is

bounded wave sticking to the surface, we need to match H y and E, at z=0,

which gives; B = C thereby we obtain

8K (11)

& &

Note that we have taken, ¥, K, both real positive (previous section). Therefore the
condition (11) is satisfied only if; the dielectric permittivity of medium-2 is negative,
that is

g, <0. (12)

This is the condition of existence of electric surface waves or electric resonance (or

electrostatic resonance). The (12) is also equivalent to having {, = -1 from
Ce = (glkz2 )/(SZkzl) .

2 = k22 + Kzz, the value of k; and x,

Now we substitute, in ka = k12 + K
above to have relation in k, and®, by using the free space expressions,

ki =g l,1ko, ky =€l0kg, With W =p,p =1 and ky=0/c; to get

dispersion of SPP that is k, = (0/c)\/(g,1€,2)/(€,1 +€,2). The SPP wave is

travelling along the boundary surface; and like travelling wave the wave-vector is

k., in x-direction should be real positive (note this is bounded in z-direction). With

X

€,, <0 we may write
€182 <0, €, +€, <0 (13)

The (13) is more general to (12), relative permittivity is used € =¢€,g; and
Uw=u,ny with €y and W, are the free space values. Write the negative relative

permittivity as €,, = —n?, where n indicates refractive index (imaginary refractive

index). Then in terms of refractive indexe we get, k22 =u rzerzkg = —nzkg gives
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K, = k2 — k2, and Ky = k2 — k2 = k2 + (nkg)?.

Propagating wave TE case Propagating wave TM case
reflection & refraction reflection & refraction
1 2 1 2
¥ B
C B
3 6, , c
j o) 3 - 6, /-
— A 9 1
k
EX TE E, A
N TM

Bounded wave, stickingto Bx | |2 C
surface and evanescing in \ /
direction of propagation

propag A=0

Surface Wave Field Amplitude exponentially decaying away from the
Boundary. The case of Eigen-solution and resonance.

Figure 5. Propagating and surface waves.

3. Appearance of Giant Fiant at Electrostatic Resonance with Negative
Sielectric Permittivity and Imaginary Refractive Index

Having seen the basics of surface waves resonance phenomena, in previous
section we go further with electrodynamics of imaginary refractive index. Let us
consider metal, a flat metal surface is almost a perfect reflector of electromagnetic
waves in visible region, and application of metal films as mirrors has a long history.
Metal films become ‘semi-transparent’ at ‘resonant’ wavelengths (frequencies),
allowing the excitation of EM waves propagating on the surface. Consider a thin
metal film surface, in the optical and IR spectral ranges the collective excitation of
the free electron density coupled to EM fields result in SPP. SPP can be excited when
we have negative dielectric permittivity, as described in previous section. The metal

film in visible and IR ranges has €, =€, —i€,,, with €, <0 negative, and loss

factor very less (g, /€,)<<1~0. Let the medium-1 a free space at

(—o0 < z < o), with €, = ,; =1 and the metal be the medium-2 placed at z = 0,

and the property for 0 < z < oo is €, = -n? <0, W,» =1 (Figure 6) field decaying
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in z-direction and travelling in x-direction for a bounded wave (SPP) is

Hyy = Hgexp(ikex +kyz2); 2 <0, Hyp = Hoexplikyx —kpz); 2 <0.(14)

The espression in (14) have the SPP wave vector as &k, where

ko =VKkE —kE =2 kG and oy =\kE — k3 =Kk —e,kF =k} + (nky)?,
with k) = @/c as the free space wave vector and n = m = i\/a ;  the
imaginary refractive index. The continuity of tangential component of the magnetic
field at the boundary z =0, are satisfied as: H(x, z =0) = H ,(x, z =0). The

Electric field is found from Maxwell’s curl expression; and are curl H = —ikeE

2 for z>0 has components E,; and

with € =1 for z <0, and €=¢,, =-n
E,,, the continuity requirements for these tangential components gives E; = E,,,

resulting in following expression.

o0H , o0H ,
aZ” - 12 azﬂ s at 7 =0. (15)
n

Surface wave surface charge at the boundary of negative
permittivity region air-metal interface at IR frequency

z<0;e,=1u,,=1 Region —1; air
E. E. E.E. —Z
/]\“ - D, | z = 0 J}
- - R - X
’ T " @ 0] o +(‘B l N Surface charge density
H\’ H,\' y
£,<0 z>0;6,<0=-n,pu,=1 Region — 2 metal

! .
8}71 = gm _lgm
loss~y=¢,"/¢g,' <<1=0 ¢,/<0

m

Surface charge density in x-direction is:
(1+n?)

dxn~n? -1

Figure 6. SPP Surface Wave Surface Change Density at Electric Resonance

o (x) = ﬁ[li:(m)— E.(0-)]= H , explik x)

Condition.

For n > 1 this equation is satisfied and leads to a relation of wave of SPP and

the refractive index for €, <O that is kgpp =k, = (kon)/Vn* —1. Note for
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n > 1, the wave vector for SPP is real so that magnetic field H , decays exponentially
in metal and free space. The component perpendicular to propagation of SPP the

surface waves that is E takes the following values at the interface

z°

E_(0-)=—(k, /ko)Hexp(ik,x) on the free space side (z<0); and
E (0+) = ~(ky /k,o)H exp(ik,x) = (k, / n°ko )H exp(ik,x) # E.(0~) on the
metal side (z > 0). These are obtained from curl H = —ikeE at z =0~ and z = 0"
sides. The discontinuity of the electric filed as seen the normal components
E_.(0") # E_(07) manifests as surface change density (o(x)), which propagates
together with electric and magnetic field along the metal film surface

2
c(x):4—1n[EZ(0+)—EZ(o—)]: U+n7) pr explix). (16)

4mnVn® -1
The surface wave which consists of EM field coupled to surface charge

propagates by rearrangement of charge density, not surprising that its speed is always

less than c, thatis ¢, = @/ k, = cV n? -1 / n < c; depicted in Figure 6.

When the refractive index has a property of approaching unity

-n? = €,, — —1, the SPP speed approaches zero, the surface wave SPP stops on

the surface. In this ideal case, the surface charge diverges (16), as (n2 —1)_1/ 2

blows up; so does the normal component of Electric field-gives production of giant

fields at electrostatic resonance.

In this section, we have justified that with permittivity value as negative, for
infinite sheet will have resonances at its surface as surface charge density, which can
be very high and thus its associated transverse electric field and are thus the ‘giant
fields’. We can have any arbitrary shaped particle with negative permittivity that in
the uniform elective field will have resonances giving surface charge density as well
as associated giant fields. Now we generalize this above concept in concept in

following section.
4. Generalization of Electrostatic Resonance Theory

Resonant behavior of dielectric object occurs at certain frequency for which

object has dielectric permittivity negative value € < 0, as described in previous
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sections, and also free space wavelengths of EM radiation is very large compared to
the object dimensions. Say metal bead are embedded in dielectric substance will have
effective negative permittivity and the plasma frequency will scale down from visible
IR region (for metals) to microwave ranges. This is essence of creation of artificial
structures of meta-material which behave as negative epsilon meta-material at the
microwave region microwave region [1-10, 14, 19, 27, 29, 35, 38, 52, 53]. The free
space wavelength of the EM radiation needs be very large compared to the
dimensions of the object and its lattice dimensions, makes application effective
medium theory possible [1-10, 14, 19, 27, 29, 35, 38], and from electrodynamics
point of view quasi static [30] approximations are valid, this also suggests the
resonance are electrostatic in nature [52] and [53], as they appear at specific negative
values of dielectric permittivity for which source free electrostatic field may exist.
Plausibly the electrostatic based resonance mechanism is explanation of illumination
of the plasmoid. The idea of giant fields associated with resonances has been
introduced in the earlier section, now we generalize the concept of electrostatic

resonance.

We are interested in € < 0 for which source free electrostatic field may exist.
This source free field is curl free and divergence free inside volume of particle I'*

and outside the volume of particle I of the dielectric object (nm sized particles
ejected from solid substrate after application of near field of wave length about 12
cm for 2.45GHz), refer Figure 7. The potential is continuous across the boundary §
of the object, while normal components of electric field follows (1), on the surface
boundary S

eE; =¢yE,. (17)

The electric potential of the source free electric field can be represented as an

electric potential of single layer of charge distribution over surface S [30], [52], [53].

V(P):Ljﬂdsg. (18)
47580 rop
S
In other words, a single layer of electric charge (with surface charge density o)
on § creates the same electric field in the free space as soure free electric field may
exist in presence of dielectric object [30, 52, 53]. It is apparent that electric field of

the surface charge & is curl free and divergence free in I'" and I'" regions, and
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potential is continuous across S. The normal component of Electric field of a single
layer potential is given by [30, 39, 40, 52, 53].

We now simply assume that the particle in the Figure 7 is convex shaped
(ellipsoid, spherical etc). There will be surface charge at the surface boundary, when
the particle is placed in source free electric field. The surface charge and normal
component of electric field for a flat surface and its resonance is described by
expression (16). Thus our problem is to determine the Electric fields at point P, in
Figure 7, normal to the surface. Let us first assume that the particle of Figure 7 is

having surface charge density o(P) at point P, and at other points such as Q, the
charge density is 6(Q). In other words let this surface charge be the function of
location of points at the surface S, for a very general case.

We can view the electric field at the point P, as electric field in an infinitesimal
hole at P as sum of the fields from the rest of the shell plus the field due to an
infinitesimal patch with surface charge density equal but opposite to patch cut-out. In

other words remove a small patch at P, which then will have surface charge density

opposite in sign that is —6(P). This patch is so small that we can consider as plane
surface instead of curved surface; and the standard pill-box calculation applied for
Gauss law for a surface of charge density —o(P) coulomb / m? will give normal
electric field from the surface as —6(P) / 2g [30, 52, 53].

Say the convex surface is a sphere of radius R, having charge of g coulombs, and
let infinitesimal (circular) patch at P having very small radius of a, will have surface
charge density o(P) = (¢)/ (47R? ) coulombs/m?>. The total electric field at P is

therefore is E(P) = Epole + Egpherical-sheii- The electric field of spherical shell by
applying a Gauss surface just outside the shell is

2 .
Espherical—shell(4nR ) = Genclosed /80 = CI/ €p; from here
2
Espherical—shell = (Q)/ (47T£OR ).

From here we calculate  E(P)={-o(P)/2ey}+{(q)/ (4neqR?)} =

(@) (87tz—:0R2 ). If we were to calculate electric field at P, from inside the surface, the

procedure is same but the field direction of the patch will be opposite to what we

considered in above calculation. In the above calculation we assume that coulombs
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contents of the patch at P that is q(a2 / 4R2) very small fraction of total charge g;
and thus we have applied the Gauss law stating that total charge enclosed is g in spite
of patch of radius a removed. Due to infinitesimal small patch we can have this
assumption; and with all these arguments we write the electric field (normal to a
surface S) at point P for just outside and just inside the surface of Figure 7 as (19); a
general relation for an arbitrary shaped object, [30, 52, 53].

EX(P) = G(P)

J. o(0) -2 2 s, (19)
rQP

By putting (19) into (17), and after following the steps, as described below we arrive

at homogeneous boundary integral equation (20); written with kernel of integration

K(Q, P).

eE, =¢yE,,
I, *n
_eSP) J' o(0)- &L as,
280 4758 rQP
= +€( G(P) +€py J.G(Q) QP dSQ,
2¢g 4re P
s oP

rop *N
—eo(P) + SLJ.G(Q)MCZSQ
2% 73
f oP

1 T'op *NDp
= +£OG(P)+80 Z—nJ.G(Q)QTdSQ,

rQP
€6(P) + g¢o(P) = E—J.(S(Q) for ® dSQ —€0 50 IG(Q) fop ® dSQ,
rQP rQP
_(e—-¢ Iop *Dp
o) = (22 32 o0 aso

From above derivation we write the following in compact integral form, that is

o(P) = e‘g“‘ f K(0, P)Sy, 20)
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where the kernel in integral equation of (20) is

Iy *n
K. P) =2 L @1

rQP

The eigen-value is [52, 53]

(22)

Figure 7. The dielectric particle in curl free divergence free Electric field.

From (22), we will have negative € as €= —€y(Agjgen +1)/ (Aejgen —1), for

particular shape of S. The (20) is Fredholm’s homogeneous integral equation (of
second kind) which has from [52, 53]

b
£ =g [ KCx 0)f () (23)

The source free electric fields may exist only for such values of €, that (20) has non
zero solutions. In other words resonant values of € (and corresponding resonant
frequencies) as well as resonant electrostatic modes are embedded in eigen-values
and eigen-function of (20), which should be found. It is shown in [41, 42, 52, 53] the

interesting properties of the eigen-values. First, all the eigen-values %eigen are real,
with keigen =1 as eigen-value; this value corresponds to a case that € — oo;and its

respective eigen-function o(P) is distribution of surface charge of a conductor

surface (this value is not required for our case). All other eigen-value except unity,
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corresponds to a source free is resonance configuration of electric field and according
to (22) these configuration may exists only for negative values of €. After the
negative values of € are found through (20), the approximate frequency dependency
of € (say Drude model [1-10, 14, 19, 27, 29, 35, 38]) can be get employed to find

resonant frequencies, that is € = g¢(1 — (03?, /(1)2 )); for ® < w,, we get negative

p’

dielectric permittivity, where ®,, is the plasma frequency.

5. Discussion on Electrostatic Resonance and its Properties

It is apparent that mathematical structure of the integral in (20) is invariant with
respect to scaling S [52, 53]. This leads to unique property of electrostatic resonance,
that is, ‘the resonant frequency depends on object shape but are scale invariant with
respect to object dimension, provided they remain well below the free space wave

length of excitation EM radiation’.

If E; and E; are the electric fields corresponding to eigen-functions ¢; and

Gy, then [39, 52, 53] the fields are orthogonal, that is

J'E,- oE,dl =0. 24)

r+

The orthogonality (24) holds separately for I'" and I’ regions. However, the
eigen-functions 6;(Q) and 6,(Q) corresponding to eigen-values Agjgen—1» Aeigen—2

are not orthogonal on S, because the kernel (21) of the integration (20) is not

symmetric (non Hermitian) [39, 52, 53].

These orthogonality conditions can be useful in analysis of the coupling of the
specific resonance mode to the incident electric field. For example we take spherical
shaped particle in Figure 7; its resonance modes will be different from ellipsoid

(elliptical-harmonics). However, there are resonant modes with uniform electric field
in T'". This means according to orthogonality, condition that only these uniform
resonant modes will be excited by uniform (within I'") incident radiation. The
condition of uniformity with in I'" of the incident radiation is some extent natural

due to object dimensions smaller to free space radiation as we stressed earlier. For

complex shaped objects many resonant modes with appreciable average value of
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electric field components over I'* may exist. All such modes will be well coupled to
the uniform incident radiation and can be excited by such incident fields at respective

frequency of resonance.

For a convex § of Figure 7 estimate of eigen-values can be derived via estimate
[40, 52, 53];
_
= 473?61

Meigen| > € = (25)

where A is area of S; R is maximum radius of curvature of S;d the diameter of I'*.

Using (25) and (22), the upper bound and lower bound for possible resonance values

of permittivity € can be obtained as

1+C € 1-C

< < .
1-C " gy 1+C

(26)

For plasma, we have dispersion of permittivity as Drude model; that is,
(¢/eg)=1- () Jo?), [1-10, 14, 19, 27, 29, 35, 38] substituting into (26) we

have

— << —, 27

which says that bandwidth for resonance frequency is smaller than

®, /JC = w,\1-(A/2Rd), alsoin[52, 53].

For a unit sphere the surface charge density will be given by spherical
harmonics. The standard eigen function for spherical harmonics is given by [30, 52,
53] Y;,,,(8, @). This spherical harmonics eigen function is defined in terms of
Legendre’s  polynomial, P (x)as Y, (8, @) = P, (cos 0)e™?, where
- <m < +l, 0and @are co-altitude polar (0 < 0 < m; North pole to South pole)
angle and longitude azimuth angle (0 < @ <27w)of spherical coordinates

respectively; with corresponding eigen values keigen—l =2l +1. From (22) giving
e as g =—€(l+1/l); and valid for, / >1.The lowest electrostatic resonant

mode, for [ = 1is g = —2g is uniform in '", and only can be excited (into three
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possible spherical harmonic mode) by uniform incident radiation, that is for / = 1, we

have three spherical harmonics with m € {1, 0, 1}, giving ¥; (8, 9), ¥ 1(6, ¢). and
Yl’_l(e, ©). The first spherical harmonics, with m = O represents ‘zonal mode’,

where the charge positive and negative are distributed by equatorial symmetry. The
north and south poles getting maximum positive charge density and negative charge
density. The mode with m = *1 are ‘sectorial modes’ and symmetric with respect to
z-axis, where the charge distribution is spread in two sectors eastern and western. The
‘tesseral mode’ is not existing with / =1 and m = *1. Thus there exist resonant
modes with permittivity value as negative, where the charge density and
correspondingly electric field will be very large, at resonant frequencies, for arbitrary

shaped particles ejecting out from solid substrate of our experiment.

We saw via several ways that ‘Epsilon Negative’ condition is criteria for
obtaining electrostatic resonance and giant local electric field manifestations. As a

special case € = —2¢g), is for case of spherical geometry in Figure 7. We get the

same condition by classical Maxwell-Garnet Theory and application of Clausius-
Mossotti relation; for a spherical dielectric inclusion in a dielectric host medium. Say,

instead of free space the material particles with €, if embedded in a host with
dielectric permittivity €, then the condition of Plasmon resonance would be
€; = —2¢;; which we will derive again classically via concept of polarizability, and

Lorentz sphere, and Lorentz local field expression [54-56].

Without loss of generality, consider a dense optical medium, molecular dipoles
arranged in cubic lattice. It was pointed out first by Lorentz, that the local field
experienced by a molecule, is ‘not’ the macroscopically averaged field E, but a local
field called E; (L implies local) . This is fact, as there are indeed giant fields inside

an atom or within the gaps between atoms in solids, because all solids are shown to
be non-uniform when examined at atomic scale. However, all these local fluctuations
are averaged out to zero if you look at the material at a much larger scale than that of
atomic features. Macroscopically, thus the magnitude of the field in a homogeneous
medium is regarded as constant if loss is not an issue. However, when we study the
effect of an external field upon an individual atom or molecule or particle, the local

features of EM fields must be carefully analyzed.

To evaluate the local field E; at the site of say molecule in a uniform solid, the

molecule is ‘imagined’ to be surrounded by a spherical cavity (called Lorentz
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sphere), Figure 8. The radius R of the sphere is macroscopically small in order to
accommodate the discrete nature of the medium very close to the molecule, but it is
microscopically large enough so that the matrix just outside be treated as continuous

medium. The space inside the sphere is free space with dielectric constant €, that of

vacuum, because the gap between the individual molecules contains nothing but free-
space. When the external electric field is applied, electric charges are distributed
around the surface of (hypothetical) Lorentz sphere, which gives rise to additional

field imposed upon the central molecule, refer Figure 8.

E =E,+E,+E+E,,
N

=E

P
_
+ -
+ -
+ -
(b)
(a)
dE_ = M in the directionof E
4me R

The circular strip is 45 having circumference as 271(Rsin6)
Thus area of stripis dS = (27 R sin 8)(Rd6)

_((Pcos’ @)

—~27R*sin 6d 6
4re R”

E\

s

Figure 8. Lorentz sphere for calculating local electric field.

The local field acting on the central dipole can be decomposed as sum of four
components:

Ep =Ey+Ej +Eg+ Epeyps (28)

where E( is the external field; E,, the depolarization field, is due to the

polarization charges lying at external surface of medium; P, the macroscopic

(volume) polarization is equal related to depolarization field as E; = — P/ gy; E;

denotes the field due to polarization charges lying on surface of Lorentz sphere;

E cqr 1s the field induced by other charges lying within the sphere.

The term E( + E,; in expression (28) is the homogeneous field averaged over
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the entire volume of the material. It exactly the macroscopic field E, that enters the
Maxwell’s equation, and has constant magnitude throughout the medium for a
homogeneous medium. On the other hand the local field E; is the microscopic field
that fluctuates rapidly within the medium, and that can be giant like, at the molecular

sites. Refer Figure 8a for the fields.

We need to calculate E,. We relate surface charge density on the surface of
Lorentz sphere to the polarization P in the medium, to evaluate E . That is total
charge over a surface segment dS is (P cos0)dS, where 0 is the angle between P

and the normal of the surface segment, Figure 8b. This amount of surface charge

produces an electric field dE;, at a distance R (in radial direction), given by

_ (Pcos®)dS

dE 5
47580R

(29)

N

The total field E resulting from all the surface charges on the Lorentz sphere is
directed along the external field E,,, with a magnitude (horizontal component) as in

Figure 8b.

2
(Pcos0)dS 080 = (P cos e)dS.

Es = 4 2 2
MOR A 47580R

(30)

The circular strip is dS having circumference as 27(R sin 0). Thus area of strip is

dS = (27R sin 0) (Rd0), refer Figure 8c.

(Pcos? 9)

- 27tR? sin 0d6. 31

Eg =
47580R

We do the following steps for evaluating (31)
0=m

27R? sin 00 = I
0=0

(Pcos2 0)
47'C£0R2

(Pcos2 0)

- 21tR? sin 040

E; =
47580R

T
= P I c0s20 sin 0d0,
280 0

u=cosB, du=-sinbdd, E, = __P qudu,
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-1
g o P |u __L[—_l_l}_i
ST 2ey| 3 | o280 L3 3] 3ey

Therefore

E; =Ey+E, +ES+EMI=E+ES=E+i with E,

36 near = 0. (32)

We assumed E,, ., the field due to dipoles within the spherical cavity to be

zero. Actually this field depends upon the crystal structure, in liquids or gases it
vanishes, where the dipoles are randomly distributed in uncorrelated positions. In this

example of solid in our case, we assumed a cubic crystal lattice, where E|.,;

vanishes owing to the lattice symmetry. The expression for total local Lorentz field is

P
E;, =E+—. 33
L 380 ( )

The field acting at an atom/molecule/particle site is macroscopic field E plus P/ 3¢,
from polarization of other atoms/molecules/particles in the system: this is Lorentz

relation.

We relate polarization P to the electric dipole moment of each
atom/molecule/particle. Denote o as polarizability of one atom/molecule/particle; if

N denotes volume density of these atom/molecule/particle dipoles then

P =NoE, = Noc(E + i) gives 2% p — p _ NaE. (34)
380 380

We also have constitutive relation of displacement vector to the electric field and
volumetric polarization, (in frequency domain) as
D =¢gE+ P =¢y(1+y,)E =¢gge,E. (35)

Use from this (35) by dropping subscript r; the expression P = €y(e —1)E and via

following steps we obtain the polarizability o

ﬂP=P—NOCE,
380

ﬂeo(e —1)E = gy(e —1)E — NO.E,
380
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%(8—1)+N0(=80(8—1),

Hle-1+31=gofe -1,

No_e-l

3eg €42

bl

_ 38 (e-1)
TN (e+2)°

This is Clausius-Mossotti relation, which gives the necessary link between the
macroscopic observable and the microscopic parameter o. The Claussius-Mossotti
relation relating the macroscopic observables to microscopic parameter is not
mysterious, because there is a distinct connection between the electric response of
individual molecule and the macroscopic behavior of the bulk material described by
dielectric function (susceptibility). We assume the spherical particles of relative

dielectric permittivity €; are embedded in the host medium of relative permittivity as

€;,, and we re-write the Clausius-Mossotti relation as

Noo  e-1 No. _ e—g, _3808h(8—£h

—— = ——— becomes = or o =
3gg €+2 3epg;, €+ 2¢gy, N \&e+2¢

j. (36)

In above, € represents the effective permittivity of the composite. Note that (1/N)

is volume occupied by each molecule in above relation. If f is the filling fraction of

the material in the host, i.e., with €, then we can rewrite above as

3epenf ( €1 — €y
= . 37
¢ N € +2¢, 7

We substitute (37) in (36) for o and get the following

€e—g, =f( € — ¢, ) (38)

€+ 2¢g, € + 2¢g,,

This is Maxwell-Garnet Theory MGT for Effective Medium approximation. We do

the following arithmetic to obtain another form of (38) as indicated below.

€—€y €1 — €y
€+2g, " g +2¢,

€~ &
€ +2£h ’

= fx, where x =
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e—¢g, =gfx+2¢e,fx, ell— fx)=¢,0+2fx),

€ — &y

1+2f ——&

o1+ 28 € +2¢,
£=¢g, I~ fr =g, D . (39)

81+28h

This is known as Maxwell-Garnet formula, describing the ‘bulk’ effective
permittivity of a composite in terms of the permittivity of inclusion €; and the host
dielectric €. For metal-dielectric, we can view the metal as the inclusion while the

dielectric component serves as host.

Although the effective permittivity in MGT can reach the permittivity of the two
constituents when the f approaches the two extremes f =0 and f =1, giving
€=¢;,,e€=¢, the MGT formula shows that MGT treats the matrix and the
inclusion in unsymmetrical fashion. Therefore before evaluating the € of the two-
phase composites, one component should be treated as host and the other one as
inclusion. This asymmetry is particularly strong when the difference in the
permittivity of the two is large. In fact the MGT gives reasonable estimation of
effective € only when the volume filling fraction f of the inclusion is much smaller

than unity and that is exactly in our case of plasmoid.

Approximation to Maxwell-Garnet formula by following steps we get

_ 818, c—¢ 1+2fx
g +2¢,° 1 pc

f <<,

e=g,(1+2/)(1— ) =e,(1+2/) 1+ fx) =g, [1+ 3+ O(f2x%)],

L7854 o(f?). (40)

et 3 g e,

The resonance is occurring at € = —2¢;, which represents surface plasmon

resonance of an isolated metal spherical inclusion embedded in the host dielectric.

From the Drude model for noble metal & =¢, =1- 03?, / o’ = —2gy; gives

0=, / 1+ 2¢;,; as the surface plasmon resonance frequency. We derived this

condition earlier too.
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6. Conclusion

The discussion in this paper gives a plausible explanation to observation of lit
plasmoid; via classical electrodynamics principles. The dielectric permittivity of the
particulates ejecting out from molten solid substrate having negative values at the
resonances is what causes giant surface densities accompanied by giant surface
electric fields; after its interaction with the existing EM radiation. These giant fields
cause local discharges, thereby glowing the entire plasmoid volume; as long as the
EM field remains.
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