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Abstract

A consistent theoretical model describing expansion of the universe from
a central spherical uncharged Schwarzschild black hole is formulated with
some modifications. The behaviour of the time dependent conformal
factor, which is a temporal part of the geometric mass of the said black
hole, is studied exhaustively in the different stages of the expansion. The
concept of the dimensionless radius of the core black hole embedded by
the space-time is emerged from this formulation. It is interpreted that the
nature of such dimensionless radius plays a key role to govern the
acceleration or deceleration of the universe. An inverse relation between
the conformal factor and the scale factor evolves from the idea that the
strength of the core black hole gets lowered to result an accelerated
expansion of space-time. The nature of conformal factor and its effect
towards the dynamics of the universe is established at different stages of

expansion.
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1. Introduction

It is commonly believed that the universe started expanding from a big-bang
singularity. Let us go with a little history of the development of cosmology. It was a
milestone in the cosmological study when Einstein introduced the concept of general
theory of relativity and proposed the Einstein equation. In 1922 Friedman [1] derived
a set of equations, known as Friedman equation, which shows that the universe
expands. At that time it contradicted the static model of the universe advocated by
Einstein. In 1924, Hubble [2] measured the great distance to the nearest spiral
nebulae which shows that these systems are indeed other galaxies. Hubble also
proposed a correlation between distance and recession velocity, called Hubble’s law.
Lemaitre [3] derived Friedman equation independently and proposed that the inferred
recession of the nebulae occurs since the universe expands. He also suggested that
the expansion in forward time requires that the universe would contract backwards in
time and continue until and unless it could bring all the mass into a single point,
called a ‘primordial atom’, when and where the fabric time and space will come into
existence. Alpher and Herman [4] predicted cosmic microwave background radiation
(CMB) that favors big bang theory over steady state. Thus the concept of big bang
theory came into existence. Lemaitre’s big bang theory was later developed by
Gamow. He and his collaborators introduced the concept of big bang nucleosynthesis
[5]. Basically big bang theory depends on two major assumptions: the universality of

physical law and cosmological principle.

In this paper, it is intended to study the expanding universe in terms of a
Schwarzschild solution describing the gravitational field outside a spherical non-
relativistic mass in absence of any electric charge as well as the cosmological
constant. The motivation comes from the work of Arik and Senikoglu [6] who found
an analytical exterior solution of Schwarzschild black hole in a cosmological space-
time background. In 1933, McVittie [7] depicted a spherically symmetric metric
describing a point mass embedded in an expanding spatially flat universe. Faraoni [9]
and Jacques [8] analysed the solution of general relativity representing a black hole
embedded in a cosmological background. Arakida [10] studied time delay in the
Robertson McVitte space time. A number of authors [11, 12, 13, 14] exploited

McVitte solution to study the exterior Schwarzschild solution with such scenario. In
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the present article, the work of Arik and Senikoglu [6] is extended by establishing a

relation between the scale factor a(z) and the conformal factor b(z), and also

indicating that such relation governs the dynamics of the universe. In the subsequent
section a study is carried out in three different stages of the expansions in the

scenario of the changing conformal factor b(r) introduced by Arik and Senikoglu

(6].
2. Formulation of the Model

In order to find a generalized solution for the expanding universe from a core

black hole one may consider the metric as [6]

( 3 Gm)2
ds? = 2r dr? 2 Gm\ o 2. )
\) ——2 t —a(t) 1+7 (dr + r°dQ ), (1)

Gm
(1 + 7)

where, a = a(t) is the so called scale factor representing the expansion of space at

an instant 7. It is to be noted that the Einstein tensor is not diagonalized here, rather
the non-vanishing component indicating the momentum of the material body may be

present.
One may assume that the universe begins to expand from a central dense
primordial Schwarzschild black hole having radius a(f)r. As the cosmological

principle reveals the universe is homogeneous as well as isotropic there is no harm to
consider the central black hole as a spherically symmetric uncharged body. In the
equation (1) the geometric mass m is not a constant at all, but depends on time. Since
m varies with time the physical mass of the black hole would have changed with time

at different phases of the universe. Now one may assume
m(t) = mob(t), )

where my is the initial value but considered to be a dimensionless quantity. Arik and
Senikoglu considered this b(f) as a conformal factor whose significance at different

phases is explored. The dimension of b(t) is taken as the inverse length as that of the
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geometric mass. In the concerned work [6], the corresponding components of the

Einstein tensors are calculated as

.2 _ 2
Goo = 3% 1 . (1 L+ G (b + 2195.)] , 3)
a ( Gmob(t)) 2r a
1
2r
G = 2Gmy, (ba + ba) @
01 — s
2, Gmb(t) 2 Gmb(t) 2 a’
rei 1 1+
2r 2r

1

et

Gy =Gy = Gz = — 22455 +%[Gm°)(ba2 +16adb + 2aiib + 4a*b)
a

a 2r

2r

2
; %(%j (- b%a® + dabib — 2abi +16a%h*)
a

3

+ %(%) (- b3a% —12ab%ab - 2abi — 8a*bb* - 4a2b2b)}. 5)
a

As the black hole is embedded by the space-time, it must influence the space-time

expansion. Therefore, an effective dimensionless radius a(z)r, which is supposed to

play an important role to control the expansion of the universe is to be taken into
account. That is the basic framework of the model to be discussed in this article.
Since the universe is homogeneous and isotropic, followed by the cosmological
principle, there is no harm to consider the black hole at the core as a spherically
symmetric uncharged object having Schwarzschild radius. Now different phases of

the universe in the framework of this formulation are to be studied.
2.1. Inflationary era

The inflation theory in cosmology was first theorized by Guth [15, 16], although
the possibility of the existence of this cosmological phenomenon had been observed
[36] much earlier. Later the Guth version of inflation theory was replaced by ‘slow
roll inflation’ theory [18, 19, 21]. There are a number of models to address such

cosmological inflation and a number of works [22-38] have been carried out in this
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arena. It has already been established that during the age of inflation the universe
expanded rapidly, in the mathematical formulation approximately exponential. Such
kind of expansion may be designed in terms of the model proposed by Arik and

Senkoglu. During the inflationary era, the conformal factor b(¢) may be taken to be

inversely proportional to the scale factor, i.e., b(t) = which is consistent to the

1
a(t)’
dimension of conformal factor. The idea behind such assumption is that the
expansion of space may be resulted by the lowering of the conformal factor. It is to

be shown that such relation leads to an approximated exponential expansion.
. a .
Introducing the Hubble parameter H = —, the non-zero diagonal components of the
a

Einstein tensors take the form

Goo = 3H?, ©6)
1+ 2Gm((;)
2 . ra
= Gy = Gy3 = 3H? — 20| — 4 | 7
Gi1 =Gy =G33=-3 Gy (7
2ra(t)

In the above equation H, a small quantity, represents the variation of Hubble
parameter with time. To obtain its sign let us consider its expression in terms of the
scale factor as follows.

a—2

H=;——2. (8)

IS

Essentially the speed of expansion was more than its acceleration in the inflationary
phase and therefore, the Hubble parameter would decrease in that era. As a result the

second term in the equation (8) becomes negative, which results

Gi1 = Gy = G33 > —Gyy- )

In the inflationary era, it is often assumed H << H, which leads to the approximate
exponential expansion. In the inflation theory a scalar field ¢(z), known as inflation,

is supposed to play an important role, and in that phase it takes a value at which a

large potential V(¢) becomes flat. Under the framework of said formulation, the
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change of such field ¢(¢) is related to the variation of the Hubble parameter as

| Gmo
Ho=—L| 2 |32 (10)
2 Gmo
1+ 20
2ra

The scalar field rolls very slowly down the potential, so that the Hubble parameter
decreases slowly, and the universe experiences a more-or-less exponential inflation

as formulated below.
!
a(t) = a; exp{ Hdt}, (11)
)

where t; represents the instant at which the inflation begins and a; is the value of a
at t;. Throughout the inflationary phase the dimensionless radius a(t)r = 2Gmy,
remains constant. On other side the geometric mass of the black hole decreases
rapidly.

2.2. Radiation era

In the inflationary era, the conformal factor b(z) continues to be decreased until
it would reach to a constant value b.. When it reaches to that value, the inflation
comes to an end and the radiation age begins. Thus the conformal factor b(z) and
scale factor a(t) become unrelated from the beginning of the radiation age and

onwards. In this scenario the non-negative Einstein tensors may be calculated as

2
> (1 " GmObcj
a N r J

a’ (1_ Gmgb, jz ’

12)

r

13)
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2G ;
Gy = 0 - = (14)
rzbc(l N Gmobcj (1 B Gmobcj a
r r
o i d? , .
In the inflationary phase the term a | with — < — | remains positive, but when the
a a

universe comes to the radiation age, a becomes negative, signifying the universe

gets decelerated. Followed by the equation (13) the pressure term becomes positive if

.. )
‘2 exceeds the term a_z. To satisfy the condition p = %, it is to be assumed
a a
Gii = Gyy = Gy = 3% which yield
11 =022 = 33—3»W10yles
1
a(t) o< t2. (15)

This is well known behaviour of the scale factor when the universe is dominated by
radiation. The dimensionless radius of the core black is no longer a constant, rather it

becomes directly proportional to the scale factor a(f). The geometric mass m,

becomes constant. Therefore, in that stage the dimensionless radius of the black hole

embedded by the space time, given by 2m_.a(¢), must increase with time.

Followed by the equation (14), it can easily be obtained that the non-diagonal
3
momentum component Gy, will be inversely proportional to 72 and also be
positive. The positivity of that momentum component signifies that the radiation
comes outwards. This may support the fact that the radiation is created from the black
hole.

2.3. Dust dominated era

In the matter dominated era, the stationary dust particles yields zero pressure.
That is the key difference compared to the radiation dominated era. The conformal

factor b(¢) no longer remains constant, although in that stage the a(t) and b(r) still

7\.tb

remain unrelated. The relation b(t) = e~ for small value of —A so that

c

|B << b|, signifies the conformal factor slowly decreases with time in the dust
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dominated era. The equations (13), (14) and (15) would also be valid in the matter
p

dominated universe. Only mathematical difference is instead of the relation p = 3
the condition p = 0 holds. Therefore
G1 =Gy =G33=0 (16)

is to be imposed. Such condition in equation (13) makes it possible that

2
alt) =< 3, b(t)=1. (17)

The non-diagonal element Gy; signifying the momentum component is found to vary

55 in the said period. The positivity of the momentum component indicates that
t

At

the matter falls outward, but the slowly diminishing geometric mass e ™'m, of the

core black hole indicates the matter is subsequently created in the universe.
2.4. Dark energy dominated era

In the scenario of dark energy dominated universe Arik and Senikoglu [6] took
1

b(t) = m

, and shown p=—-p =3H 2, if the Hubble parameter H is taken as a

. 1 . .
constant therein. In the present model, the conformal factor b(t) = —— is considered

a(t)
in the inflationary phase, i.e., in the early age of expansion when a(f) would not
been large enough. It is found that the universe in the present age is not only
expanding, but it is also accelerating [39, 40]. Therefore, the present universe must
be dominated by the dark energy although a small contribution of dust approximation
may be taken into account. Also it is to be kept in our mind that in the universe at the
present age or wherein the dark energy dominates over the matter and radiation the

scale factor a(t) is significantly high compared to that in the inflationary phase.

Under the circumstances, the time dependent factor b(¢) may be taken as

b= , (18)

where a,. = 1/bc and a >> a,. In this scenario, the diagonal as well as non-diagonal
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components of the Einstein tensors are calculated and found to be

2
1—(1— 24 )r
Goo = 3H* % , (19)
Gy, = 4H L (&j(l - Z“Cj (20)
T -0+ a a )
Gy = Gy = Gy3 = —3H? 1—iu(ﬂﬂ
11 22 33 |: 3 (1—‘:)2 a
Jd+1) 1:(1+1:2) a,
_21{(1_1)—2 = (7H Q1)

where

Gmo

T= 2r(a—+ac) (22)

The above set of relations are more generalized compared to that of Arik and
Senikoglu [6] in the dark energy dominated regime. When the expansion of the
universe is high enough, i.e., a. is negligible relative to a and the Hubble parameter
becomes more or less constant, the equations (19) and (21) can be approximated as

G =Gy =Gy =-3H 2= Gyp. That is the result obtained by Arik and

Senikoglu [6]. But their results differ from that of present article in case of non-

diagonal component Gj;. Unlike the paper of Arik and Senikoglu, here a non-zero

positive term G is obtained as

T a
Gy=4H —— | ¢ (23)
ol ra—n%uwﬁ(a)

which indicates that ‘something’ flows outwards in the dark energy dominated

universe. It may signify the creation of dark energy. The dimensionless radius a(t)r

takes the form 2my [1 -4y O(i
a

dc

ﬂ = 2my (for large a). Therefore, in the present

c
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universe when the dark energy plays a dominant role the dimensionless radius of the
black hole keeps its value constant as in the case of inflation, although the geometric

mass is much less in the present age.
3. Discussion

The proposed model of the universe originated from the primordial black hole
centered at its core removes the idea of the big-bang singularity, although the
singularity at the origin of the black hole still persists. In the mathematical
formulation, a conformal factor b(z) introduced is nothing but a temporal part of
geometric mass of the said black hole. Just before the beginning of expansion (at the
moment of big bang) the whole space time entity is confined within a massive black
hole in a dense form. Suddenly b(z) and therefore, the geometric mass of the black
hole starts decreasing. That indicates the strength of the black hole embedded by the
space-time intends to be reduced. This phenomenon may be responsible for
weakening the holding capacity of the space-time entity and consequently the big

bang occurs. The behaviour of the b(¢) in the expanding scenario, i.e., when a > 0
may be well observed if one studies Figure 1. In the phase of inflation (for a < a; ),
the b(¢) falls down quite sharply. The inverse relation between the scale factor and

conformal factor results an approximated exponential expansion and thus the

inflation occurs. After that when the radiation age begins (a > a; ), it becomes flat
with the value b = b,.. In the radiation era, a deviation from that constant value is not

observed at all. But in the matter dominated universe, a slight deviation from that
value is evident, although it is not so remarkably high. In the dark energy dominated
regime, Figure 1 clearly shows that the sharp descent of b(¢) is evident at the

neighbourhood of a = ap, i.e., at the beginning, but after that for a long run the

conformal factor almost vanishes. It signifies that for a large scale of expansion,
when the dark energy plays a dominant role, the geometric mass of the core black
hole and hence its strength gets reduced to be nearly vanishing. But from Figure 2 as

well as analytically it is found that the dimensionless radius remains at 2m, in the

dark energy dominated universe.

In the very early stage of expansion when the conformal factor b(r) decreases,
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the dimensionless radius a(z)r remains constant. In that stage, b(¢) varies inversely
as a(t). Under the circumstances it is shown that such inverse relation leads to an
accelerated expansion so that the Hubble parameter varies slowly and the
approximate nature of the exponential expansion (inflation) is resulted. In this stage,
the dimensionless radius keeps its value at constant with the universe having an
acceleration. When the conformal factor reaches to a minimum value, the inflation
becomes halted and the radiation era begins. It has already been shown that in the
radiation and matter dominated universe, b(t) and a(f) become unrelated to each
other. Therein the dimensionless radius is directly proportional to a(f) and the
universe gets decelerated or in other words the acceleration of the universe is directed
towards the center of the black hole and hence that of the universe. In the scenario
when dark energy considerably dominates over matter again b(¢) becomes related to
a(t) by an inverse relation and again the acceleration of the universe is evident.
Therefore, it can be confirmed that there must be a relation between the
dimensionless radius of the space-time embedded black hole and nature of the
expansion. It is thus found out that the dimensionless radius remains constant when
the universe accelerates, but if such radius varies as a(¢), the deceleration in the
expansion of the universe is evident. Therefore, it can be confirmed that there must
be a relation between the dimensionless radius of the space-time embedded black
hole and nature of the expansion. Thus the dynamics of expansion is controlled by

primordial black hole at its central region.

12 4

0.8 1
b(1) 06
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a(ty —» :
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Figure 1. The relation between the conformal factor b(¢) and the scale
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factor a(t). a =a, represents the end of inflation and a = aj

indicates the beginning of dark energy regime.

2500 4
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a(r 1000 |
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Figure 2. The relation between the dimensionless radius a(¢)r and the
scale factor a(t). a =a, and a = aj have same meanings as in

Figure 1.
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