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Abstract 

In this paper, we show that the Lie superalgebra ( )nl 22 +spo  is into the 

intersection of Lie superalgebra of contact vector fields ( )nl 12 +K  and 

the Lie superalgebra of projective vector fields ( ).22 nl +pgl  We use 

mainly the embedding used by P. Mathonet and F. Radoux in 

“Projectively equivariant quantizations over superspace ,
qp

R  Lett. 

Math. Phys. 98 (2011), 311-331”. Explicitly, we use the embedding of a 

Lie superalgebra constituted of matrices belonging to ( )nl 22 +gl  into 

( ).Vect
12 nl +

R  We generalize thus in superdimension ,12 nl −+  the 

matrix realization described in [7] on .
21

S  We mention that the 

intersection ( ) ( ) ( )nlnlnl 122222 ++=+ K∩pglspo  that we prove 

here, in super case, has been proved on 22 +l
R  in even case in [4]. 
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1. Introduction 

The present paper is based on the concepts of supergeometry. It begins with a 

brief introduction to the notions that we need in the all sections, i.e., superfunctions, 

vector fields, differential 1-superforms, etc., on the superspace ,
nm

R  where m and n 

are integers. We describe the supergeometry of 
nm

R  by its supercommutative 

superalgebra of superfunctions ( ).nm
C R

∞  

Using the standard contact structure on ,
12 nl +

R  where l is also an integer, we 

compute the formula of the contact vector fields on .
12 nl +

R  This formula is a 

generalization of those formulas known in classical geometry, as in [4] and in 

supergeometry in low dimensions, as in [9, 11, 7]. We also compute, in the super 

case, the formula of the Lagrange bracket of the superfunctions f and g. 

As in [7], we consider an superskewsymmetric form ω  defined on the 

superspace 
nl 22 +

R  and we realize thus a Lie superalgebra ( )nl 22 +spo  constituted 

by the matrices A of ( )nl 22 +gl  which preserve the form .ω  We use the method 

used by P. Mathonet and F. Radoux in [6]. This construction allows us to embed the 

Lie superalgebra ( ) ( )nlnl 2222 +⊂+ pglspo  into the Lie superalgebra 

( )nl 12
Vect

+
R  of vector fields on .

12 nl +
R  

Thanks to the formula of contact vector fields fX  obtained, for a certain 

superfunction given ( )nl
Cf

12 +∞∈ R  of degree to most equal two in ii yxz ,,  and 

iθ  variables, and to the formulas of projective vector fields of 

( ) ( )nlnl 2222 +⊂+ pglspo  obtained, we realize that the Lie superalgebra 

( )nl 22 +spo  is constituted by the contact projective vector fields, i.e., the Lie 

superalgebra ( )nl 22 +spo  is into the intersection of the Lie superalgebra of 

projective vector fields ( )nl 22 +pgl  and the Lie superalgebra of contact vector 

fields ( ).12 nl +K  To justify the terminology of contact projective vector fields for 

the elements of ( ),22 nl +spo  we refer to [4]. 
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2. Superfunctions on 
nl 12 +

R  

We define the geometry of the superspace ,
12 nl +

R  where ,*, NN ∈∈ nl  by 

describing its associative supercommutative superalgebra of superfunctions on 

nl 12 +
R  which we denote by 

( ) ( ) nlnl
CC RRR Λ⊗= +∞+∞ 1212

:  

and which is constituted by the elements 

( ) ( )∑
≤≤

θ=θ

nI

II xfxf

0

,  

( ) ( ) ( ) ( ) ( ) ,...... ...1...12112110 nnnn xfxfxfxfxf θθ++θθ+θ++θ+=  

where I  is the length of ( ) 12,,1,, +== lixxI i ⋯  is a coordinates system on 

12 +l
R  and where ( ) nii ,,1, ⋯=θ=θ  is odd Grassmann coordinates on ,

n
RΛ  

i.e., .,0
2

ijjii θθ−=θθ=θ  We define the parity function ⋅~  by setting 0~ =x  and 

.1
~

=θ  

3. Vector Fields on 
nl 12 +

R  

A vector field on 
nl 12 +

R  is a superderivation of the associative 

supercommutative superalgebra ( ).12 nl
C

+∞
R  In coordinates, it can be expressed as 

,

12

1 1
∑ ∑

+

= =

θ∂+∂=

l

i

n

j

j
x

i

ji
YXX  

where iX  and jY  are the elements of ( )
i

x
nl

x
C

i ∂

∂
=∂+∞ ,

12
R  and 

j
j θ∂

∂
=∂θ  

for all 12,,2,1 += li ⋯  and ....,,2,1 nj =  

It can also be expressed as 
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,

1
∑

+

=

∂=

qp

i

z
i

i
XX  

where ii xz =  for all { }12...,,1 +∈ li  and ( )12 +−θ= liiz  for all 

{ }.12...,,22 nlli +++∈  The parity function ⋅~  on vector field X is defined as 

0
~

=∂
ix  and .1

~
=∂θi

 

The superspace of all vector fields on 
nl 12 +

R  is a Lie superalgebra, which we shall 

denote by ( ),Vect
12 nl +

R  by defining the following Lie bracket 

[ ] ( ) YXXYYX
YX
~~

1, −−=  

for all vector fields ., YX  

4. Differential 1-superforms on 
nl 12 +

R  

We define the superspace ( )nl 121 +Ω R  of differential 1-superforms on 
nl 12 +

R  

as a superspace which is constituted by the elements 

( ) ( ) ,,,

12

1 1
∑ ∑

+

= =

θθ+θ=α

l

i

n

i

i
iii

i
iii dxgdxxf  

where if  and ig  are elements of ( )nl
C

12 +∞
R  and  and where we 

set ( )ii ddx θ= ,'B  of ( )nl 121 +Ω R  the dual basis of a basis ( )
iix θ∂∂= ,B�  of 

( )nl 12
Vect

+
R  such that 

0,,, =θ∂δ=∂ i
x

i
j

i
x ddx

jj
 and ., i

jid
j

δ−=θ∂θ  

Remark 4.1. These elements if  and ig  can also be declared at right and in this 

case we must use the even sign rule known in supergeometry. 

When we consider a vector field X, we can also define the evaluation of 
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differential 1-superform on X, or the interior product of a differential 1-superform α  

by X as follows: 

( ) ( ) α−=α α
,1

~~

XX
X

 and ( ) ., α=α XXi  

Explicitly, if ∑
++

=
∂=

nl

i z
i

i
XX

12

1
 and ,

12

1∑
++

=
α=α

nl

j jjdz  we have via the sign 

rule, 

( ) jz

nl

ji

i
j

i
nl

j

jj

nl

i

z
i dzXdzXX

i
j

i
,1,,

12

1,

~~12

1

12

1

∂−α=α∂=α ∑∑∑
++

=

α
++

=

++

=

 

( ) ( )
.1

12

1

~~~

i
i

nl

i

ii
Xi α−= ∑

++

=

+α
 (1) 

We can generalize the definition of differential superforms and we have also a 

version of de de Rham differential which is adapted in the framework of 

supergeometry. Thus it allows us to define the Lie derivative of differential 

superforms. These operators have the analogue properties known in classical 

geometry. 

5. Standard Contact Structure on 
nl 12 +

R  

We consider here the standard contact structure on .
12 nl +

R  We can find in [10] 

the notions of the contact structure on any supermanifold of dimension .nm  

Definition 5.1. The standard contact structure on 
nl 12 +

R  is defined by the 

kernel of the differential 1-superforms α  on 
nl 12 +

R  which, in the system of 

Darboux coordinates ( ) liyxz jii ...,,1,,,, =θ  and nj ...,,1=  it can be written 

as 

 ( ) .

11
∑∑

==

θθ+−+=α

n

i

ii

l

i

iiii ddxydyxdz  (2) 

This differential 1-superform α  is called contact form on 
nl 12 +

R  and we denote by 
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( )nl 12
Tan

+
R  the space constituted of the elements of the kernel of .α  

If we denote ( ),, rA qzq =  the generalized coordinate where 

 















+≤≤+θ

≤≤+

≤≤

=

=

−

−

,212if

,21if

,1if

,0if

2 nlAl

lAly

lAx

Az

q

lA

lA

A
A

 (3) 

we can write α  in the following way 

,sr
rs dqqdz ω+=α   

 

Remark 5.2. We denote by skω  the matrix so that ( )( ) ( ).k
r

sk
rs δ=ωω  We 

have thus 

 

and ( ) ( ) ( ).1
~~ srsrrs ω−−=ω  

Definition 5.3. We call the field of Reeb on ,
12 nl +

R  the vector field 

( )nl
T

12
0 Vect

+∈ R  which, in the system of Darboux coordinates, one write 

.0 zT ∂=  

We can show that the field of Reeb is the unique vector field on 
nl 12 +

R  so that 

( ) 10 =αTi  and ( ) .00 =αdTi  

Proposition 5.4. In the system of Darboux coordinates, the elements rT  of 

( )nl 12
Tan

+
R  can be written as follows 
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+≤≤+∂θ−∂=

≤≤+∂−∂=−

≤≤∂+∂=

=

−θ−

−−

−

−

.212:

,21:

,1:

22 2
nlrlifD

lrlifxB

lrifyA

T

zlrlr

zlrylr

zrxr

r

lr

lr

r

 (4) 

Proof. If we denote by rT  the vector field ,, zqqr rrT ∂α∂−∂=  and since 

,0~ =α  we have 

( ) .0,,,,,, =α∂−α∂=α∂α∂−α∂=α=α rrrr
qqzqqrr TT  

We can also show that any vector field X of ( )nl 12
Tan

+
R  can be written as a linear 

combination of the vector fields .rT  It is useful to compute the vector fields rT  

according to the matrix .ω  One has, via 1, 

.z
k

krqzrqr qT rr ∂ω−∂=∂α−∂=  

It is sufficient to vary r in the interval [ ]nl +2,1  to conclude. 

The following formulas are immediate. 

( ) ( ) ,, k
krr

k
r

k
r qzTqT ω−=δ=  

[ ] ( ) .2,2,
2 k

krrzrjjr qzzTTT ω−=∂ω−=  (5) 

6. Contact Vector Fields on 
nl 12 +

R  

Definition 6.1. We call a contact vector field on 
nl 12 +

R  a vector field X that 

preserves the contact structure, i.e., a vector field X verifying the following condition: 

[ ] ( )nl
TX

12
Tan,

+∈ R  for all ( ).Tan
12 nl

T
+∈ R  

The following proposition is known in the classical geometry [4] and in 

supergeometry in small dimensions, i.e., ( )11  and ( )21  in [7, 11, 9]. We give here its 

analogue in supergeometry and generalize it in dimension ( ).nm  It is our main first 

result. 
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Proposition 6.2. A vector field X on 
nl 12 +

R  is called contact vector field if and 

only if there exists a superfunction f such that ,fXX =  where fX  is given by the 

following formula 

 ( ) ( ) ,1
2

1 ~~

sr
rsTf

zf TfTfX r ω−−∂=  (6) 

We denote by ( ),12 nl +K  the space of the all contact vector fields on .
12 nl +

R  

Proof. Seeing the definition of ,rT  we can say that any vector field on 
nl 12 +

R  

can be written as .
2

1∑
+

=
+∂=

nl

i iiz TgfX  The vector field X is thus called contact 

vector field if and only if 

{ }.2,,1,,,, 21

2

1

nljTTTTgf nl

nl

i

jiiz +∈∀>∈<













+∂ +

+

=
∑ ⋯⋯  

This formula can be also written as 

( ) [ ] ( )( ) [ ]∑∑
+

=

+
+

=

−−∂−−=













+∂

nl

i

iij
TTg

zj
Tf

nl

i

jiiz TgTfTTTgf jiij

2

1

~~~~~2

1

,1,1,  

( ) ( ) ( ) ( )( ) ( ) .1211

2

1

2

1

~~~~~~~

∑∑
+

=

+

=

+−−∂ω−+∂−−=

nl

i

iij

nl

i

TTg
zjii

TT
zj

Tf
TgTgfT jiijij  

This vector field X is in the kernel of α  if and only if 

( ) ( ) 021

2

1

~~

=ω−−− ∑
+

=

nl

i

ijij
Tf

gfTj  

for all { }.2,,1 nlj +∈ ⋯  This equation shows that all proposed vector fields fX  

are contact vector fields. On the other hand, this equation implies also that 

( ) ( ) { }∑
+

=

+∈∀=ωω−ω−−

nl

i

jk
iji

jk
j

Tf
nljgfTj

2

1

~~

2,,1,021 ⋯  

or, when we sum on j, we have 
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( ) ( ) .221

2

1

2

1

~~

∑ ∑
+

=

+

=

δ=ωω=ω−−

nl

i

nl

i

k
ii

jk
ijij

jkTf
ggfTj  

We obtain directly that 

( ) ( )fTg j
jkTf

k
j ω−−=

~~

1
2

1
 

and this allows us to conclude. 

The following proposition gives, in the super case, the formula of the Lagrange 

bracket of the superfunctions f and g. It is the generalization of the formula given in 

[11, 7, 9]. 

Proposition 6.3. The set ( )nl 12 +K  is a Lie sub superalgebra of 

( ).Vect
12 nl +

R  More explicitly, if fX  and gX  are the elements of ( ),12 nl +K  

one writes 

 [ ] { } ,, , gfgf XXX =  (7) 

where the superfunction { }gf ,  is given by 

 { } ( ) ( ) ( )gTfTgffggf sr
rsfTr ω−−−=

~~

1
2

1
'':,  (8) 

and where ( ).' hh z∂=  

Proof. The Lie bracket [ ]gf XX ,  of the two contact vector fields fX  and gX  

is also a contact vector field. Indeed, the Lie bracket 

[ ] ( ) ( ) ( ) ( )




 ω−−∂ω−−∂= lk

klgT
zsr

rsfT
zgf TgTgTfTfXX kr

~~~~

1
2

1
,1

2

1
,  

is written as 

[ ] ( ) [ ( ) ] ( ) [ ( ) ]zsr
rsfT

lkz
klgT

zz gTgTTgTfgf rk ∂ω−−∂ω−−∂∂ ,1
2

1
,1

2

1
,

~~~~

 

[ ( ) ( ) ].,
4

1
lksr

klrs TgTTfTωω+  
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The sum of the first three Lie brackets equals to 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) zsr
rsTf

zlk
klfTg

z gTfTfTgTgffg rk ∂ω−−∂ω−+∂− +
~~~~~

1
2

1
1

2

1
''  

( ) ( ) ( ) ( ) sr
rsgfTf

sk
klTg

TfgTTgfT rk '1
2

1
'1

2

1 ~~~~~~
ω−+ω−− +

 

and the fourth Lie bracket equals to 

( ) ( ( ) ( ) ( ) ( ) ( ) )srlk
gf

lksr
klrsTgTf

TfTTgTTgTTfTkr
~~~~~~

11
4

1
−−ωω− +

 

( )( ) ( ) ( ) .1
2

1 ~~~

zrk
krgfT

fTgTr ∂ω−− +
 

Since the Lie bracket of two contact vector fields is also a contact vector field and 

since { }gfX ,  is written, via the formula (6), by 

{ }( ) ( )( ) { }( ) ,,1
2

1
,

~~~

sr
rsTgf

z TgfTgf r ω−−∂ +
 

then we can see that the sum of the coefficients of z∂  gives the formula of Lagrange 

bracket. One has thus 

{ } ( ) ( ) ( ).
2

1
1'',

~~

gTfTgffggf sr
rsTf r ω−−−=  

Via the Lagrange formula (7), the Lie bracket of contact vector fields, which defines 

a Lie superalgebra structure on ( ),12 nl +K  induces a Lie superalgebra structure on 

the superspace ( )nl
C

12 +∞
R  by the bilinear law given by (8). 

The following remark is very important: 

Remark 6.4. The Lagrange bracket of superfunctions f and g of degree to most 

equal two is always a superfunction of degree to most equal two. 

This remark allows us to define the Lie superalgebra constituted by the contact 

vector fields fX  which the associated superfunctions f are of degrees to most equal 

two in ii yxz ,,  and iθ  variables. We denote this Lie superalgebra temporarily by 

( ).12 nl +⊂ Kg  
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7. Matrix Realization of ( )nl 22 +spo  

In this section, we embed a Lie sub-superalgebra ( )nl 22 +spo  of ( )nl 22 +gl  

in the Lie superalgebra ( ).Vect
12 nl +

R  We use the method used in [6] and we show 

that the Lie superalgebra obtained is exactly isomorphic to g.  

We consider a matrix G defined by 












=

nid

J

G

0

0

 such that =J  

.

0

0

1

1













 −

+

+

l

l

id

id

 We define on 
nl 22 +

R  the following superskewsymmetric form 

ω  associated to the matrix G as 

 ( ) ,,::
2222

GUVVU tnlnl →→×ω ++
R�RR  (9) 

where tA  is the usual transpose of the matrix A. 

Definition 7.1. We define a Lie superalgebra ( )nl 22 +spo  constituted by the 

matrices A of ( )nl 22 +gl  which preserve the form ,ω  i.e., such that 

 ( ) ( ) ( ) .,,0,1,
22

~~
nlUA

VUAVUVAU
+∈∀=ω−+ω R  (10) 

Our second main result is the following: 

Theorem 7.2. The Lie superalegbra ( )nl 22 +spo  is the space of the matrices 














=

43

21

AA

AA

A  that the blocks 321 ,, AAA  and 4A  satisfy the following 

conditions 

(1) ,011 =+ JAJAt  i.e., ( ),221 +∈ lA sp  

(2) ,044 =+ AAt  i.e., ( ),4 nA o∈  

(3) .23 JAA t−=  
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Proof. We consider the following matrices 

( );22

43

21

nl

AA

AA

A +∈












= gl  where ( ) ∈∈+∈ + 32221 ,,22 AAlA n

lRgl  

., 4
22 n

n
l

n A RR ∈+  For all vector fields 












=













=

2

1

2

1

,

V

V

V

U

U

U  of ,
22 nl +

R  we 

compute the matrices A of ( )nl 22 +gl  which satisfy (10). First, we can see that the 

first term ( )VAU ,ω  of (10) equals to 

242221132111 UAVUJAVUAVUJAV tttt +++  

and the second term ( ) ( )AVU
UA

,1
~~

ω−  equals to 

.242231122111 UAVUAVJUAVJUAV tttttttt +−+  

It is also easy to see that the formula (10) equals to 

111242221132111 JUAVUAVUJAVUAVUJAV tttttt ++++   

,0242231122 =+−+ UAVUAVJUAV tttttt .,
22 nl

VU
+∈∀ R  (11) 

In particular, if ,0,0 22 == VU  then the equation (11) equals to 

( ) ,01111 =+ UJAJAV tt  i.e., .011 =+ JAJA t  

This last condition means that the blocks 1A  are symplectic matrices. 

If we set 01 =U  and ,01 =V  then the equation (11) becomes 

( ) ,02442 =+ UAAV tt  i.e., .044 =+ AAt  

This condition means that the block 4A  is an orthogonal matrix. 

Finally, if 02 =U  and ,01 =V  then the equation (11) equals to 

( ) 01232 =+ UJAAV tt  i.e., .023 =+ JAA t  
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In the following, we describe a basis of ( )nl 22 +spo  If we denote by jia ,  the 

number R∈a  situated on the ith line and on the jth column, we can see that this 

basis is constituted by the following three types of matrices: 

The first type of matrices of the basis of ( ).22 nl +spo  is associated to the 

symplectic algebra ( )22 +lsp  and is given by following family of matrices: 

  (12) 

 

The second type of matrices is given by the following family of matrices: 

(13) 

 

And the third type is associated to the orthogonal algebra ( )no  and is given by: 
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 (14) 

Our third main result is given by the following theorem: 

Theorem 7.3. The Lie superalgebra g  made in evidence at the end of the 

Section 6 and whose superfunctions f are degrees to most equal two is isomorphic to 

the Lie superalgebra ( ).22 nl +spo  

Proof. Because of ( ),22 nlId +∉ spo  we can define the injective 

homomorphism 

 ( ) ( ) [ ].:2222: AAnlnl ֏+→+ι pglspo  (15) 

Now, the Lie superalgebra ( )nl 22 +pgl  can be embedded into the Lie superalgebra 

of vector fields on 
nl 12 +

R  thanks to the projective embedding defined in [6] in the 

following way: 

( ) ( )
ii

t

ji
j

nl

ji

jij
nl

i
t

i tBv

Bv

∂−−∂−


























 ξ

∑∑
++

=

+
++

=

12

1,

~~~12

1

1

0

֏  

( ) ,1

12

1,

~

i
t

ij
nl

ji

j
j

tt ∂ξ−+ ∑
++

=

 (16) 

where ( ) ( )nlBv
nlnl

12,*,
1212 +∈∈ξ∈ ++

glRR  and the coordinates ,,, 21
⋯tt  

nlt ++12  corresponds, respectively, ,,,,, 11 yzxx l⋯ ,, ly⋯ .,,1 nθθ ⋯   

Composing ι  with the projective embedding, we can embed ( )nl 22 +spo  into 

( ).Vect
12 nl +

R  If we compute this embedding on the generators of ( )nl 22 +spo  

written above, we obtain via (6), the contact projective vector fields fX  for a certain 

given ( ).12 nl
Cf

+∞∈ R  In the following, we study explicitly the three types of 
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matrices described above. For the first matrix of (12), i.e., when [ ],,1, lji ∈  we 

obtain the following contact projective vector fields. 

(1) If ,1== ji  we have 

,2 ziyixi zyx
iii

∂+∂θ+∂+∂ θ  i.e., .2 zX  

(2) If 1=i  and ,1≠j  then we have 

( ) ,
11 −

∂+∂θ+∂+∂+∂ θ− jiii yizyixij zzyxx  i.e., .2
1zx j

X
−

 

(3) If 1≠i  and ,1=j  then we obtain 

,11 zix y
i

∂+−∂ −−
 i.e., .2

1−iyX  

(4) If 1≠i  and ,1≠j  then 

,
11 11 −−

∂−∂ −− ij xjyi xy  i.e., .2
11 −− ii yxX  

For the second matrix of (12), we obtain the following contact projective vector 

fields 

(1) If ,1== ji  one has 

( ),
jii jyixiz yxzz θ∂θ+∂+∂+∂  i.e., .2

z
X  

(2) If ji =  and ,1≠j  we have 

,
11 −

∂− − ixiy  i.e., .2
1−iy

X  

(3) If ji ≠  and ,1=i  one has 

( ) ,
11 −

∂−∂θ+∂+∂+∂ θ− jjii xjzyixij zzyxy  i.e., .2
1zy j

X
−

 

(4) If ji ≠  and ,1≠i  one has 

( ),
11 11 −−

∂+∂− −− ji xixj yy  i.e., .2
11 −− ji yyX  

For the third matrix of (12), we obtain the following contact projective vector fields 
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(1) If ,1== ji  we obtain 

,z−∂  i.e., .1X−  

(2) If ji =  and ,1≠j  we have 

,
11 −

∂− − iyix  i.e., .2
1−

−
ix

X  

(3) If ji ≠  and ,1=i  we write 

( ),11 zjy x
j

∂+∂− −−
 i.e., .2

1−
−

jxX  

(4) If ji ≠  and ,1≠i  then we have 

( ),
11 11 −−

∂+∂− −− ji yiyj xx  i.e., .2
11 −−

−
ij xxX  

Now, we study explicitly any matrix of (13), i.e., when 221 +≤≤+ lil  and 

.1 nj ≤≤  For the first matrix of (13), we obtain the following contact projective 

vector fields 

(1) If ,2+= li  then we have 

,
jzj θ∂+∂θ  i.e., 

j
X θ2  

(2) and if ,2+≠ li  we obtain 

,22 jli liyj x θ−− ∂+∂θ
−−

 i.e., .2
2 jlixX θ−−

 

For the second matrix of (13), we have the following contact projective vector fields 

(1) If ,1=i  one has 

( ) ,
jii

zzyx
jjzyixij θθ ∂−∂θ+∂+∂+∂θ−  i.e., 

jzX θ−2  

(2) and if ,1≠i  then we obtain 

,11 ji ixj y θ− ∂−∂θ
−

 i.e., .2
1 jiyX θ−

−  

Finally, for the matrix (14), i.e., when ,22,22 nljil ++≤≤+  we obtain the 
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contact projective vector field 

,,
11 11 ji

ij ji <∂θ−∂θ
−− θ−θ−  i.e., .2

11 −− θθ ji
X  

The Lie superalgebra g  is isomorphic to ( )nl 22 +spo  thanks to the identification of 

the generators of these two Lie superalgebras. 

Remark 7.4. The Lie superalgebra ( )nl 22 +spo  is into the intersection of the 

Lie superalgebra of contact vector fields ( )nl 12 +K  and the Lie superalgebra of 

projective vector fields ( ).22 nl +pgl  Thus, as in [4], the elements fX  of 

( )nl 22 +spo  are called contact projective vector fields. 
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