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Abstract

We study pairs of consecutive odd numbers through a straightforward
indexing. We focus in particular on twin primes and their distribution.
With a counting argument, we calculate the limit of an alternating sum
that is equal to 1 which means there are few twin primes. Finally, we show

how to find the possible congruences for these prime numbers.
Introduction

With the exception of the pair (3, 5), pairs of twin primes are of the form (6m —
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1. Preliminaries

Let us recall here some of the notations from [1] and [2]:
(1) I is the set of odd integers greater than 1, i.e.:
I ={N, =2k +3; ke N}
with the index of an odd number N;. We note that is a multiple of 3 if and only if
Ny is;

(2) P is the set of odd prime numbers, primes will also be enumerated in
ascending order Py =3, Py, ..., P, ..., with gy =0, gy, ..., gq,, ... their respective
indices — we also note Q the set of indices of prime numbers. Apart from P, none

of the P; is a multiple of 3, which means that for i > 0, g; is not a multiple of 3;
(3) C is the set of composite odd integers greater than 1, i.e.:
C:I\P:{Nke Ilﬂ(a,b)e I,Nk zab}

(4) The function f:ke N — N, € I is bijective. The inverse function is

N, -3
2

f_1 iNpel= k= . The inverse image of C is called W:

w=r1C)={ke NN, € C}
(5) The function
k:(n j)e N“xN > k;(n)=(2j+3)n+j

is a surjection on W. In other words, W is the (non-disjoint) union of the sets

W; = {kj (ﬂ)}neN* .

(6) The remarkable indices are the indices of the form k;(j+1)=2 2

+6j + 3, they correspond to the indices of odd squares. These indices are never of
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the form 3nm+1. The counting interval [Ip(j) is defined as Ip(j)

= [0, kj41(j +2)]. The cardinal of a set E being noted |E|, we have |If(j)|
= ki (j+2)+1=2j% +10j +12.

(7) We define A(j) as the set of indices of I,(j) non-multiples of 3:

A(j) ={je Ip(j)|jmod3 # 0}.Likewise, we introduce B(j)=A(j)W.

(8) With x € R, we note | x| its integer part, and | x ], its positive integer part.

The number of integers in N not greater than xis | x +1],.

To avoid confusion, we reserve uppercase Latin letters for sets of odd numbers
or indices of these numbers. Sets of pairs of numbers will be referred to with

uppercase Greek letters.

2. Pair of Indices of the form (3n+1,3n+2)

2.1. The set I' and its remarkable subsets [[, ¥ and E

We define I'(j) as the set of pairs of consecutive indices of I,(j) non-

multiples of 3:

. 2
L(j) = {(ky, ky) € A(j)[ky —ky =1}
Property 2.1. |A(j)| = 2 = |T(j)|.
Proof. Since the remarkable index that is the largest element of A(j) is never of
the form 3n + 1, we deduce that 3n + 1€ A(j) if and only if 3n+ 2 € A()). A(j)

has therefore as many numbers congruent to 1 as to 2 modulo 3. We note A;(j)

(respectively, A,(j)) the numbers that are congruent to 1 (respectively 2) modulo 3.

It is thus clear that |A(j)| = 2/4;(j)| = 2/Ay(j)|. Moreover, any element

v € T'(j) is necessarily of the form Y = (3n + 1, 3n + 2), so there is a bijection:
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AG) - T()
x = (x, x+1)
which proves the property.

Definition 2.1.2. We define [1(j), ¥(j)er E(j) as follows:
[1()) =T()HN@xQ),
P(j) =T()NW xW),
E(j) = T()H\ TG U E())-

These three sets clearly form a partition of I'(j). [I(j) corresponds to pairs of twin

primes less than (2 +5) with the exception of (3.5). W(j) corresponds to the
pairs of consecutive odd composite numbers, while Z(j) corresponds to the mixed

pairs.
2.2. A counting result

We show here a property linking the cardinal of the different sets defined

previously.

Property 2.2. We have the following equality:
[I)I =[G = B+ E (-

Proof. The partition of I'(j) (See Definition 2.1.2) allows us to write the

following equality:
TG = TN+ O+ EG)-
Moreover, using the same arguments as in the proof of Property 2.1, we have:

IB()| = 2 #[®()]+]=(/)]-
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We deduce that |Z(j)| = |B(j) — 2 * |¥(/)|, and thus the desired result.

3. Counting of I'(j), B(j) and ¥(j)
The previous property establishes a relation on the number of pairs of twin
primes. We will now expand on the cardinals of the sets involved in this relation.

3.1. Counting of I'(j) and B(j)
Property 3.1 of [2] gives us that forall je N :

4D = |35+ 2)+1)| = 552 + 5+ o).

In particular:
: 4 2
A ~=J"-
AN ~ 3
The following result is an immediate consequence.

Property 3.1.

K =] 5 g+ 2+1)| =3 2 + 22 4 0,

In particular:

. 2 2
IT())| 37

Let us also remind the results of [2] on the cardinal of B(j). If we denote by 7(x)

the number of primes less than x, ©”(j) the number of indices of odd primes less
than (2j +5) ie. n°(j) =n((2j +5))—1, and Py = Hne « Pu» Property 3.2.3

of [2] expresses |B(j)| in two different ways:
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; 2
BU= > (- I)K_I{M ,
K07 ()] 2Py
K#J, K#{0}

2k +3

j+2)
/+IZ/: W2k + 3)\‘ j+1(J+2) k

Property 3.2.4 of [2] also gives the asymptotic expansion of |B( ;)] :

N . . 2 4 0 2j2 j2
|B(j)| = |A(j)| = m((2) +5) )+2—§J —m+0(ln(j)}

3.2. Counting of ¥(j)
3.2.1. The inclusion-exclusion principle

Let (x, x+1)e ¥(j)=T(j)NW?2. Thus 2x+3 < (2j+5)%, and 2x+3 isa
composite number, so it admits at least one odd prime factor between 5 and 2 + 5.

It’s the same for his successor 2x + 5.

We deduce the existence of two indices of prime numbers g, and ¢g,, with

1<s,t<n(j), suchas x e W, and x+1le W, .

We can notice that g; and g, are necessarily distinct: in fact, two consecutive

odd numbers are necessarily coprime, and therefore 2x+3 and 2x+35 cannot

admit a common prime divisor.

Furthermore, we may involve more prime numbers without changing the result.

We deduce that more generally:

w2 ()wG) = | T(hn, xw,) O

1<s,t<N
S#t

The inclusion-exclusion principle allows us to calculate the cardinal of this union:
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N2 () e = Y, nF

KCHL N]]2 (kl,kz)EK
K+J

Wy, X W INT(). @

This result suggests to calculate, for all K c [l, N]]z, the cardinal of
ﬂ(kl,kz )GK(qul % quZ L),
So let us consider a subset K of [l, N]]Z, and analyze the properties of a pair
(x, x+1)e ﬂ(kl’kz)ek(qu1 X W, )N T()).
Necessarily:
o V(ki, ky)e K Pk1|2x +3 and Py, [2x+5
®2x+3=2mod3

e 2x+3=1mod?2

Let Kl = {k1|5|k2(k1, kz)E K} and also K2 = {k2|3|k1(k1, k2)€ K} If ke Kl
NK,, then from the first point we deduce that P} divides both 2x + 3 and 2x +5

that is not possible, therefore necessarily K; 1 K, = &.

Provided that this condition is verified, we can rewrite the equations above as a
system of Diophantine equationson y = 2x + 3 :

*Vke K; y=0mod Py,
e Vke Ky, y=-2mod P,
e y=2mod3,

® y=1mod2.
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Insofar as the above congruences involve distinct two-by-two prime numbers, we can

deduce (according to the Chinese theorem) the existence of a unique solution Yy

between 1 and 6Pk Pk, —1 such that every other solution in N, and especially y,

is of the form yo+6mPg, Pk, , for me N.

Conversely, it is easy to check that the conditions are sufficient provided that

2x+ 3 and 2x + 5 are composite numbers, so that two cases are distinguished:

Case 1. If y, or yg + 2 is prime, then the first pair (yg, yo + 2) is excluded

and necessarily:

Wy, X Wy )NT())
(k1 k2)e K

yo —3 Yo —1 * j
:{( 02 +3mPK1PK2,OT+3mPK1PK2)7mE N }ﬂID(J)'

_Yo—3

> +

In this case, the first coordinate of the smallest element is: x

3Pk, Pk, -
Case 2. Otherwise, all the solutions of the Diophantine equation are suitable:

(W, X Wy )NT())
(k1,k2)e K

-3
= {(y()_ +3mPg, P, - Yo~

2 5 +3m77K177K2j,me N}DID(])

yo—3

In this case, the first coordinate of the smallest element is: xy = 5

The primality of y, is possible only if yy = PKI which also implies that K;
must be reduced to one element. In the same way, the primality of yy + 2 implies

Yo +2 = Pk, and is only possible when K, is a singleton. These are not sufficient
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conditions, but imply that case 1 occurs only for relatively low values of y, that is

to say of the same order of magnitude as the prime numbers chosen for counting.

yo only depends on K; and K,. Subsequently, when necessary, this
dependency will be explicitly shown using the notation yy(K;, K,); and similarly

for xy the first coordinate of the smallest element of ﬂ(kl, ky )e K

(We, X Wy )NT()

K, K5)—
Yo(Ky, Kp) =3 + 3Pk, Pk, in case 1,
xo(Ky, Ky) = ’ o
M otherwise
: )

Property 3.2.1. We have the equality yo(K,, Ki)= 6Pk Pk, — Yo

(Ky, K5) — 2. Therefore, case 1 cannot occur for both (K;, K5) and (K,, K;).

Proof. yo(K,, K;) is the only solution of a system of Diophantine equations
between 0 and 6Pk Pk, —1, just check that 6P Pk, — ¥o (K, K3)—2 is the

solution of these same equations. We have:
Vk e Kl yo(Kl,K2)=0m0de
Vk e K2 yo(Kl,K2)=—2m0de

yo(Ky, K5) =2mod3

yo(Ky, K5) =1mod 2

hence we deduce:
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Vk e Kl 6PK1PK2 - yO(K17 Kz)— 2 = -2 mod Pk
Vk e Kz 6PK1PK2 - y()(Kl, Kz) —2=0mod Pk

6Pk, Pk, — yo(K1, K5)—2 =1mod 2.

Moreover, Yy (Kl, Kz), as a multiple of PKl’ cannot be equal to 6731(1 PKz -1,
that is to say that 6Pk Pk, — yo(Kj, K») — 2 is also between 0 and 6Pk, Pk, — 1,

and therefore coincides with yy(K,, K;).

Finally, assuming that yo (K|, K,) is prime, this implies that it is equal to PKl ,

and that Py, divides Pk, + 2. Therefore, using that Pg, and Pg, 2 5:
Yo(Ks. Ky) = (6P, —1)Pg, =2
2 29Pk, —2
> 28Pg, +3
> Pk, +2
2 Pk, -

vo(K5, K;), multiple strict of PKZ’ cannot be prime, and similarly his successor

yo(K,, K;)+2 cannot either. Similar inequalities can also be written in the case

where yo(K;, K,)+ 2 is prime.
3.2.2. Calculation of the cardinal of ¥(j)

Property 3.2.2. The cardinal of ﬂ(kl k2K (qu1 X W‘1k2 YNT()) is:

2Ky, Kp) =

3

kiw(j+2)—xo(Ky, K3)
+1] .
3771(1771(2 N
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Proof. We know that (x, x +1) € ﬂ(kl,kz)eK (W‘Uq X quz )N T'(j) if and only
if there is m € N such that:
X = xO(Kl’ Kz) + 3m’PK17)K2 and X()(Kl, K2) + 3m7)K17)K2 < kj+1(] + 2)

This correspondence is clearly bijective and xo(Kj, Kp) + 3mPg Pk, <

kj+1(j + 2)— xO(Kl’ Kz)

. The result follows from
373K1 PK2

kjy1(j+2) if and only if m <

point 8 of the preliminaries.

Remark. In the case 2, we know that xo (K}, K;) < 3Pk, P, and therefore:

kiw(j+2)—x0(Ky, Ky)
3731(1771(2

In the case 1, we know that 3Pk Pg, < x(Kj, K3) < 3Pk Pk, + max
(qu, qK, ) < 6Pk, Pk, . Moreover, we know that one of values (qu, qKz) is an

index of a prime number ¢, and that the first coordinate of the pair of indices is

increased by g. If we know that ¢ < k;,;(j +2), then:

kj+1(j+ 2)—X0(K1, Kz)

> —1.
37’1(17’1(2

We deduce that in some cases we can use the integer part instead of the positive

integer part:

Corollary 3.2.2.1. Let N = ©'(j). The cardinal |¥(j)| is written:

] k(G +2) = xo(Ky, Kp)
w(j)= > (o 1{ Jt +1 4
[¥(j) 2 N]]z( ) Pr P, ) “)
K#J

or:
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|lP(J)| = Z Z (_ 1)K1+K2\\kj+l(j+2)_XO(K1, Kz) 1
Kic[1, N K> cC|l1,N] 37)1(1 731(2
K\#D Ky#QD,K|NKr=0

(5)
Moreoverif Py <(2j+ 5)2, we can drop the positive parts in (4) and (5).

Proof. (4) stems directly from (2) and (3). To get (5), we group the terms

corresponding to the same pair (K, K,). Then it is sufficient to show that:

Z (- DT = (KK,

L1, N
L1:K1
Ly=K;

Let us fix the set K, = {j; ... j,}. Let us calculate first:

f)= D o

L1, N
LICKI
Ly=K;

To build an index L of the sum above uniquely, it suffices to choose for each element

J € K, anon-empty subset L{ of K so that L{ ={ie Ky| (i, j)e L}. Thus:

U SR ST i U ol L

L{chl Lin ck; Lick

L{l 20 Ln +@ L0
Using the binomial expansion, we get:
K1 (1K,
> (-1hl = > -1 =a-1kl—1= 1.
Lck =1\ 1

Ll;t@



ON THE DISTRIBUTION OF CONSECUTIVE COMPOSITE ODD ... 13
Thus f(K,) = (- 1)/X2*1,

This yields the result for |Kj| =1, as in this case the condition L; K| is
equivalent to L; = K. For any greater value of |Kj|, the principle of inclusion-

exclusion yields:

> 21 i TRIA Ky [+/K] li -
(D)~ = (- )RR F () = (= iRl (-1
: =1\ [

L1, NJ? Ly c[Ky|
L=K; L#0

=K

With one more binomial expansion, this leads to the expected result — the observation

on positive parts is a simple consequence of the previous remark.

Remark. The sum in (5) contains much fewer terms than in (4): the former has

2
the order of 2%" against 2" for the latter! Grouping terms K; and K, of equal

size, it can be rewritten as an double alternating sum, while (4) becomes a (simple)

alternating sum.

The corollary below focuses on the case where the condition N > 1"(j) is

dropped:

Corollary 3.2.2.2. Let N € N. We have the following inequality:
ey (/) < [P0 6)

with:

en(j)= Z (_1)K—1Vj+1(j+2)—x(>(1<1,KZ)HJ

3Py P
K[, N2 Kok
K#2

_ Y 1)1<1+1<2Vj+1(1 +372)) —;o(Kl, K,) +1J o
Kic[ILN]  K,c[L,N] K17 K2 +
Kl;t@ Kz;t@,KlﬂKz:@
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Moreover, ey (j) is increasing in N and in j.

Proof. This is a generalization of the previous results, counting

Yy (j) = UlSs,tSN ()N (qu XW%) instead of W().

S#t

Clearly ¥y (/) € Wy41(j) as more elements lay in the latter union and clearly
as well Wy (j) c Py (j+1) as I'(j) is increasing, hence ey (j) is increasing in

both N and j.

Remark. Similarly, if we define the set By (j) of multiples of at least one of

P;,i=1...N, we get:

(- 1)K—1{(2J' +5)° = Pk J

|By (J)| =
K [0, N] 2Pk

K+#J,K#{0}
We will reuse sets ¥y (j) and By (j) in the last part of this article.
3.2.3. Asymptotic expansion of [¥(j)|
As we have seen in [2], the prime number theorem implies that:

252

N . 2y _ 5
T(x)=7n((2j+5)")-2 n(j)’

Moreover, as we have seen that two pairs of twin primes (greater than 3) cannot have

a common value:

N C
|H(J)| < D) ~ ln(j) .

The twin prime numbers infinity remains a conjecture to this day, in particular we do

not know an equivalent to [[1(;)|.

Property 3.2.3. We have the following asymptotic expansion:
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-2
M =3 7%+ 0(1 r{(j)j

Proof. According to Property 2.2, we have |¥(;)|=|B(;j)|—|T(;)|+|T1(j)| and so

.2
|‘P(j)|=|B(j)|—|l"(j)|+0(1—j]. The asymptotic expansions of |B(j)| and

In()
IT°(j)| allows us to conclude.

3.3. A special alternate sum in the equivalent of |C|

In this section we focus on another equivalent of [¥(j)|.

A naive manipulation of the formula:

|‘P(])| = Z (_ 1)K1+K2\‘kj+1(j+2)_X0(K1, KZ) +1J
Kclhn ()] KyclLa'(j)] 3Pk, Pk, N
K| #Q Kr#D, K|NKy=D

consists in summing the equivalents of each term of the sum, which gives:

(= Kil+K2|

N 2j2
Y| ~ =5
O 3 Pk, Pk,

Kic[L7'())]  Kac[Ln'())]
Klig K2¢@,K10K2=®
However, we must be careful that, as the sum has more and more terms, this
approach is not mathematically valid. However, Corollary 3.2.2.2 allows us to

manipulate finite sums.

(= Kil+K2|
Property 3.3.1. Let Ey =ZK1CHLN]]ZKZC[[1,N]]W' The sum
K129 Ky#0 KK
K10K2:®

(Epy ) is increasing and bounded by 1.

-2
Proof. Allows us to assert that for j — +eo, ey (j) ~ 2%EN. But for all
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-2
N, ey (j) < ey41(j) hence, dividing by % and taking the limit, Ey < En,,

that is, the sequence (Ey ) is increasing.

Moreover, ey (j) <|¥(j) so by using the asymptotic expansion of |¥(j) we

also deduce the inequality Ey < 1.
Property 3.3.2. The alternating sum (E, ) converges to 1:

(= 1)K

EN = e— —)N oo 1.
Pk, Pk, -

KIC[[I, N]] KzCﬂl,N]]
Kﬁﬁ@ Kzi@, KanZZQ
Proof. The previous property already shows that (Ep ) converges to a limit not

greater than 1. To obtain the desired result, we observe that the terms of the sum

depend only on the disjoint union K; U K, := K and that terms can be grouped

accordingly:
()AL S CR S S
Pk, Px, P,
KiCILN]  Kyc[LN] K"Ky kLN k Kk
K120 K,#9,K1NKy=D K\ #D K129, K1 2K
= (- 1)\“&
KC[LN] P
K#0
. 2%, 3 (-~
KC[L N Pk KZ[LN] Pk
K#0 K+0
il 2 N 1
=[H(1——)—1j—2(n(1——)—1j
k=1 K k=1 K
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In the equations above, we used the convergence of the infinite products

N 2 N 1 L.
Hk:l(l —P—Kj and Hk: 1(1 _ﬁj towards O, which is a consequence of the

divergence of the sum of the reciprocals of the primes (See [3]).
3.4. The Mobius approximation

In the spirit of [2], we have obtained a Euler approximation of the proportion of

pairs of composite odd numbers among the pairs of the form (6m —1, 6m + 1),

namely Eg-(;). Itis also legitimate to study the Mobius approximation:

_VKIIKl Z21if 1 = -
M- Z”: U(2k + 1) with U(n) _ ( 1) [2 2] if n PK with 0 ¢ K
" 2k +1

= 0 otherwise.

An empirical study of this sum suggests its convergence, as shown in the graph

below, made for n ranging from 1 to 20 000.

Mobius approximation

0.8
0,7
0,6
0,5

0,4
0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000

_Mn

In addition to the Mobius function (see [4]), let us introduce the following three

arithmetic functions, with n = plu L. p,?" :

o(n) = k; Q(n) = 0+ + 0 s my (1) = A°Pp(n).
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Thus, v coincides with i, — 1 on odd numbers non-multiple of 3.

The proof of [2] relating to M6bius approximation is difficult to adapt because it
is based on a convergence result equivalent to the prime number theorem, and which

requires analysis tools that are outside the scope of this article.
We can nevertheless show some interesting results on generalized the Mobius

function 4 :

Property 3.4.1. The following identities are true for all n € N*

D wald) = (1= 4"

d|n
Q[z) lif n=0,
(d).Aa 4 =
;HAd A

0 otherwise.

Proof. Let us consider n = plocl pgz"n()”). Then:

(n)
Sua@= > walpx)= (1) aF = - )%,
d|n K1, o(n)] k=0

The second equality is obvious for n = 1. Suppose first that 7 is the strict power of a

prime number: n = p%. Then:

n o

Z“«A(d)AQ(E) = ZHA(pB)A“‘B = A% - AA%" =0.
d|n B=0

Co(n) _

o(n) pl(xln'. We observe that:

Let’s go back to the general case n = plOcl .. D

ZHA(d)AQ(%j = Z HA(dld/)AQL#)
d|n d%’ﬁl
n
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ol ]+Q ’
Z Hal(dua(d)A [dl [d)

| p!
d'\n’

> uA(d)AQ(%j ZuA(d)AQ[%)
a4 pf‘l d\n’
=0.

which allows us to conclude. We immediately deduce:

Property 3.4.2. For all ne N*

> a0 2|= Y -4,

1<k<n I<jsn

Proof. It is a simple manipulation of sums:

ZuAk)LJ D a1

1<k<n 1<k<n <1<
k
= Z (k)
k,l
1<ki<n
= 2, 2 ka0
1<j<n k| j
— Z (1—A)(D(j)
1<j<n

In the penultimate equality, we made a change of index j =kl and in the last

equality we used the Property 3.4.1.
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K, (k)

Corollary 3.4.2. S, = Zzzl X

is bounded by 2.

Proof. According to Property 3.4.2 applied for A = 2, we have:

> ww| 2= Y o <n

1<k<n 1<j<n

Moreover, for any k between 1 and n:

We then deduce:

<

nZMZT(k) +n < 2n.

1<k<n

Z Hz(k)L%J

1<k<n

This allows us to conclude.

Remark. This corollary can be generalized for A€ [0, 2]. For A <0, Ly is

g (k)
k

always positive, and it is easy to observe that 21 <k<n diverges knowing that

the sum of reciprocals of prime numbers diverges.

We end with a last generalization of the result that shows that M, is bounded:

Property 3.4.3. Forall be N* :

is bounded. Moreover, M, is bounded.

Proof. Let [, ,(n) = uy(n) if n Ab =1, 0 otherwise. We can generalize:



ON THE DISTRIBUTION OF CONSECUTIVE COMPOSITE ODD ... 21

§:u;bw)=(—nm“”
d|n

where ©,(n) represents the number of prime divisors of n not dividing b. We then

deduce that Zl<k<nu2’b(k)L%J = zl<j<n(_ 1)) and in particular S? is

bounded. By fixing b = 6, itis easy to deduce that M, is bounded.

We thus leave the convergence of M, in the state of conjecture, and more

generally that of the (bounded) series of the form, for A € [0, 2] :

(0
2

nAb=1
3.5. Fifteen possible congruences for twin primes

We have already seen that any prime number is written 6m —1 or 6m + 1, with
the exception of 2 and 3. The pairs of twin primes are therefore necessarily of the

form (6m — 1, 6m + 1), apart from (3, 5).

Going further in congruences, we will generalize and demonstrate that there are
15 possible congruences modulo 105 for pairs of twin primes different from (3, 5)

and (5, 7) pairs. None, of course, guarantees the primality of any of the two numbers.

Indeed, consider a pair of twin primes (p, p + 2) such that p is different from 3
and 5 (and therefore from 2 and 7 since p + 2 is prime). In particular, p 211 and
so p and p+2 are prime with 2, 3, 5, 7 - that is, they are prime with
210 =2x3x5x7.

A sieve method quickly eliminates all multiples of 2, 3, 5 and 7 between O and
209:

0 1 2 3 4 5 6 7 8 9 10 12 13 14

15 16 18 19 20 21 22 23 24 25 27 28

30 31 32 33 34 35 36 37 38 39 40 42 43 44
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45 46 47 48 49 50 51 52 53 54 55 56 57 58 -

60 61 62 63 64 65 66 67 68 69 70 72 73 74

75 76 77 78 79 80 81 82 83 84 85 m 87 88 89

90 91 92 93 94 95 96 97 98 99 | 100 102 | 103 | 104

105 | 106 108 | 109 | 110 | 111 | 112 | 113| 114 | 115| 116| 117 | 118 | 119

120 121 123 | 124 | 125| 126 | 127 | 128 | 129 130| 131 | 132 | 133 | 134

135 136 138 | 139 | 140 | 141 | 142 | 143 | 144 | 145| 146 | 147 | 148
150 | 151 153 | 154 | 155| 156 | 157 | 158 | 159 | 160 | 161 | 162 | 163
165 | 166 168 | 69 | 170 | 171 | 172 173 | 174 | 175| 176 | 177 | 178
180 | 181 183 | 184 | 185| 186 | 187 188 | 189 | 190 192 193
195 | 196 198 | 199 | 200 | 201 | 202 | 203 | 204 | 205| 206 | 207 | 208

This leaves 15 (highlighted) possibilities for congruence modulo 210 of p: 11,
17, 29, 41, 59, 71, 101, 107, 137, 149, 167, 179, 191, 197 and 209 (or -1 ). The
central symmetry observed in the table above corresponds to the equality of

proposition 3.2.1 which gives yo(K,, K;) as a function of yo (K|, K»).

The method is not specific to prime numbers chosen in the above: for any family
of prime numbers Pkl Pkn , we can identify the congruences eligible for two twin

prime numbers modulo m =2X P Xx...x P . We observe that —1 and 1 will

always be prime with m, which ensures that there is always a solution. The symmetry
of the table above is explained by the fact that, if x and x + 2 are prime with m, the

same is true for m — x —2 and m — x. In particular, since (-1, 1) is the only fixed

point of this symmetry, there is always an odd number of possible congruences.

We can simply prove that no congruence can guarantee the prime property of the
two numbers: indeed, whatever x, (m + 1)2x is congruent to x modulo m, and is
however clearly not prime!

The counting methods of the preceding sections also make it possible to predict

the number of possible congruences. Indeed, consider j such that & j+1( j+2) isof
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the form 105n + 3. A counting can be made using the notation of corollary 3.2.2.2

for N =2, thus restricting to the multiplicity by 3, 5 and 7. The pairs obtained are
therefore the “twin primes-candidates”, i.e., the set Hz( j) of pairs whose two

coordinates are prime with 2, 3, 5 and 7:
(D] = TG = B2 ()] +[F2())-
According to Property 3.1, we have:

1051 + 4

Gl = E(k,~+1(j+2)+1)J { 3 J =35n+1

BOI- Y I)K—I{M

K)0,2] 2Pk
K+, K#{0}

2P 2P, 2Py Py

_ (2j+5)2_P1J+ (2j+5)2—7>2J_ (2j+5)2—7’o7’1J

25+ 5)2 - PP, _ 27+ 5)2 - PP, 4 25+ 5)2 - PoPi P,
2707 2P, 2Py PP,

2ln+15n—Tn —5n —3n + n = 22n;

Finally:

[, (/)] =
ch[[l, 2]] K2 Cﬂl, 2]]
K1#0 Ky#O, KlﬂKzzg

(- 1)K1+szj+1(j +2) - x(Ky, Kp) | 1J
3Pk, P, .

1057 + 3 — xo(1, 2) 1057 +3 - x0(2, 1)
= 1 1|=2n.
L 3PP, " J " L 3PP, " "

For the last equation, the values of xg(1, 2) and xy(2,1) calculated using the

Property 3.2.1 have been used.
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Thus [[15(j)| =357 +1—22n+ 2n =15n + 1. This represents an isolated pair

of twin primes, (5, 7) of indices (1, 2), and 15 congruences modulo 105 for the

indices that correspond to the pairs previously found.
Conclusion

Through simple counting of finite sets of indices of pairs of consecutive
composite odd numbers, we have highlighted existence of an alternating sum
convergent to 1, which reflects the fact that there are few twin primes. However, we
leave open the question of the convergence of the Mdobius approximation, as we
could only prove its boundedness. Finally, we have developed a method which gives
in particular 15 possibilities modulo 210 for the pairs of twin primes except (3, 5)
and (5, 7).
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