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be expressed as Hamiltonian flow by using Darboux type theorem for the
canonical symplectic structure on the cotangent bundle of the space. This

gives a variational characterization of the Fisher metric.

Keywords and phrases: special Kahler, dually flat space, Darboux’s theorem, gradient flow,
Hamiltonian flow.

2010 Mathematics Subject Classification: Primary 53A15; Secondary 53D25.

*Corresponding author

Received July 25, 2016; Accepted August 8, 2016

© 2016 Fundamental Research and Development International



52 NOBUTAKA BOUMUKI and TOMONORI NODA

1. Introduction

Let (S, g, V) be a statistical manifold. Namely, g is a (pseudo) Riemannian

metric and V is a torsion free affine connection on differentiable manifold S such

that Vg 1is symmetric. Statistical manifolds are abstract of statistical models and

statistical inferences, for instance, on exponential families, e- and m- connections
correspond to maximum likelihood estimations. In particular, flat cases are very
important and are called dually flat spaces (or Hessian manifolds). On a dually flat

space, there exist dual structures as dual connections V and V*, dual coordinates
{6} and {n}, and potential functions @(8) and (). Moreover, by using potential

functions, we can construct divergence functions (or contrast functions) on the square
of the space. The relative entropy (or a KL divergence) on an exponential family is

an example of divergence functions.

In Fujiwara [8, 9], the following properties of gradient equations with a

divergence as a potential function are studied. On a dually flat space (S, g, V, V*),

fix a point ¢ in S. Define U(p) = Dy (p, q) and consider the gradient flow equation

0= —grad U(0), so that in M coordinate we have
1 =-M-n(q), (1.1)

and the solution is given by m(p(r)) = n(g) + (M(p(0)) =M(g))e™. This solution
converges to g along an m-geodesic. Replacing Dy in U by Dyx, we obtain a

steepest ascent flow of entropy. These results also hold for constraint systems on
exponential families. Moreover, it is shown that gradient flow equations as in (1.1)
can be expressed as Hamiltonian equations when the space has even dimension.

Namely, if dim S = 2n, then a gradient flow equation 1 = —1 on S coincides with a
Hamiltonian equation with position Q; = 1,;, momentum pk = —1/Ny;_; and

Hamiltonian H = —QkPK. This result which shows a relationship between

Hamiltonian and gradient flows is very mysterious and interesting because aspects of
Hamiltonian flow are different from that of gradient flow in general. The purpose of
this article is to make clear theoretical reasons of this relationship from symplectic

geometric view point.
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A symplectic structure is a differential 2 form satisfying nondegeneracy and
integrability conditions on a differentiable manifold, and symplectic manifold is an
abstract of phase spaces in classical mechanics. To unravel phenomena due to
Fujiwara, we have to clear the symplectic structure on appropriate space, and in this
paper, we give 3 kinds of correspondences between gradient and Hamiltonian flows
on even dimensional dually flat spaces. In first and second ones, we use a Darboux
type theorem for symplectic structure (indeed, special Kéhler structure) on the square

of a special dually flat space. To use symplectic reduction argument is the third.

On exponential family S, natural coordinates {Gi} and expectation coordinates
{n j} are both coordinate systems on S, but in fact, these are different world living

in. On dually flat spaces not necessarily exponential families, these coordinates can

be considered coordinates on the space by the flatness condition. However, we
should consider that natural coordinates {Gi} are on the tangent spaces and
expectation coordinates {1 j} are on the cotangent spaces of the space, and the

Fisher metric gives the connection between these coordinates as in the Riesz
representation theorem. From this viewpoint, we can associate the canonical
symplectic structure to the square of the dually flat space, and then we can

understand the phenomena for gradient flows above.

To see the relation between gradient and Hamiltonian flows on dually flat space,
it is important that the existence of special dually flat space, say L. Considering the

canonical symplectic structure on L X L, we see the reason why gradient flow

equations (1.1) correspond to Hamiltonian equations.

Theorem 1.1. Let S be an even dimensional dually flat space. For any point on
S, there exist a local neighborhood U of the point and a dually flat space L such that
U is isomorphic to LX L as statistical manifold. The Hamiltonian equation whose
Hamiltonian is canonical divergence with respect to the canonical symplectic

structure on L X L coincides with gradient flow equation (1.1).

The key of this theorem is that both gradient flow (1.1) and Hamiltonian flow on
even dimensional dually flat space can be expressed as m-geodesic, where is a
generalization of a result “a geodesic is critical point of both length and energy

functions” in Riemannian geometry. Hence we obtain a variational characterization
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of Fisher metrics on even dimensional dually flat spaces.

It should be able to see a part of connections among information geometry,
classical and quantum physics. Indeed, Goto [12, 13] and Mrugata [19] study
connections between thermodynamics and contact geometry which is odd
dimensional analogue of symplectic geometry; Molitor [18] describes a connection
between information geometry and quantum mechanics; connections between
symplectic geometry and quantum mechanics are given by de Gosson [10], de
Gosson and Luef [11], Censi [5] and Hsiao and Scheeres [15].

2. Statistical Manifolds and Gradient Flow Equations

In this section, we review some results of information geometry and Fujiwara
[8]. For general theory of information geometry, see Amari and Nagaoka [3], Eguchi
[6], Matsuzoe [17], Shima [23] and the references therein.

For dually flat space (S, g, V, V*), there exist V -affine coordinates

(0", ..., 0") and V*-affine coordinates (N, >N, ) so that

0 0 j
—, — | =¥ 2.1
g(ae’ aﬂj] !
We refer (0',...,0") and (Mgs....M,) to dual coordinates and set

d; =9/ 00', 97 = d/ dy - Moreover, there exist (local) functions y, ¢ : S — R

satisfying dy = nidei, dy = eidnl- such that @+ y = Gini. We collect relations

between objects defined above as a lemma.

Lemma 2.1. Let (8, ..., 0") and (Mgs -.-» M, ) be dual coordinates satisfying
(2.1) on a dually flat space. Then the following hold

L) oy ;00 i m; ~
o =22 q. =N gt =i = gldn;, dn; = —Ldo' = g.do,
oV T e on, &A= b

m;  9? i ST - I
= g(0,0,)=—L =2 Yol =@ 0)= 2= 22
g = 8(0;,9;) o 3907 8( ) ;- amm,
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We now define the V*-divergence Dy : S XS — R by

Dy(p, q) = D(p|q) = ¢(p) + w(g) —n;(p)8' (¢).

We also define V -divergence by interchanging p and ¢ in Dy, that is,
Dy (pllg) = Dyx(g|p). Then Dy and Dy are independent of the choice of affine
coordinates and define functions on S x S. For any (p, ¢) in S xS, Dy(p|gq) =0

and the equality holds if and only if p = ¢, and so does Dyx. In the case where

exponential families S = {pg = exp(C(x) + GiFi(x) —y(0))}, the divergence

Dy (pllg) = J plog g dx

is the relative entropy (or Kullback-Leibler divergence). These two divergences are

contrast functions defined as follows.

Let S be a differentiable manifold and let D : S xS — R be a non-negative

function satisfying identity of indiscemibles, namely D(p|lg) 20 for any

(p, g) e Sx S and the equality holds if and only if p = g. If we define a matrix

g” =[gf1by
g? = Dlo,0,1= D[49,0;1=-Dla;]9;].

then g? = [gi]D ] is positive semi-definite, where D[{] denotes the restriction of D
to the diagonal of S x S. A function D on S X S is a contrast function if matrix

gD is positive-definite, and then gD is a Riemannian metric on S. As we saw

above, a statistical structure naturally defines contrast functions, conversely a

contrast function defines statistical structures on the manifold.

We next refer to results of gradient flow equations on dually flat spaces due to
Fujiwara [8, 9]. Note that the notations of divergence functions in [8] are reverse to

that of our divergences.

Theorem 2.2. Let (S, g, V, V*) be a dually flat space, and fix a point q in S.
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(1) Define a function on S by U(p) = Dy(p, q), and consider the gradient

flow equation

0 = —grad U (0). (2.2)
Then the solution of this equation is given by
n(p() = n(g) + M(p(0)) =n(g))e™
which converges to q along m* -geodesic as t — oo.
(2) I S has even dimension, then gradient flow equation
n=-n (2.3)
can be reformulated as a Hamiltonian equation whose position is Qp = My,

momentum is P* = —1/Mok_y, and Hamiltonian is H = —QkPk (k=1 ..., n).

Proof. (1) Since D(plq) = w(p)-wlg)+(8(¢)—6(p)) -n(g), we have
d,;U(8) =9 ;y(p)-n,(q), and
0 =—g"(m; -n,(q))
because 9 ;¥ =1;. By multiplying g ; the both sides of the equality and taking the

summation, we have gj,-éi =—(m; —M,(g)). On the other hand

o 20N de’ _dn;

8i% = ogi Tt dr
so that in M -coordinates the gradient flow equation (2.2) has form
1 =-(n-n(g)).
By integrating this equality, we obtain n(p(¢)) = n(¢) + (M(p(0)) = n(g))e™".
(2) In view of (2.3), we have

1 . .
H= —— (MaxMok—1 = M2uN2x-1) = 0.
N2k-1
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Direct calculation gives us the equivalence of the Hamiltonian equation

dQ, oH  dp* OH

At gpk’ dr 00,
and
Mok = Mok> M2k-1 = MNog-1-
For f € F, vector field grad fis defined by g(grad f, Y) = df (Y), and is expressed

as ( gij8 ;f) in coordinates. Hence gradient flow equation (2.2) is expressed as
0’ =—g%0,U(6), M =-Mm-n(q)

in O (V affine),  (V* affine) coordinates, respectively. In the case where normal

distributions, if we take delta distribution at the origin as g, then we get a result in

Nakamura [20]. In the case where exponential families, the potential function for V
divergence is U(n) = — (entropy of p) + const., then the gradient flow equation is a

steepest ascent flow of entropy. Especially by taking a uniform distribution as g it

becomes an Ornstein and Uhlenbeck process [22].

While (2) of the theorem shows that gradient flow equation (2.3), more generally
(2.2) is reformulated as Hamiltonian equation, it is very mysterious and interesting
result. In the next section, we clear the reason why gradient flow can be rewritten to

Hamiltonian equation.

3. Symplectic Structure and Hamiltonian Equations on 7* S

First of all, we construct symplectic structures on the square of dually flat space
from contrast functions. To distinguish between the first and second factors of

S xS, we denote not S$XS but §; XS, and put * on coordinates of the second
factor, e.g., &f, 94} and so on. Let D:S; xS, — R be a contrast function, and

define a map form S X S, to T*S by

dlD:SIXSZ —>T*8

(& &*) - (& 4\D),
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where d|D = a—Dl,dﬁi denotes the exterior derivative along the first factor of
2

S1 X S,. Define a two form ® by the pull-back of the canonical symplectic structure

on T*§ with respect to this map d;D :

32D

dei A d&*j .

o(&, &%) = (d;D)* (- dBy) =

This @ is a symplectic form on a neighborhood of the diagonal of S; x S;. In
general, @ is only nondegenerate on a neighborhood of the diagonal of §; x §,, and
then not necessarily define a global symplectic structure on S; X S,. However, we

do not need the range where ® is nondegenerate in this paper, from now on we

assume that @ above define a global symplectic form on §; X S,. For detail see

Barndorff-Nielsen and Jupp [4] and Noda [21].

For example, if we take § = R" and D: §; xS, - R as
1
D(Ee*) = S I~ &1,

where ||| denotes the Euclid norm. Then this is a contrast function on R” xR",

and the induced symplectic structure is the canonical symplectic structure

Wy = Z A& A dET = 8;dE" A dEF

on T*R" =R>". Hence the symplectic structure associate with the Hellinger

distance is the canonical symplectic structure on the cotangent bundle.
For general dually flat spaces, we have
Lemma 3.1. Let (S, g, V, V*) be a dually flat space. Then the symplectic

structure on Sy X S, defined by Dy is given by

Wy =dn; Ad8' =—g;de' And8* =—gg"dn, A do* =—gldn; A dn’.
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If we use Dy*, then
@) = —dn; AdO™ = —g;id0" A dO" = —gy g™ db" A dn’; = —g*Vdn; A dn.

Proof. Let (91, ...,0")and (m;,...,m,)be V affine and V* affine
coordinates on S, respectively. By choosing (e", n’; ) as coordinates on S| X S,, we
have

Dy

__sJ
a0ion* o
o'on’

and in view of Lemma 2.1, we obtain the results.

Note that in expressions of @ above, the second term ®; = —g?‘jdei AdB"Y is

symplectic structure, more precisely Kéhler structure, defined on the tangent bundle

of S. Moreover, we can define a special Kéhler structure on §; X §, by setting

8o ® gnx and VO V™ Then the associate complex structure J satisfies
J:90; = 9", (For special Kihler manifolds, see Freed [7], Alekseevsky-Cortés-
Devchand [2].) While we can define symplectic structures on S xS, by
do' A d®" and dn; A dn;, we ignore these structures since they does not induced

from divergence functions.

Now we see properties of symplectic structure @ as in Lemma 3.1. First of all,
we see alternative way to get @, which gives a classical mechanical characterization

of the structure.

Consider coordinates (N, ..., M) on S; XS,. Namely, if we regard the first
factor §; as tangent space and second factor S, as cotangent space, and S X S, as
the cotangent bundle of S, then the canonical symplectic structure on S; X .S, is

given by
wy = dn’ A do',

where (91, ..., 0") and (n]k, e nj;) are V affine and V* affine coordinates on
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Sy and §,, respectively. This symplectic structure coincides with the form as in

Lemma 3.1, so we use the same notation. From this viewpoint, potential functions

and ¢* satisfy a Legendre relation in analytical mechanics.

Lemma 3.2. On symplectic manifold (S; X S,, ®y), the Hamiltonian vector
field of the canonical divergence Dy is given by
9

e
1

Xpy (p. q) = (8 (p) - e*"(q))a%— (n}(g) - M:(p)) G.D)

Proof. For the canonical divergence Dy (plq) = ¢*(¢q) + w(p) -5 ()0 (p),

we have

Dy = 2% i + O go — oianz —nrdo’
om; 00’

1
=0"dn} +M;d0' —0'dn} —nido’
= (6" = 0" )dn; + (n; —n;)do".

It follows that the first factor of Xp generates V -geodesic, and the second

generates V* -geodesic. If we fix a point in S, and identify S, with S by using a

certain parallel translation, then the Hamiltonian vector field X Dy reduces to

; ; d
(6'(p) - 0/(9)) 2.
26
hence this vector filed on S generates V -geodesic. Similarly, fixing a point in §; and
taking a parallel translation, we get a vector field
d

(mi(g) —m;(p)) an;

on S which generates V* -geodesic. Therefore geodesics on S with respect to dual

connections can be obtained by Hamiltonian flow for the divergence.

Under these preparations, we describe the reason why gradient flow equation
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(1.1) can be expressed as a Hamiltonian equation. While we notice that (1.1) looks
like the second factor of (3.1), at this time the symplectic structure is unclear. In this

reason, we construct a dually flat space L such that (Lx L, @) is (locally)

symplectic diffeomorphic to § and a Hamiltonian flow on L X L coincides with

gradient flow (1.1).

In Lemma 3.2, we calculate Hamiltonian vector filed X py Oon S xS with

respect to @, in view of the definition of the divergence Dy, for example, we try
to compute the Hamiltonian vector field of H = -n*(p)0(q) which is a part of the

divergence. Then we have

9 9
X =el——n>’< s
7 %00 o

and we want to show this coincides with (2.3).

Lemma 3.3. Let L™ be a dually flat space defined as the following: L =

1 ' ' -1
{6',....0"}, wO)=-) (1-log®'), ' =—(6')" and ¢(n)=- Y logn;|-
For this L, the symplectic structure associated to divergence Dy on

(L X Ly, g ) is given by

Wy =’ Ado' = Zdnl—/;dnl
i Ni

b}

and the Hamiltonian vector filed of H = —n?@i is

0 « 0
Xy —_nim_ni o

Proof. By 1, = —(6")™!, we have g = 1?8, and then

. ; ¥ i an; A dn;
dTIi A del = dnz A gljdnj = Z#
i i

Next for H = —176’, we have
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. J
X =el__n* 0
7 %00 o

by using o = —T]-_l and

1

26’ 90’ On; om;
we obtain
; 0 « 0
Xy=—"7—-1m —.
" ' oy

It follows Darboux type theorem for even dimensional dually flat spaces.

Theorem 3.4. Let S be a 2n dimensional dually flat space. For any point

p € S, there exist a neighborhood U of p and canonical symplectic structure

_ N Mokt A dngg

(1)1 3
k=1 MN2k-1

on U such that

(L"xL", 0y)=(U, o), (3.2)

where = means symplectic diffeomorhic.

This theorem shows that on any dually flat space with even dimension there is a
natural symplectic structure, and gradient flow equation (2.3) coincides with

Hamiltonian equation with H = -1*0 because of the lemma above. Hence, we

obtain a correspondence between gradient and Hamiltonian flow on dually flat
spaces. By Theorem 3.4, if S has even dimension, then any dually flat space admits a
natural symplectic structure defined from the canonical divergence which associate to
Poincaré metric. Hence, we should consider Theorem 3.4 as Darboux theorem on

dually flat spaces (indeed, this is for special Kéhler structures).

This is the first method, but is hard to be able to see a connection between the

structures. So we give a supplement of the relation between symplectic structure ©;
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and statistical structure on the space. Fix a point ¢ in 2n dimensional dually flat

space S, and let U(p) = Dy (pllg). Then for 1 <i < 2n, we have

o,U =m; —;(q).
We separate 1y, ..., My, into even and odd indexes, and take even indexes as M
coordinates and odd indexes as — 0~ coordinates which think of that of cotangent
spaces. In this case, expressing the symplectic structure ®; by m coordinates, then

we obtain ®;. Moreover, in a direction gradient flow is expressed as m-geodesic

flow, in another direction Hamiltonian flow is m-geodesic flow.

Newt we see more direct correspondence between two kinds of geometric flows.
As we see above, the second factor of the Hamiltonian vector field X Dy looks like
the gradient flow 1 = (n;(¢) —n;(p)) which is expressed by m-coordinates on S.
To identify S with the second factor of S; X S, by using a parallel translation, we
take L as in Lemma 3.2 instead of S, where we need even dimensional L. We
consider L™ such that m = 2n = dim S, then the second part of Hamiltonian vector

field X p;, generates an m-geodesic by Lemma 3.2, and then corresponds to (2.3).

In these correspondences, the essential reason is that potentials of Fisher metric
on dually flat space S and of symplectic structure on S XS are both canonical
divergences, and geodesics can be cahracterized to Riemannian and symplectic

geometry.

As the last, we construct a correspondence between gradient and Hamiltonian
equations via the symplectic reduction argument. For detail of symplectic reductions,
see Abraham and Marsden [1], Guillemin and Sternberg [14] and Marsden and
Weinstein [16].

Although, we also consider the space as in Lemma 3.2, we need even

dimensional space, say 2n, so we use the notation S' instead of L. Namely, let
S' satisfies S'= {60, ..., 62"}, y(6) = —zi(l—10g|9i|), n' =—(6')"" and @(n)
= —Z logn;|. We choose R ... 0% N ..., M3, ) as a coordinates system on

S| X §5. Define the action of R” on §; X S5 by
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a - (9, n* ) = (, 92k_1, 92k,..., ; ...lek_l + ag, nzk +ag, ... )

for every a =(ay, ..., a, )€ R". The infinitesimal generator is V, = 9*2¢~1 4 9*2k

1<k £ n, and because
(V) = d(6% 1 +02%) =0,

the moment map of this action is (61 + 92, ey g2l 4 g2n ). Moreover, since the
reduced space at the origin can be identified with the subset M3;_; + N3 =0 in

u_l(O), the reduced symplectic structure ®, coincides with @, restricted to

{6, m*); 021 102 =0, mb,_ + b =0, 1<k <n}

Hence, we have

n n
- , 2k-1 ‘ 2%k-1, )
0)0=2§ N3y A dO =2§ i A g™ dn;
k=1 k=1

n *
_ dNog—_1 A dNog—g
- 22 2
k=1 N2k-1

which coincides with the symplectic structure in Theorem 3.4 up to scalar

multiplication. Note that under the identification of the reduced space, we have

el 92n
ny N5,
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