
Fundamental Journal of Mathematics and Mathematical Sciences 
p-ISSN: 2395-7573; e-ISSN: 2395-7581 
Volume 19, Issue 1, 2025, Pages 1-88 
This paper is available online at http://www.frdint.com/ 
Published online January 30, 2025 

:esphras and Keywords Fofana spaces, amalgam spaces, variable exponent Lebesgue 

spaces, variable exponent amalgam spaces, Riesz potential. 

2020 Mathematics Subject Classification: 26A33, 42B25, 46E30. 

*Coresponding author 

Received July 4, 2024; Revised August 18, 2024; Accepted August 20, 2024 

 © 2025 Fundamental Research and Development International 

NORM INEQUALITIES ON RIESZ POTENTIAL 

OPERATORS IN VARIABLE EXPONENT FOFANA 

SPACES 

SAMBOUROU MASSINANKE, SÉKOU COULIBALY* 

and AÏSSATA ADAMA 

D.E.R de Mathématiques et Informatique 

Faculté des Sciences et Techniques (FST) de Bamako 

Université des Sciences, des Techniques et des Technologies de Bamako 

BPE 3206 Bamako 

Mali 

e-mail: smass74@yahoo.com 

            csekou91@yahoo.fr 

            aissatalawdi@yahoo.fr 

Abstract 

We introduce a class of Banach spaces ( ( ) ( ) ) ( )( )Ωαpq lL ,  (where ( ) ,q  

( ) ,p  ( )α  are functions on )Ω  which are subspaces of the two-variable 

exponent amalgam spaces ( ( ) ( ) ) ( ) ., Ωpq lL  We exhibit some properties 

of these spaces and study the behavior of the Riesz potential operators 

on these spaces 
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1. Introduction 

Our purpose is to derive sufficient conditions for fractional integral 

operators (also known as Riesz potential) in three-variable exponent 

amalgam spaces (t-VEAS) ( ( ) ( ) ) ( )αpq lL ,  under the log-Hölder continuity 

condition on the exponent ( ).q  The derived results are new even for 

constants ,q  ,p  α  in the case of potential operators defined on .d
R  

The boundedness for fractional integral operators in variable 

exponent Lebesgue spaces was investigated by many authors: [1-4]. Apart 

from interesting theoretical considerations, the study of variable 

exponent spaces was motivated by a proposed application to modeling 

electrorheological fluids (see [5]), to image restoration (see, e.g., [6]), etc. 

The amalgam spaces ( ) ( )Ωpq lL ,  (with ,q  p  constants) have been 

used by Wiener (see [23]) in connection with Tauberian theorems. Long 

after, Holland undertook their systematic study, (see [24]). 

Since then, they have been extensively studied (see the survey paper 

[25] and the references therein) and generalized to locally compact groups 

(see [26-28]). 

They may be looked at as spaces of functions that behave locally as 

elements of ( )dqL R  and globally as belonging to ( ).dpl Z  Taking this 

into account, Feichtinger has introduced Banach spaces whose elements 

belong locally to some Banach space, and globally to another (see [29]). 

The spaces ( ) ( )dpq lL R
α,  with constant exponents, have been 

introduced during 1988 by Ibrahim Fofana, see [7, 9]. We will always 

refer to them as Fofana spaces. It is well known that if { },, pq∈α  then 

( ) ( )dpq lL R
α,  coincides with the Lebesgue spaces αL  and for α<q  the 

space  ( ) ( )dq lL R
α∞,  is exactly the classical Morrey spaces. Thus Fofana 

spaces can be viewed as some generalized spaces. Many classical results 

in Fourier analysis, well-known and widely used in Lebesgue or Morrey 

spaces, have been extended to the setting of Fofana spaces (see [7, 8, 9, 
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10, 11, 12, 13, 16, 17, 51, 52, 53]). Let us recall the definition of the spaces 

( ) ( )dpq lL R
α,  with constant exponents. 

Let [ ]∞∈α ,1,, pq  and ,0 ∞<< r  we let: 

(a) [ ( ) ) ( ) ,,1, 1
1
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For any subset E  of ,d
R  Eχ  is the characteristic function of E  and 

E  the Leesgue measure of .E  

(b) For any ( )dq
loc

Lf R∈  we let: 
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The amalgam spaces ( ) ( )dpq lL R,  and ( ) ( )dpq lL R
α,  with constant 

exponents ,q  ,p  α are defined as follows: 

( ) ( ) { ( ) },:, ,1 ∞<∈=
pq

dq
loc

dpq fLflL RR  

( ) ( ) { ( ) }.:, ,, ∞<∈= α
α

pq
dq

loc
dpq fLflL RR  

Recently One-variable exponent amalgam space ( ( ) )pq lL ,  (where 
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( )q  is a function, p  is a constant belonging to [ ])∞,1  has been widely 

studied in [18-21]. 

In 2023 [49], Yang and Zhou introduced the one-variable Fofana’s 

spaces ( ( ) ) ( )dqp lL R
α,  where ( )p  is a function such that ( ) ∞<< p1  

and α,q  are constant reals verifying ,1 q≤  ,∞≤α  in this work some 

properties are derived and the pre-dual of those spaces were established 

which contributed to prove the necessary conditions of fractional integral 

commutators’ boundedness. As applications, the characterization of 

fractional integral operators and commutators on (one-) variable Fofana’s 

spaces are discussed, which are new result even for the classical Fofana’s 

spaces. 

In the recent past, N. Diarra [50] investigated the boundedness of 

classical operators such as Riesz potentials operators, maximal operators, 

Calderon-Zygmund operators and some generalized sublinear operators 

in both ( ( ) ) ( )dqp lL R
α,  and their preduals ( ( ) )( ),,, dqpH Rα′′′  in this 

paper some properties of these spaces are proved. The results extend 

and/or improve those of classical Fofana’s spaces and their preduals. 

The present work considers all exponents α,, pq  of ( ) ( )dpq lL R
α,  

as functions and generalizes the two Banach function spaces of the two 

papers of Diarra [50] and Yang and Zhou [49]. 

The following contributors have done huge work that contributed to 

the success of our paper: [22, 15, 47, 48]. 

In this work, we will extend the definition of these constant exponent 

spaces ( ) ( ),, dpq lL R  ( ) ( ),, dpq lL R
α  ( α,, pq  are constants) to the case 

where ,q  ,p  α  are functions ( ),q  ( ),p  ( )α  from d
R⊂Ω  to .R  

It seems that Wiener amalgams with two or three variable exponents 

have not yet been considered in full generality. 

In a precedent work we have defined and studied a two-variable 

exponent amalgam spaces ( ( ) ( ) ) ( );, Ωpq lL  (where ( ),q  ( )p  are functions,  

),d
R⊂Ω  see [22]. 
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It is clear that ( ( ) ( ) ) ( ) ( )Ωαpq lL ,  is a subspace of the two-variable 

amalgam spaces ( ) ( ) ) ( )., Ωpq lL  We denote by ( )dLL R
00 =  

( )dxL d ,0
R=  the real vector space of equivalent classes (modulo equality 

Lebesgue almost everywhere) of Lebesgue measurable complex-valued 

functions on .d
R  

One of the most significant operators in Harmonic Analysis is the 

fractional integral operator ,γI  ( ),10 <γ<  also known as the Riesz 

potential ( )γ⋅dorderof  and defined by 

( ) ( ) ( )∫
−γ

γ −=
d

dyyfyxxfI
d

R

1  

for such ,dx R∈  0Lf ∈  for which the above integral makes sense. 

The boundedness properties of γI  between various Banach spaces 

have been extensively studied, see [30-36]. Lately, the boundedness of the 

Riesz potential operator on variable exponent spaces was also studied by 

many researchers, see [37-44]. 

In this work, we define the variable exponent Fofana’s spaces 

( ( ) ( ) ) ( ) ( )Ωαpq lL ,  and give some properties and study the continuity of 

the Riesz potential operators. 

The paper is divided into four sections. Section 2 includes 

fundamental notations and definitions which will be used in the 

subsequent sections. Section 3 contains auxiliary results and properties. 

Section 4 deals with the behavior of the Riesz potential on 

( ( ) ( ) ) ( ) ( )., Ωαpq lL  

Throughout the paper, the constants are independent of the main 

parameters involved, with values which may different from line to line. 

2. Definitions and Notations 

Notation 1. 

� d  will be a fixed positive integer, Ω  a non void subset of ,d
R  the 
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-d dimensional Euclidean space d
R  is equipped with the usual Euclidean 

norm .x  

( ) ( ) ( ) ...,,, rqp  in general indicate that ...,,, rqp  are functions used 

as norm indexes ( ( ) ( ) ( ) )....,,,
rqp

⋅⋅⋅  

( ) ( ) ( ) ...,,, ⋅⋅⋅ hgf  in general mean that ...,,, hgf  are functions which 

are applied on the elements ...,,, zyx  of ,d
R  the dots between the brace 

refer to these elements. 

Let ( )ΩP  be the set of all Lebesgue measurable functions 

( ) [ ].,1: ∞→Ωp  In order to distinguish between variable and constant 

exponents, we will always denote exponent functions by ( ).p  

Given ( )p  and a set ,Ω⊂E  let: 

( ) ( ),infess xpEp Ex∈− =    ( ) ( ).supess xpxp Ex∈+ =  

We simply write: 

( )Ω= −− pp    and   ( ).Ω= ++ pp  

As in the case for the classical Lebesgue spaces, we will encounter 

different behavior depending on whether ( ) ,1=xp  ( ) ,1 ∞<< xp  

( ) .∞=xp  Therefore, we define three canonical subsets of :Ω  

( ) ( ){ },: ∞=Ω∈=Ω=Ω ∞∞ xpxp  

( ) ( ){ },1:11 =Ω∈=Ω=Ω xpx
p  

( ) ( ){ }.1:** ∞<<Ω∈=Ω=Ω xpx
p  

Below, the value of certain constants will depend on whether these 

sets have positive measure; if they do we will use the fact that, for 

instance 

( ) .1
1

=χ
∞Ω ⋅p  

Given ( ),p  we define the conjugate exponent ( )p′  by: 
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( ) ( )
,1

11
=

′
+

xpxp
   Ω∈x  

with the convention .0
1

=
∞

 

Since ( )p  is a function, the notation ( )p′  can be mistaken for the 

derivative of ( ),p  but we will never use the symbol >><′<  in this sense. 

The notation p′  will always denote the conjugate of a constant 

exponent. The operation of taking the supremum/infimum of an exponent 

does not commute with forming the conjugate exponent. In fact, a 

straightforward computation shows that: 

( )( ) ( ) ,′=′ −+ pp    ( )( ) ( ) .′=′ +− pp  

For simplicity, we will omit one set of parentheses and write the left-

hand side of each equality as: 

( ) ( ) ,′=′ −+ pp    ( ) ( ) .′=′ +− pp  

A function ( ) R→Ω:r  is locally log-Hölder continuous and denote 

this by ( ) ( ),0 Ω∈ LHr  if there exists a constant 0C  such that 

( ) ( )
( )

,
log

:
2
1 0

yx

C
yrxryx

−−
≤−≤−    ., Ω∈yx  

We say that ( )r  is log-Hölder continuous at infinity and denote this 

by ( ) ∈r ( ),Ω∞LH  if there exist ∞C  and ( )∞=∞ rr  such that 

( )
( )

,
log xe

C
rxr

+
≤− ∞

∞    .Ω∈x  

If ( )r  is log-Hölder continuous locally and at infinity, we will denote this 

by writing ( ) ( ) ( ) ( ).0 ΩΩ=Ω∈ ∞LHLHLHr I  

If there is no confusion about the domain, we will sometimes write: 

,0LH  ∞LH  or .LH  

� In the whole document { } { }.0,...,2,1 0 UNNN ==  
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Definition 1. 

1. For any ( ) ( )Ω∈ Pq  and a Lebesgue measurable function ,f  we 

denote ( )( )( )fqL Ω
ρ  by: 

 ( )( )( ) ( ) ( )
( ( ) )( )

,
\∫ ∞

∞
∞

ΩΩ
ΩΩ

+=ρ
q

qq L
xq

L
fdxxff  (2) 

where 

( ( ) ) { ( ) ( )}...:0inf q
L

xeaxff q ∞Ω Ω∈ε≤>ε=
∞

∞  

We define 

( )( ) ( ) ( ) ,1:0inf, 





 ≤








λ
ρ>λ== ΩΩ

f
ff qqLq  (3) 

( )( ) { ( ) ( )( ) }.:0 ∞<Ω∈=Ω ΩqL
q fLfL  (4) 

2. If f  is unbounded on ( )q
∞Ω  or ( ) ( ) ( ( ) ),\1

∞ΩΩ∉ qq
Lf  we define 

( )( ) .∞=ρ fq  

3. If ,∞<+q  in particular when ( ) ,0=Ω∞
q  we let ( ( ) ) .0=

∞
∞ ΩqL

f  

4. If ,∞=+q  then ( ){ } ,..:0inf ∞=Ω∈ε≤>ε xeaxq  that is, 

( ) ,..0:0 Ω∈>>ε∀ xeaxq  therefore in this case ( )q  is unbounded, 

( ) ( ){ } ,: Ω=∞=Ω∈=Ω∞ xqxq     and    ( ) ( ) ( ) .sup, xff
x

q
Ω∈

Ω =ρ  

5. If ( ) ,0\ =ΩΩ ∞
q  then ( )( ) ( ( ) ).qLq ff

∞
∞ Ω=ρ  

Definition 2. Let I  be a non void countable set, ( )IP  be the set of 

all Lebesgue measurable functions ( ) [ ],,1: ∞→Ip  ( ) =IP  

{ () ( ) [ ],,1: ∞→Ipp  ( )p  is Lebesgue measurable}. 

1. For any ( ) ( )Ip P∈  and { } ,I
Ikka R∈∈  we define the modular 

( )( )Ilpρ  by: 

 ( )( )
({ } )

( )

( )
( )

k
Ik

kp
k

IIk

IkkIl
aaa

p
p

p

∞
∞

∈∈

∈ +=ρ ∑ sup

\

 (5) 
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or 

( )( )
({ } )

( )

( )
( ( ) )

( )
( ( ) )

.
\\ 1 pp

pp
p

IlIk

k

IIlIIk

kpk
IkkIl

aaa

∞
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2. If
( )

( )
( ( ) )p

IIk

kpk IIla
p

∞
∈

∉








∞

\1

\
 or 

( )pIk

ka
∞∈






  is unbounded 

on ( ),pI∞  we define: 

( )( )({ } ) .∞=ρ ∈IkkIl
ap  

3. If ( ) ,∅=∞
pI  in particular when ,∞<+p  we let 

( )
,0sup =

∞∈
k

Ik

a
p

 

therefore 

( )( )
({ } ) ( ).kp

k

Ik

IkkIl
aap ∑

∈
∈ =ρ  

4. If ( ) ,\ ∅=∞
pII  then ( ),pII ∞=  and ( )({ } ) .sup k

Ik
Ikkp aa

∈
∈ =ρ  

5. If ,∞<+p  then ( ) ∞<p  on I  and ( ) ,∅=∞
pI  therefore 

( ) ({ } ) ( )., ∑
∈

∈ =ρ
Ik

kp
kIkkIp aa  

6. If ,∞=+p  then ( )p  is unbounded on I  and ( ) =∞
pI  

( ){ }∞=∈ kpIk : ,I=  and 

( ) ({ } ) .sup, k
Ik

IkkIp aa
∈

∈ =ρ  

7. For any ( ) ( ),Ip P∈  we define the variable sequence spaces ( )( )Il p  

by: 

 ( )( ) { } { } ( )( ) ,:






 ∞<∈= ∈∈ IlIkk

I
Ikk

p
paaIl R  (6) 

where 

 { } ( )( ) ( )( )
{ }

.1:0inf








≤








λ
ρ>λ= ∈

∈
Ikk

IlIlIkk

a
a pp  (7) 
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We define on ( )( )Il p  some operations as follows: 

For any { } ( )( ),Ila p
Ikk ∈∈  { } ( )( ),Ilb p

Ikk ∈∈  ,R∈α  { }:0\R∈β  

{ } { } { } ,IkkkIkkIkk baba ∈∈∈ +=+  

{ } { } ,IkkIkk aa ∈∈ ⋅α=⋅α  

{ } { } { } ,IkkkIkkIkk baba ∈∈∈ ⋅=⋅  

{ }
.

Ik

kIkk aa

∈

∈









β
=

β
 

We also define the absolute value of any element { } Ikka ∈  of ( )( )Il p  

by: 

{ } { } .
IkkIkk aa ∈∈ =  

The -s power of { } Ikka ∈  of ( )( )Il p  ( )∞<≤ s1with  is defined by; 

{ } { } .Ik
s

k
s

Ikk aa ∈∈ =  

Properties 3. [22] 

1) For any ( ),p ( ) ( ),Ip P∈  { } :I
Ikka R∈∈  

 ( ) ( )pp ~≤    on   { } ( )( ) { } ( )( ).
~

IlIkkIlIkk pp aaI ∈∈ ≤⇒  (8) 

2) Given a non-void countable set I  and ( ) ( )Ip P∈  such that 

( ) ,∅=∞
pI  then for all s  such that ,

1
∞<≤

−
s

p
 we have 

{ } ( )( )
{ } ( )( ).

s

IlIkk
Il

Ik
s

k spp
aa ∈∈ =  

3) When ( ) ,pp =  ,1 ∞≤≤ p  the definition of ( )( )Il p  given in the 

formula (6) is equivalent to the classical Lebesgue sequence spaces ( )Il p  

defined by: 
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 ( ) ( )













∞=
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=

∈

∈∈
∑

.ifsup

,if

1

pa

pa
a

k
Ik

p

Ik

p
k

IlIkk p  (9) 

4) Given a countable and non-void set I  and ( ) ( ),Ip P∈  for all 

{ } ( )( )Ila p
Ikk ∈∈  and { } ( )( ),Ilb p

Ikk
′

∈ ∈  then { } ( ),1 Ilba Ikkk ∈∈  and 

{ } ( ) ( ) { } ( )( )∑
∈

∈∈ ≤=
Ik

IlIkkpkkIlIkkk paKbaba 1 { } ( )( ).IlIkk pb ′∈×  (10) 

This inequality can be generalized in the following way: 

5) Given a countable and non-void set I  and ( ) ( ) ( ),, Irq P∈  define 

( )p  by 

( ) ( ) ( )rqp

111
+=    on   .I  

Then there exists a constant K  such that for all 

{ } ( )( ),Ila q
Ikk ∈∈  { } ( )( ) { } ( )( )IlbaIlb p

Ikkk
r

Ikk ∈∈ ∈∈ :  and 

 { } ( )( ) ( ) { } ( )( ) { } ( )( ),IlIkkIlIkkpIlIkkk rqp baKba ∈∈∈ ×≤  (11) 

in the particular case where ( ) ,1=p  we get (10): 

{ } ( ) { } ( )( ) { } ( )( ).1 IlIkkIlIkkIlIkkk qq baKba ′∈∈∈ ×≤  

Lemma 4. [47, 48] Let ( ) ( ),Ω∈ Pq  suppose that .∞<+q  For any 

sequence { } ( )( )Ω⊂ q
n Lf  and ( )( ),Ω∈ qLf  ( ) Ω− ,qnff  0→  if and only 

if ( )( )( ) .0→−ρ
Ω nL

ffq  

Remark that the discrete version of this lemma is also valid. 

Lemma 5. Let ( ) ] [,,0,, ∞+××Ω∈ drkx Z  we set :
2
r

t =  

(a) ,r
x

t
k

t
k

JIIx ⊂⇒∈  
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(b) ,U
kLl

r
l

r
x

r
k IJIx

∈

⊂⇒∈  

where { ,11: +≤≤−∈= jjj
d

k klklL Z  { }}dj ...,,1∈  and 

(c) .3Card ∞<≤ d
kL  

Proof. 

(a) Under the hypotheses of (a) let ,t
k

Iy ∈  then ( ) ,1 tkytk jjj +<≤  

,...,,1 dj =  let us prove that :r
xJy ∈  

by hypothesis ,t
k

Ix ∈  then ( ) ,1 tkxtk jjj +<≤  these two last 

double inequalities lead to ,txyt jj <−<−  therefore jjj xytx <<−  

,t+  ,...,,1 dj =  since ,
2
r

t =  we get ,
22
r

xy
r

x jjj +<<−  ,...,,1 dj =  

which means that .r
xJy ∈  

(b) By hypothesis ,r
kIx ∈  then ( ) ,1 rkxrk jjj +<≤  ,...,,1 dj =  let 

,r
xJz ∈  then ,

22
r

xz
r

x jjj +<≤−  now we should find kLl ∈0  such 

that .
0

r
l

Iz ∈  ( ) ,1000
rlzrlIz

jj j
r
l

+<≤⇔∈  ,...,,1 dj =  this implies 

that ,100 +<≤
jj

l
r

z
l

j
 for any real number ,x  let ( )xE  be the great 

integer less than or equal to ,x  from the last double inequality, we can 

take ,0 







=

r

z
El

j

j
 ,...,,1 dj =  then we get ( ) == ≤≤ djj

ll 100  

dj

j

r

z
E

≤≤

















1

 such that ,
0

r
l

Iz ∈  it remains to prove that ,0 kLl ∈  that 

is, ,11 0 +≤≤− jj klk
j

 ....,,1 dj =  

By recapitulating we have: 
( )

,

22

1







+<≤−

+<≤
r

xz
r

x

rkxrk

jjj

jjj
 then we get: 
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,

2
1

2
1

1









+<≤−

+<≤

r

x

r

z

r

x

k
r

x
k

jjj

j
j

j
 this implies that 

2
1

2
1

+<≤−
r

x

r

z

r

x jjj
 which 

gives ,
2
1

1
2
1

2
1

2
1

++<+<≤−≤− j
jjj

j k
r

x

r

z

r

x
k  that is, ≤−

2
1

jk  

,
2
1

1 ++< j
j

k
r

z
 now by applying the function E  (as defined in this 

proof) on all the members of this last double inequality, we find that 

,
2
1

1
2
1







 ++<








≤






 − j

j
j kE

r

z
EkE  since ,Z∈jk  this is equivalent to 

,11 0 +≤≤− jj klk
j

 which means that .0 kLl ∈  

(c) Recall that for any integers ba,  such that ba <  the number of 

integers located in the interval [ ]ba,  is ,1+− ab therefore the number of 

jl  such that 11 +≤≤− jjj klk  is 3, thus .3Card d
kL ≤  

The claim is proved. 

Definition 6. [22] Let ,Ω⊂d
Z  for any ( ) ( ),Ω∈ Pq  ( ) ( ),dp ZP∈  

let ( )( )Ω∈ q
loc

Lf  and :0 ∞<< r  

 ( ) ( ) ( )( ) ( )( )

,,,
dpdq

r
k

lkL
Ipqr ff

ZZ∈Ω
Ω









χ=  (12) 

that is, 

( ) ( )

( )( )

( )( )

( )( )














∞=χ

∞<

























≤





















λ








χ

ρ>λ
=

+
Ω∈

+
∈Ω

Ω

.ifsup

,if1:0inf

,,

pf

p

f

f

q
r
kd

dq
r
k

dp

L
I

k

kL
I

l

pqr

Z

Z

Z  

 (13) 

We have defined the two-variable exponential amalgam spaces 
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( ( ) ( ) ) ( )Ωpq lL ,  (see [22]) by: 

 ( ( ) ( ) ) ( ) ( )
( ) ( ) .:, ,,1







 ∞<∈=Ω Ωpq

q
loc

pq fLflL  (14) 

( ) ( ) ,,, dpqr f
R

 ( ( ) ( ) ) ( )dpq lL R,  will be simply denoted by ( ) ( ),, pqr f  

( ( ) ( ) )., pq lL  

Remark that (13) generalizes (1) and according to Lemma 5, when 

,∞=+p  r
kI  can be replaced by r

xJ  and so (13) becomes: 

( ) ( )

( )( )

( )( )

( )( )














∞=χ

∞<

























≤





















λ








χ

ρ>λ
=

+
ΩΩ∈

+
∈Ω

Ω

.ifsup

,if1:0inf

,,

pf

p

f

f

qr
x

dq
r
k

dp

LJ
x

kL
I

l

pqr

Z

Z  

 (15) 

Proposition 7. [22] 

1. Let ,Ω⊂d
Z  given ( ) ( ),Ω∈ Pq  ( ) ( ).dp ZP∈  ( ( ) ( ) ) ( ),, Ωpq lL  

( ) ( )pq ,1 ⋅  is a Banach space. 

2. Let Ω  be a set such that ,Ω⊂d
Z  given ( ) ( ) ( ) ( ),,, 21 Ω∈ Pqqq  

( ) ( ) ( ) ( )dppp ZP∈21 ,,  and 
( )( ).Ω∈ q

loc
Lf  

a) If ,
1

,
1

max ∞<≤








−−
s

pq
 ( ) ,0=Ω∞

q  and ( ( ) ( ) ) ( ),, Ω∈ pq lLf  

then 
( ) ( ) ( ) ( ) .,,1

,
1

s
spsqpq

s
ff ΩΩ

=  

b) (�) Let ( ( ) ( ) ) ( ).,2 Ω∈ pq
lLf  If ( ) ( )21 qq ≤  on ,Ω  then 

( ( ) ( ) ) ( )Ω∈ pq
lLf ,1  and ( ) ( ) ( ) ( ) ( ) ( ) ΩΩ ×≤ ,,1,,1 22,11 pqqpq

fKf
q

 or 

( ( ) ( ) ) ( ) ( ( ) ( ) ) ( ).,, 12 Ω⊂Ω pqpq
lLlL  



NORM INEQUALITIES ON RIESZ POTENTIAL OPERATORS … 

 

15 

(��) In particular when 
( ) ,\ 1 ∞<ΩΩ ∞

q
 we have 

( ) ( )
( )

( ) ( ) ( ) ( ) ( ) .1\1 ,,1,,1,,1 22
1

1 ΩΩ∞Ω ⋅Ω+≤⋅






 ΩΩ+≤
pqpq

q
pq

fff  

c) � Let ( ( ) ( ) ) ( )Ω∈ 1, pq lLf  and ( ) ( )21 pp ≤  on .d
Z  We have 

( ( ) ( ) ) ( )Ω∈ 2, pq lLf  and ( ) ( ) ( ) ( ) ΩΩ ×≤ ,,1,,1 12 pqpq
fCf  or 

( ( ) ( ) ) ( ) ( ( ) ( ) ) ( ).,, 21 Ω⊂Ω pqpq lLlL  

�� In particular when ,∞<Ω  we have 

( ) ( ) ( ) .1 ,,1,,1 ΩΩ −+
⋅Ω+≤

pqpq
ff  

d) If 
( )
( )




==

==

,

,

realconstantpp

realconstantqq
 

both in [ ],,1 ∞  then ( ( ) ( ) ) ( ) ( ) ( )Ω=Ω pqpq lLlL ,,  with constant 

exponents. 

( ) ( )Ωpq lL ,  with constant exponents have been widely studied by 

many researchers (see: [45], [24], [28], [25], [46]. 

e) If ,∞<Ω  then there exist positive constant reals ,c  C  such that: 

( ) ( ) ΩΩΩ −++−
×≤≤× ,,1,,1,,1 pqpqpq

fCffc  

otherwise 

( ) ( ) ( ( ) ( ) ) ( ) ( ) ( ).,,, Ω⊂Ω⊂Ω +−−+ pqpqpq
lLlLlL  

f) If 

( ) ( ) ( )
,1

111

21
≤=+

qqq
 

() () () ,1
111

21
≤=+

ppp
 

( ) ( ( ) ( ) ) ( ) ( () ( ) ) ( ).,,, 2211 Ω×Ω∈ pqpq
lLlLgf  
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Then 

( ( ) ( ) ) ( )

( ) ( ) ( ) ( ) ( ) ( )





××≤

Ω∈

ΩΩΩ ,

,,

,,1,,1,,1 2211 pqpqpq

pq

ffCfg

lLfg
 

in the particular case where ( ) ( ) 1== pq  on ,Ω  we have Hölder’s 

inequality 

( ) ( ) ( ) ( ) .,,1,,11,11 Ω′′ΩΩ ××≤
pqpq

gfCfg  

g) Let ( ( ) ( ) ) ( )., Ω∈ pq lLf  We have 

( ) ( )( )[ ( ) ( ) ] ( ) ( ) ΩΩΩΩ+ ×≤+≤
−+−+ ,,1,,21,,11,,1 2

pqpqpqpqq
fffpCf  

with ( ( ) ) ( )Ω∈ + pq
lLf ,1  and ( ( ) ) ( ),,2 Ω∈ − pq

lLf  otherwise 

( ( ) ( ) ) ( ) ( ( ) ) ( ) ( ( ) ) ( ) ( ( ) ) ( ).,,,, Ω⊂Ω+Ω⊂Ω −+−+ + pqqpqpqpq lLlLlLlL  

h) For any ,0>r  the norms ( ) ( )pq ,1 ⋅  and ( ) ( )pqr ,⋅  are equivalent. 

We will need the following theorem which can be found in [47]. 

Theorem 8. (Monotone Convergence theorem) 

Let ( ) ( ),Ω∈ Pq  and ( ) ( )( )Ω⊂∈
q

nn Lf
N

 be a sequence of non-negative 

functions such that nf  increases to a function f  pointwise almost 

everywhere. Then either ( )( )Ω∈ qLf  and ( )( ) ( )( )ΩΩ → qq LLn ff  or 

( )( )Ω∉ qLf  and ( )( ) .∞→ΩqLnf  

Remark 9. 

(1) Let ( ) ( ),Ω∈ LHp  there exists a function ( ) ( )dp RP∈~  such that 

(a) ( ) ;~ LHp ∈  

(b) ( ) ( ),~ xpxp =  ;Ω∈x  

(c) −− = pp~  and .~
++ = pp  

(2) Given two domains Ω  and ,
~Ω  if Ω⊂Ω~  and ( ) ( ),Ω∈ Pp  then 
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( ) ( ) ( )Ω∈= Ω
~~ ~ Ppp  and it is immediate from the definition of the norm 

( )( )Ω⋅ qL
 that for ( )( ),Ω∈ pLf  

( )( ) ( )( ).~~~
ΩΩΩ χ= pp

LL
ff  

Hereafter we will implicitly make these restrictions without comment 

and simply write ( )( ).~ΩpL
f  Conversely, given ( ) ( )Ω∈ ~

Pp  and 

( )( ),~Ω∈ pLf  we can extend both to Ω  by defining ( ) 0=xf  for 

ΩΩ∈ ~
\x  and defining ( )p  arbitrarily on .

~
\ ΩΩ  If we do so, then 

( )( ) ( )( ).~ ΩΩ = pp LL
ff  Moreover, if ( ) ( ),~Ω∈ LHp  by (1) we may 

assume that ( ) ( )Ω∈ LHp  as well. 

Combining (1) and (2); we deduct: 

(3) Let Ω  be a set such that ,Ω⊂d
Z  from (1) and (2) given 

( ) ( ),dLHt Z∈  we can extend ( )t  to an exponent function ( )t
~  in 

( ) :ΩLH  in the following sense: 

( ) ( )




Ω∈

∈=
.\if0

,if~
d

d

x

xxt
xt

Z

Z
 

We will not do a difference between ( )t
~  and ( ).t  

We will need the following lemma: 

Lemma 10. [22] 

(i) For a fixed positive real number ,r  if dkk Z∈21 ,  and ,21 kk ≠  

then .
21

∅=r
k

r
k

II I  

(ii) If r  is a fixed positive real number then .Ω=

∈

U
dk

r
kI

Z

 

Lemma 11. Let A  be a finite subset of d
Z  such that .Ω⊂d

Z  

a) There always exist nonnegative real numbers ( ) Akkm ∈  not all zero 
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such that 

( ) .,0 Ω∈=χ∑
∈

xxm

Ak
Ik r
k

 

b) One element of 
Ak

I r
k ∈






χ  can be expressed from another. 

c) Furthermore all elements of 
Ak

I r
k ∈






χ  can be expressed from one of 

them. 

Proof. 

a) Recall that for real numbers ( ) ∑∑ =∈ kkAkk aaa :  when 

the numbers have the same sign. 

For vectors ( ) Akka ∈  (with A  the finite subset of )d
Z  in normed 

vector space ( ) ∑∑ =⋅ν
k

k

k

k aa:,  when the vectors ka  are 

parallel or collinear with the same direction otherwise there exit real 

numbers kr  not all zero such that ,0=∑
∈Ak

kkar  if the vectors ka  are 

collinear with the same sense, all the vectors ka  can be expressed from 

one of them, which means that there exist Ak ∈0  and nonnegative real 

numbers ( ) { }0kAkkm −∈  such that { } ,:
00 kkk amakAk =−∈∀  in this 

case: 

{ }
∑∑

−∈∈

+=

0

0
kAk

kk

Ak

k aaa  

{ }
∑

−∈

+=

0

00
kAk

kkk ama  

{ }
0

0

1 k

kAk

k am













+= ∑

−∈

 



NORM INEQUALITIES ON RIESZ POTENTIAL OPERATORS … 

 

19 

{ }
0

0

1 k

kAk

k am













+= ∑

−∈

 

in other hand 

{ }
k

kAk

k

Ak

k aaa ∑∑
−∈∈

+=

0

0
 

{ }
0

0

0 kk

kAk

k ama ∑
−∈

+=  

{ }
0

0

0 kk

kAk

k ama ∑
−∈

+=  

{ }
0

0

1 k

kAk

k am













+= ∑

−∈

 

{ }

.1
0

0

k

kAk

k am













+= ∑

−∈

 

The last equality is from the fact that ( ) { }0kAkkm −∈  are nonnegative real 

numbers. Therefore, if the vectors ( ) Akka ∈  are collinear with the same 

direction then 

.∑∑
∈∈

=
Ak

k

Ak

k aa  

From Lemma 10, for any ,:,
212121 ∅=⇒≠∈ r

k
r
k

IIkkAkk I  

therefore the members of the family 
Ak

I r
k ∈






χ  are pairwise disjoint. 

The members of the family 
Ak

I r
k ∈






χ  are collinear with the same 

sense, let us prove that: let Ω∈x   such that 

( ) .0=χ∑
∈

xm r
k

I
Ak

k  
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Taking into account of the disjointness of the family, we have two cases: 

First case: .\ U
Ak

r
kIx

∈

Ω∈  

In this case, we can take 1=km  for any Ak ∈  and (16) holds. 

Second case: There exists a unique Ak ∈0  such that .
0

r
k

Ix ∈  

In this case (16) will be reduced to ( ) ,0
0

0
=χ xm r

k
Ik  we can take 

0=km  and for any { } 1:\ 0 =∈ kmkAk  and (16) holds, otherwise 

Ak
I r
k ∈






χ  are collinear and we can remark that ( ) Akkm ∈  are also 

nonnegative, therefore 
Ak

I r
k ∈






χ  are collinear with the same sense. 

b) Let us prove that one element of 
Ak

I r
k ∈






χ  can be expressed from 

another. 

We determine two nonnegative real numbers 
ikm  and 

jkm  

 ( ) ( ) ., Ω∈χ=χ xxmxm r

jk
jr

ik
i IkIk  (e) 

If ,r
k

r
k ji

IIx U∉  then we can take 1==
ji kk mm  and then (e) 

becomes ( ) ( ) .0=χ=χ xx r

jk
r

ik
II

 If x  is in one of the two sets r
ki

I  and ,r
kj

I  

for instance ,\ r
k

r
k ji

IIx ∈  then we can take 0=
ikm  and ,1=

jkm  

therefore (e) becomes ( ) ( ) ( )xax
m

m
x r

ik
r

ikj

i
r

jk
II

k

k

I
χ⋅=χ=χ  with .

j

i

k

k

m

m
a =  

In any case r

ik
r

jk
II

a χ⋅=χ  with .0≥a  

c) To be simple let { }nkkA ...,,1=  with 1≥n  and 
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,...,,,
21 








χχχ= r

nk
r
k

r
k

III
S  if we apply b): there will exist real numbers 

naaa ...,,, 32  such that ,1
11

r
k

r
k

II
χ⋅=χ  ,

12
2 r

k
r
k

II
a χ⋅=χ  

,
13

3 r
k

r
k

II
a χ⋅=χ  ...,  ,

1
r
k

r

nk
InI

a χ⋅=χ  then S  will be: 

....,,,,
1111

32








χχχχ= r
k

r
k

r
k

r
k

InIII
aaaS  

Finally we see that S  is generated only by one vector .
1

r
k

I
χ  

Consequence of Lemma 11 (Cons. Lem. 11) 

The consequence of this lemma is that for any ( ) ( )Ω= Pp  with 

Ω∈d
Z  and A  a finite subset of ,d

Z  for all ( ),0 Ω∈ Lf  we have: 

 ∑∑
∈∈

χ=χ
Ak

I
Ak

I r
k

r
k

 (f1) 

but in other hand we have 

 ,U
Ak

r
k

Ak
I

Ir
k

∈∈

χ=χ∑  (f2) 

therefore 

 ,∑
∈∈

χ=χ
Ak

I
Ak

r
k r

k

IU  (f3) 

( )( )
( )

( )
( )( )Ω
















Ω

∈∈

χ==

pdk

r
k

r
k

dk

pp

L

IILL
fff

UU
ZZ

ii-10.lem
 

( )( )
( )( )

,
Ω

∈Ω∈

χ=χ= ∑∑ p
r
kdp

r
kd L

I

kL

I

k

ff

ZZ

 

that is, 
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( )( ) ( )( )

( )( ),Ω

Ω
Ω

∈

=χ=χ

∈

∑ p

pdk

r
kp

r
kd

L

L

I
L

I

k

fff
U

ZZ

 

.0,, >∈Ω⊂ rkI dr
k Z  (f) 

The following propositions on ( ( ) ( ) ) ( )Ωpq lL ,  are not proved in [22], 

we will do it in this work: 

Proposition 12. Let ,Ω⊂d
Z  given ( ) ( ),Ω∈ Pq  ( ) ( )dp ZP∈  and 

( )( ).Ω∈ q
loc

Lf  

If we simply let ( ) ( ) ( )pqs ==  on ,Ω  then 

( ( ) ( ) ) ( ) ( )( ),, Ω=Ω sss LlL  

that is, there exist two constants K  and C  such that 

( )( ) ( ) ( ) ( )( ).,, ΩΩΩ ⋅≤≤ ss LssrL
fCffK  

Proof. 

First case: ∞<+s  

In this case, for any x  of ( ) ∞<Ω xs:  and for any { } dkka
Z∈  of ,

d
Z
R  

we also have: ( )( )
({ } ) ( ),∑

∈
∈ =ρ

d

dds

k

ks
kkkl

aa

Z

ZZ
 therefore 

( ) ( ) ( )( ) ( )( )dsds
r
k

lkL
Issr ff

ZZ∈Ω
Ω









χ=,,  

( )( )

( )( )

























≤





















λ








χ

ρ>λ= ∈Ω
1:0inf

ds
r
k

ds
kL

I

l

f

Z

Z
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( )( )

( )

.1:0inf

























≤



















λ

χ

>λ= Ω

∈

∑

ks

L
I

k

s
r
k

d

f

Z

 

For any ( ) ( ) ( ),,0,0,, ∞×∞×∈λ drk Z  we have: 

( )( )

( )

( )( )

( )

,

ks

L
I

k

ks

L
I s

r
k

d

s
r
k

ff



















λ

χ

≤



















λ

χ
Ω

∈

Ω ∑
Z

 

from this we get 

( )( )

( )

( )( )

( )

,1:01:0

























≤



















λ

χ

>λ⊂

























≤



















λ

χ

>λ
ΩΩ

∈

∑

ks

L
I

ks

L
I

k

s
r
ks

r
k

d

ff

Z

 

then we have 

( )( )

( )

( )( )

( )

.1:0inf1:0inf

























≤



















λ

χ

>λ≤

























≤



















λ

χ

>λ
Ω

∈

Ω ∑

ks

L
I

k

ks

L
I s

r
k

d

s
r
k

ff

Z

 

Now we consider the left hand side term 

( )( )

( )

:1:0inf

























≤



















λ

χ

>λ Ω

ks

L
I s

r
k

f

 

( )( )

( )

( )( )



















≤
λ

χ

>λ=

























≤



















λ

χ

>λ ΩΩ
1:0inf1:0inf

s
r
ks

r
k L

I

ks

L
I

ff
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( )( )
.

Ω
χ=

s
r
k L

I
f  

The right hand side term 
( )( )

( )

























≤



















λ

χ

>λ Ω

∈

∑ 1:0inf

ks

L
I

k

s
r
k

d

f

Z

 is 

( ) ( ) Ω,, ssr f  (see the line 4th and 5th of the current proof), therefore 

 
( )( )

( ) ( ) .,, Ω
Ω

≤χ
ssr

L
I

ff
s

r
k

 (17) 

First we prove that ( ( ) ( ) ) ( ) ( )( ) :, Ω⊂Ω sss LlL  

Let ( ( ) ( ) ) ( ),, Ω∈ ss lLf  therefore ( ) ( ) ,,, ∞<= Ωssr fM  this last 

equality combined with (17) leads to 

 
( )( )

.∞<≤χ
Ω

Mf
s

r
k L

I
 (18) 

Remark that for any ,0>r  we have: 

[ )
{ }
U

dk

r
k

d
Irr

0,1

,

−∈

=−  and { }d0,1−  owns d2  members, thus 

[ [ ( )( )
{ } ( )( ) { }

( )( )Ω
−∈Ω−∈

Ω−
χ≤χ=χ ∑∑ s

r
kds

r
kd

sd
L

I

kL

I

k
Lrr

fff

0,10,1
,

 

( )

{ }

,2

0,1

18
MM d

k d

=≤ ∑
−∈

 

therefore for any :N∈n  [ ) ( )( )
Mf d

Lnn sd 2
,

≤χ
Ω−

 or 

( )
[ )

( ),
,

s

nn

s
ff d ↑







 χ
−

 from the Monotone Convergence Theorem 8 (in 

variable Lebesgue spaces) we have: 
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( )( ) [ ) ( )( ) ( ) ( ) ,22lim ,,, ΩΩ−∞→Ω ⋅=≤χ=
ssr

dd

Lnnn
L

fMff
sds  that 

is, 

 ( )( ) ( ) ( ) .2 ,, ΩΩ ⋅≤
ssr

d
L

ff s  (i1) 

Secondly, we prove that ( )( ) ( ( ) ( ) ) ( ) :, Ω⊂Ω sss lLL  

since 

 ( ) ∞<≤ ks1  and 
( )( )

( )

( )( )

( )

,

ks

k

L
I

ks

k

L
I

d

s
r
k

d

s
r
k

ff



















λ

χ

≤



















λ

χ

∑∑
∈

Ω

∈

Ω

ZZ

(i2) 

( ) ( ) ( )( ) ( )( )dsds
r
k

lkL
Issr ff

ZZ∈Ω
Ω









χ=,,  

( )( )

( )( )

























≤





















λ








χ

ρ>λ= ∈Ω
1:0inf

ds
r
k

ds
kL

I

l

f

Z

Z
 

( )( )

( )

























≤



















λ

χ

>λ= Ω

∈

∑ 1:0inf

ks

L
I

k

s
r
k

d

f

Z

 

( )( )

( )

























≤



















λ

χ

>λ≤ Ω

∈

∑ 1:0inf

ks

L
I

k

s
r
k

d

f

Z

     from (i2) 

( )( )



















≤
λ

χ

>λ= Ω

∈

∑ 1:0inf
s

r
k

d

L
I

k

f

Z
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( )( )































≤
λ

χ

>λ= Ω∈
1:0inf

s

r
k

dk L

I
f

U
Z

   Cons. of lem. 11 

( )( )













≤
λ

χ
>λ= ΩΩ

1:0inf
sL

f
   by lem. 10 

( )( )













≤
λ

>λ= Ω
1:0inf

sL
f

 

( )( ),Ω= sL
f  

that is, 

 ( ) ( ) ( )( ).,, ΩΩ ≤ sLssr ff  (i3) 

(i1) and (i3) imply 

( )( ) ( ) ( ) ( )( ).22 ,, ΩΩΩ ≤⋅≤ sq L
d

ssr
d

L
fff  

Second case: ∞=+s  

In this case ( )s  is unbounded, then we can tend ( )s  to ,∞  that is, 

( ) ( ) ( ) Ω∞∞Ω∞→
= ,,,,lim ff rssr

s
 and ( ) ( ){ } ,: IksIkI s =∞=∈=∞  and 

( )({ } ) ,sup k
Ik

Ikks aa
∈

∈ =ρ  then we have: 

( )
( )

























≤





















λ








χ

ρ>λ= ∈Ω
Ω∞∞

∞

∞ 1:0inf,,

d
r
k

d
kL

I

lr

f

f Z

Z
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( )



















≤
λ

χ

>λ= Ω

∈

∞
1sup:0inf

L
I

k

r
k

d

f

Z

 

( )













≤
λ

>λ= Ω∞
1:0inf

L
f

 

{ ( )}Ω∞≥λ>λ=
L

f:0inf  

( ).Ω∞=
L

f  

Therefore ( ( ) ( ) ) ( ) ( )( )., Ω=Ω sss LlL  

Proposition 13. Let ,Ω⊂d
Z  given ( ) ( ),Ω∈ Pq  ( ) ( )dp ZP∈  and 

( )( ).Ω∈ q
loc

Lf  

(a) ( ) ( ) ( )( ) ( )( ) ( ( ) ( ) ) ( ),, Ω⊂ΩΩ⇒≤ pqpq lLLLpq U  that is, there 

exists a positive constant C  such that 

 ( ) ( ) { ( )( ) ( )( )}.,min,, ΩΩΩ ⋅≤ pq LLpqr ffCf  (19) 

(b) ( ) ( ) ( ( ) ( ) ) ( ) ( )( ) ( )( ),, ΩΩ⊂Ω⇒≤ pqpq LLlLqp I  that is, there 

exists a positive constant C  such that 

 { ( )( ) ( )( )} ( ) ( ) .,max ,, ΩΩΩ ⋅≤
pqrLL

fCff pq  (20) 

Proof. 

(a) First 

Recall that in Proposition 7-h) it is said that: 

For any ,0>r  the norms ( ) ( )pq ,1 ⋅  and ( ) ( )pqr ,⋅  are equivalent. 

( ) ( )
( ) ( )

,
11
pq

pq ≥⇒≤  this implies that there exists a function ( )α  

defined on  Ω  such that 
( ) ( ) ( )

,
111

α
+=

pq
 by Hölder’s inequality we 
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have: 

( )( ) ( )( ) ( )( ) ( )( )ΩΩΩΩ α
χχ≤χ






 χ=χ

L
I

L
I

L
II

L
I

kpkqkkqk

fCff 11111  

[ ]

( )( ) ( )( )ΩΩ
χ≤χ⇒

pkqk L
I

L
I

fCf 11 2
47of39.2.Lem

 

( )( ) ( )( )
( )( ) ( )( )

,2 11
dpdpkdpdqk

lkL
I

lkL
I

fCf

ZZZZ ∈Ω∈Ω 







χ≤








χ⇒  

that is, 

( ) ( ) ( )( ) ( )( )dpdpk
lkL

Ipq
fCf

ZZ∈Ω
Ω









χ≤ 12,,1  

( ) ( ) ( )( ),
12.Propo

,1 ΩΩ =⋅= pLpp
fKfK  

that is, 

( )( ) ( ( ) ( ) )( )., Ω⊂Ω pqp lLL  

Secondly 

( )( ) ( )( )
( ) ( )

) )

( ) ( ) ( )( ),
12.Propo

,1

-c2-7Propo

,11 Ω
∈Ω

=≤=








χ q

dpdqk
Lqqpq

lkL
I

ffff

ZZ

 

that is, 

( )( ) ( ( ) ( ) ) ( )., Ω⊂Ω pqq lLL  

These two results yield to 

( )( ) ( )( ) ( ( ) ( ) ) ( )., Ω⊂ΩΩ pqpq lLLL U  

(b) ( ) ( )qp ≤  

First 

( )( ) ( ) ( )

) )

( ) ( ) ΩΩΩ ≤=
pqrqqrL

fff q ,

c-2-7Propo.

,

12.Propo
 which means 
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( ( ) ( ) ) ( )Ωpq lL , ( )( ).Ω⊂ qL  

Secondly 

( )( ) ( ) ( )

) )

( ) ( ) ΩΩΩ ≤=
pqrpprL

fff p ,

b-2-7Propo.

,  which means 

( ( ) ( ) ) ( ) ( )( )., Ω⊂Ω ppq LlL  

These two results yield to 

( ( ) ( ) ) ( ) ( )( ) ( )( )., ΩΩ⊂Ω pqpq LLlL I  

Definition 14. Let ,Ω⊂d
Z  for any ( ) ( ) ( ),, Ω∈α Pq  ( ) ( ).dp ZP∈  

For any ( )( )Ω∈ q
loc

Lf  and ,0 ∞<< r  we define ( ) ( ) ( ) Ωα ,,, pq
f  by: 

 ( ) ( ) ( )
( ) ( )

( ) ( ) .sup ,,

11

0
,,, Ω







 −

α

Ω∈
>

Ωα = pqr
xqx

d

x
r

pq frf  (21) 

We define the spaces ( ( ) ( ) ) ( ) ( )Ωαpq lL ,  by: 

 ( ( ) ( ) ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .:, ,,, 





 ∞<Ω∈=Ω Ωα

α
pq

q
loc

pq fLflL  (22) 

Remark 15. 

1. From (21) we have ( ) ( )
( ) ( ) ( ) ( ) ( ) ,,,,,,

11

ΩαΩ







 −

α ≤
pqpqr

xqx
d

ffr  

,Ω∈x  ,0>r  in particular when ,1=r  we have ( ) ( ) Ω,,1 pq
f  

( ) ( ) ( ) Ωα≤ ,,, pq
f  which means that 

( ( ) ( ) ) ( ) ( ) ( ( ) ( ) ) ( ).,, Ω⊂Ωα pqpq lLlL  

2. In case of ,∞=+p  by virtue of (15), (21) becomes 

( ) ( ) ( )
( ) ( )

( )( )
,sup

11

0
,,,

Ω







 −

α

Ω∈
>

Ωα χ=
qr

x LJ

xqx
d

x
r

pq frf  in this case the 
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exponent function ( )p  is unbounded and we can tend ( )p  to ,∞  the last 

equality becomes 

 ( ) ( )
( ) ( )

( )( )
.sup

11

0
,,,

Ω







 −

α

Ω∈
>

Ωα∞ χ=
qr

x LJ

xqx
d

x
r

q frf  (23) 

From this last inequality we will get 

 
( )( )

( ) ( )
( ) ( ) .,0,,,,

11

Ω∈>≤χ Ωα∞









α
−

Ω
xrfrf q

xxq
d

LJ qr
x

 (24) 

Again, in case of ,∞=+p  by virtue of (13), (21) becomes 

 ( ) ( )
( ) ( )

( )( )
.sup

11

0

,,,
Ω







 −

α

Ω∈
>
∈

Ωα∞ χ=
q

r
kd L

I

xqx
d

x
r
k

q frf
Z

 (25) 

From this we get 

 
( )( )

( ) ( )
( ) ( ) ,,,,

11

Ωα∞









α
−

Ω
≤χ

q
xxq

d

L
I

frf
q

r
k

 ,dk Z∈  ,0>r  .Ω∈x (26) 

3. ( ( ) ) ( ) ( )Ωα∞lLq ,  generalize the classical Morrey space 

( ) { ( ) },: ,,
0, ∞<Ω∈=Ω Ωλ

λ
q

q fLfL  

where 

( )Ω

λ−

Ω∈>
Ωλ χ=

qr
x LJ

d

xr
q

frf
,0

,, sup  and pq
q

,,,
11

λ−
α

=λ  are all 

constants. 

Remark 16. By definition of ( ) ( ) ( ) Ωα⋅ ,,, pq
 we have: 

 ( ) ( )
( ) ( )

( ) ( ) ( ) ,,,,

11

,, Ωα









α
−

Ω ≤
pq

xxq
d

pqr frf    ,0>r    .Ω∈x  (27) 

But in other hand ( ( ) ( ) ) ( ) ( )( )., Ω⊂Ω q
loc

pq LlL  



NORM INEQUALITIES ON RIESZ POTENTIAL OPERATORS … 

 

31 

By Proposition 7-2-(c), we have ( ) ( ) ( ) ,,,,, ΩΩ∞ ≤
pqrqr ff  that is, 

 
( )( )

( ) ( ) ,,, Ω
Ω

≤χ
pqr

L
I

ff
q

r
k

   ,dk Z∈    0>r  (28) 

or 

 
( )( ) ( ) ( ) 0,,,, >Ω∈≤χ Ω

Ω
rxff

pqr
LJ qr

x
 (29) 

or more generally for any cube  Q  such that ∞<Q  we have 

( )( ) ( ) ( ) .with, 1
,,

d
pqrLQ Qrff q =≤χ ΩΩ

 

Combining (27), (28) and (27), (29) we will respectively get the following 

inequalities which will be useful later 

( )( )

( ) ( )
( ) ( ) ( ) ,,,,

11

Ωα









α
−

Ω
≤χ

pq
xxq

d

L
I

frf
q

r
k

 ,dk Z∈  ,0>r  Ω∈x  (30) 

or 

 
( )( )

( ) ( )
( ) ( ) ( ) ,,,,

11

Ωα









α
−

Ω
≤χ pq

xxq
d

LJ
frf

qr
x

   ,Ω∈x    ,0>r  (31) 

more generally for any cube :Q  such that ∞<Q  

 ( )( ) ( ) ( ) ( ) ( ) ( ) .,,,,

11
Ω∈≤χ Ωα









α
−

Ω
xfQf

pqxxq
LQ q  (32) 

We will need the following lemma in functional analysis: 

Lemma 17. Given a normed linear space ,X  the following statements 

are equivalent: 

(a) X  is complete, 

(b) { } ,Xx nn ⊂  .Xinxx

n

n

n

n ∞<⇒∞< ∑∑  

3. Properties 

Proposition 18. Let ,Ω⊂d
Z  given ( ) ( ) ( ),, Ω∈α Pq  ( ) ( )dp ZP∈ ) 
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and ( )( ).Ω∈ q
loc

Lf  Then 

( ( ) ( ) ) ( ) ( ) ( ) ( ) ( ) 





 ⋅Ω α
α

,,,,
pq

pq lL  is a Banach space. 

Proof. It is clear that ( ( ) ( ) ) ( ) ( )Ωαpq lL ,  is a sub-vector space of 

( ( ) ( ) ) ( )Ωpq lL ,  and that ( ) ( ) Ωα,, pq
ff a  is a norm on it. 

We will use Lemma 17 to prove the desired result: 

Let { }nnf  be a sequence in ( ( ) ( ) ) ( ) ( ) ( ) ( ) ( ) 






 ⋅Ω Ωα
α

,,,,,
pq

pq lL  such 

that 

 ( ) ( ) ( ) .,,, ∞<∑
∈

Ωα
Nn

pqnf  (33) 

In other hand, for any ( )( )Ω∈ q
loc

Lf  

( ) ( ) ( )
( ) ( )

( ) ( ) ,sup ,,

11

,0
,,, Ω







 −

α

Ω∈>
Ωα =

pqr
xqx

d

xr
pq

frf  

then 

 ( ) ( )
( ) ( ) ( ) ( ) ( ) ,,,,,,

11

ΩαΩ







 −

α ≤
pqpqr

xqx
d

ffr  ,0>r  .Ω∈x  (34) 

In particular if ,1=r  we get 

( ) ( ) ( ) ( ) ( ) .,,,,,1 ΩαΩ ≤
pqpq

ff  

But in the precedent Proposition 7-h), we have proved that for any ,0>r  

( ) ( ) Ω⋅ ,,1 pq
 and ( ) ( ) Ω⋅ ,, pqr  are equivalent, therefore we get: 

 ( ) ( ) ( ) ( ) ( ) .,,,,, ΩαΩ ≤
pqpqr fCf  (35) 

(33) and (35) imply that 

( ) ( ) .

*
,, ∞<∑

∈
Ω

Nn

pqnr f  
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But ( ( ) ( ) )( ) ( ) ( ) 





 ⋅Ω Ω,,,,

pqr
pq lL  is a Banach space, therefore { }nnf  

converges to f  in ( ( ) ( ) ) ( ) ( ) ( ) ,,, ,, 





 ⋅Ω Ωpqr

pq lL  then it exists an 

element f  of ( ( ) ( ) ) ( )Ωpq lL ,  such that the series ∑
∈Nn

nf  converges to f  in 

( ( ) ( ) ) ( ),, Ωpq lL  that is, ff

n

n =∑
∈N

 in ( ( ) ( ) ) ( ),, Ωpq lL  this implies that 

( ) ( )
( ) ( ) ,,,

,.

Ω
Ω∈

=∑ pqr

pqn

nr ff

N

 

thus 

( ) ( ) ( ) ( ) ,,,,, Ω
∈

Ω ∑≤ pqnr

n

pqr ff

N

 

therefore for any :Ω∈x  

( ) ( )
( ) ( )

( ) ( )
( ) ( ) .,,

11

,,

11

Ω







 −

α

∈
Ω







 −

α ∑≤ pqnr
xqx

d

n

pqnr
xqx

d

frfr

N

 

If we pass to the supremum over all ,Ω∈x  ,0>r  we will get: 

( ) ( ) ( ) ( ) ( ) ( )

( )
,

33

*
,,,,,, ∞<≤ ∑

∈
ΩαΩα

Nn

pqnpq ff  

therefore 

( ( ) ( ) ) ( ) ( )., Ω∈ αpq lLf  

Furthermore 

( ) ( ) ( )
( ) ( ) ( ) N

Nn

pqn

pqNn

n Rfff =≤− ∑∑
>

Ωα
Ωα≤≤

,,,

,,,1

 and 

,0lim =
∞→

N
N

R  since ( ) ( ) ( )∑
∈

Ωα
*

,,,
Nn

pqnf  is a convergent series (see (33)). 

Therefore the series ff

n

n →∑
∈N

 in 
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( ( ) ( ) ) ( ) ( ) ( ) ( ) ( ) .,, ,,, 





 ⋅Ω Ωα

α
pq

pq lL  

Proposition 19. Let ,Ω⊂d
Z  given ( ) ( ) ( ),, Ω∈α Pq  ( ) ( )dp ZP∈  

such that ( ) ( ) ( )pq ≤α≤  and ( )( ),Ω∈ q
loc

Lf  we suppose that ∞<+q  and 

( ) ( )
( ).11

0 Ω∈
α

− LH
q

 Then 

( )( ) ( ( ) ( ) ) ( ) ( ),, Ω⊂Ω αα pq lLL  

that is, there exists a constant C  (eventually equal to 1) such that 

 ( ) ( ) ( ) ( )( ).,,, ΩΩα α≤
Lpq

fCf  (36) 

Proof. By Hölder’s inequality (in variable Lebesgue spaces) we have: 

( )( ) ( )( ) ( )( ) ( ) ( )
( ) ( )( )

.

Ω

α
ΩΩΩ

−α
α

χχ≤





χ





 χ=χ

q

r
k

r
kq

r
k

r
kq

r
k

L

qI
L

I
L

II
L

I
fCff  

 (37) 

Recall that for any ( ) ( )Ω∈ Pr  and any measurable ,Ω⊂E  the 

harmonic mean Er  of ( )r  on E  is defined by: 

( )
dy

yr
E

r EE ∫
−=

11 1  

and 

( )( ) Er rLE E
1

≈χ Ω  

otherwise there exists constants Cc,  such that ≤ErEc
1

( )( )Ωχ rLE  

,
1

ErEC≤  from this we get 

( ) ( )
( ) ( )( )

( ) ( )
( ) ( )

,

1

r
k

Iq

q

q

r
k

r
k

L

qI
I









−α

α

−α

≈χ

Ω

α
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but ( ) ,: +− ≤≤Ω∈∀ ryrry  therefore: 

( )
.

1111 1

−

−

+
≤=≤ ∫ r

dy
yr

E
rr EE

 

We let ( )
( ) ( )

( ) ( )
( ) ( )

.
111

α
−=

−α
α

=β
q

q

q
 

( ) ,0=Ω⇒∞< ∞+
qq  therefore from Remark 2.40 of [47] we have: 

( )( )Ω









α
−








α
−

β
+− χ≤












L
I

qr
k

qr
k r

k

II

1111

,min  

,,max
1111













≤ +−








α
−








α
−

qr
k

qr
k II  

that is, 

( )( )
.,max,min

11111111














≤χ≤














+−

β
+−









α
−








α
−

Ω









α
−








α
−

q
d

q
d

L
I

q
d

q
d

rrrr r
k

 

 (38) 

Combining (37) and (38), we get 

( )( ) ( )( )
,,max

1111

Ω









α
−








α
−

Ω α
+− χ













≤χ

L
I

q
d

q
d

L
I r

kq
r
k

frrf  this implies 

that 

( )( ) ( )( )dpdq
r
k

lkL
I

f

ZZ∈Ω 







χ  

( )( ) ( )( )

,,max

1111

dpd
r
k

lkL
I

q
d

q
d

frr

ZZ∈Ω









α
−








α
−









χ













≤

α
+−  

that is, 
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( ) ( ) ( ) ( ) Ωα









α
−








α
−

Ω













≤ +−

,,

1111

,, ,max
pr

q
d

q
d

pqr frrf  

( ) ( )

( ) ( ) Ωαα









α
−








α
−α≥

•














≤ +−

,,

1111
.hypothby

-c/-2-7.Propo

,max frr r
q

d
q

dp

 

( )( ),,max

1111
12Propo.

Ω









α
−








α
−

α+−














=

L
q

d
q

d

frr  

that is, 

 ( ) ( ) ( )( ).,max

1111

,, Ω









α
−








α
−

Ω α+−














≤

L
q

d
q

d

pqr frrf  (39) 

In other hand we have for any ,Ω∈x  

( ) ( ) .,max,min

1111111111














≤≤














+−+−








α
−








α
−








α
−








α
−








α
−

q
d

q
d

xxq
d

q
d

q
d

rrrrr  

First case: :,min

111111

−+−








α
−








α
−








α
−

=













q

d
q

d
q

d

rrr  

In this case we have 

 ++−








α
−








α
−








α
−

=












 111111

,max q
d

q
d

q
d

rrr  (40) 

and 

 ( ) ( ) .

111111

+−








α
−








α
−








α
−

≤≤ q
d

xxq
d

q
d

rrr  (41) 

Combining (39) and (40), we will get 

( ) ( ) ( )( ).

11

,, Ω









α
−

Ω α+≤ L
q

d

pqr frf  
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This gives 

 ( ) ( ) ( )( ).,,

11

ΩΩ









α
−−

α+ ≤ Lpqr
q

d

ffr  (42) 

We have let ( )
( ) ( )

( ) ( )
( ) ( )

,
111

α
−=

−α
α

=β
q

q

q
 from this, the last numbered 

inequality becomes ( ) ( ) ( )( )ΩΩ
β−

α+ ≤
Lpqr

d
ffr ,,  which implies that 

 ( )( ) ( )
( ) ( ) ( )( ).,, ΩΩ

β−β−β
α+ ≤

Lpqr
xdxd

ffrr  (43) 

Recall that for any ( ) ( )Ω∈ Pr  

( ) ( ){ }Ω∈ε≤>ε== Ω∈+ xeaxrxrr x ..:0infsupess  

and 

( ) ( ){ },..:0supinfess Ω∈ε≥>ε== Ω∈− xeaxrxrr x  

( )
( ) ( ) ( )

,
111

qq
≤

α
−=β  

therefore, 

( ) ( ) ( )
,..

11
:0..

1
:0







 Ω∈ε≤

α
−>ε⊂







 Ω∈ε≤>ε xea

xxq
xea

xq
 

this implies that 

( ) ( ) ( ) 





 Ω∈ε≤>ε≤







 Ω∈ε≤

α
−>ε xea

xq
xea

xxq
..

1
:0inf..

11
:0inf  

which is equivalent to 

( ) ( )
∞<=







 Ω∈

ε
≥

ε

=






 Ω∈ε≤>ε≤β

−
+ q

xeaxq

xea
xq

1

..,
1

:
1

sup

1
..

1
:0inf  

since ,∞<≤ +− qq  therefore the hypotheses of Lemma 3.24 of [47] are 

satisfied, then we can apply it to get: 

( )( ) ( )
( )dCJr

xr
x

xd ≤=
++

β−ββ−β  
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and the last numbered inequality becomes: 

( ) ( ) ( )
( ) ( ) ( )( ).,,

11

ΩΩ







 −

α
α≤

Lpqr
xqx

d

ffrdC  

Now if we pass to the supremum over all 0>r  and ,Ω∈x   we will 

get 

( ) ( ) ( ) ( )( ) ( )( ).
1

,,, Ω
−

Ωα α≤
Lpq

fdCf  

Second case: :,min

111111

++−








α
−








α
−








α
−

=













q

d
q

d
q

d

rrr  In this case we 

have 

 −+−








α
−








α
−








α
−

=












 111111

,max q
d

q
d

q
d

rrr  (44) 

and 

 ( ) ( ) .

111111

−+








α
−






 −

α








α
−

≤≤ q
d

xqx
d

q
d

rrr  (45) 

Combining (39) and (44), we will get 

( ) ( ) ( )( ).

11

,, Ω









α
−

Ω α−≤ L
q

d

pqr frf  

This gives 

( ) ( ) ( )( )ΩΩ









α
−−

α− ≤ Lpqr
q

d

ffr ,,

11

 

or 

( ) ( ) ( )( )ΩΩ
β−

α− ≤
Lpqr

d
ffr ,,  

which implies that 

 ( )( ) ( )
( ) ( ) ( )( ).,, ΩΩ

β−β−β
α− ≤

Lpqr
xdxd

ffrr  (46) 
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We can apply Lemma 3.24 of [47] to get: 

( )( ) ( ) ( )
( ),1

1
dKJJr

xr
x

xr
x

xd −
−β−ββ−ββ−β ≤






== −−−  

where ( )dK  is a constant only depending on ,d  and the last numbered 

inequality becomes: 

( ) ( ) ( )
( ) ( ) ( )( )ΩΩ







 −

α−
α≤

Lpqr
xqx

d

ffrdK ,,

11
1  

or 

( ) ( )
( ) ( ) ( ) ( )( ).,,

11

ΩΩ







 −

α
α≤

Lpqr
xqx

d

fdKfr  

Now if we pass to the supremum over all 0>r  and ,Ω∈x  we will get 

( ) ( ) ( ) ( ) ( )( )ΩΩα α≤
Lpq

fdKf ,,,  

and the claim is proved. 

Proposition 20. Let ,dd
RZ ⊂Ω⊂  given ( ) ( ) ( ),, Ω∈α Pq  

( ) ( ).dp ZP∈  

(a) If ( ) ( )q<α  on ,Ω  we have ( ( ) ( ) ) ( )( ) { },0, =Ωαpq lL  

(b) If ( ) ( )α<p  on ,Ω  we also have ( ( ) ( ) ) ( )( ) { },0, =Ωαpq lL  

therefore ( ( ) ( ) ) ( )( )Ωαpq lL ,  is non-trivial if ( ) ( ) ( )pq ≤α≤  on .Ω  

Proof. 

(a) ( ) ( )q<α  on Ω  

Let ( ( ) ( ) ) ( )( ),, Ω∈ αpq lLf  ( ),d
R⊂Ω  from (28): 

( )( )
≤χ

Ωq
r
k L

I
f  

( ) ( ) .,, Ωpqr f  

More generally fix an interval dI R⊂Ω⊂  such that ,∞<= drI  
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from the formula just below the formula (29) we have 

 ( )( ) ( ) ( ) .,,1 ΩΩ ≤χ
pq

I
LI ff

d

q  (47) 

By definition of ( ) ( ) ( ) Ωα ,,, pq
f  for any Ω∈x  

( ) ( )
( ) ( )

( ) ( ) ( ) ,,,,

11

,, Ωα









α
−

Ω ≤
pq

xxq
d

pqr frf  

that is, 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) .,,,

11

,,1 Ωα








α
−

Ω ≤ pqxxqpq
I

fIf
d

 (48) 

These two last numbered inequalities give: 

( )( ) ( ) ( ) ( ) ( ) ( ) ,,,,

11

Ωα








α
−

Ω ≤χ
pqxxqLI fIf q  

this is equivalent to: 

( )( )
( ) ( ) ( )

( ) ( )

,
11

,,,







 −

α

Ωα
Ω ≤χ

xqx

pq

LI

I

f
f q  

( ( ) ( ) ) ( )( ) ( ) ( ) ( ) ,, ,,, ∞<⇒Ω∈ Ωα
α

pq
pq flLf  ( ) ( )

( )x
q

α
⇒<α

1
( )xq

1
−  

0>  on .Ω  

If we tend dI R→  ( ),then ∞→= Ird  we will get 

( )( ) ,0=ΩqL
f  therefore .0=f  

(b) Let ( ( ) ( ) ) ( )( )., Ω∈ αpq lLf  ( ) ( ).α<p  Fix .Ω∈x  

( ) ΩΩ = ,1,1

12.Propo
1 fgfg rL

 

( ) ( ) ( ) ( ) Ω′′Ω ×≤ ,,,,

f-2-7.Propo

pqrpqr gf  

( )
( ) ( )

( ) ( ) ( )
( ) ( )

( ) ( ) ( ) Ω′′′









′
−

′
Ωα









α
−

×≤ ,,,

11

,,,

1127

ppq
xpxq

d

pq
xxq

d

grfr  
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( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) Ω′′′Ωα









′
−

′
+

α
−

×= ,,,,,,

1111

ppqpq
xpxqxxq

d

gfr  

( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) Ω′′′Ωα









′
−

α
−

×= ,,,,,,

11
1

ppqpq
xpx

d

gfr  

( ) ( )
( ) ( ) ( ) ( )( ),,,,

1119.Propo

ΩΩα









α
−

′×≤ pLpq
xxp

d

gfr  

that is 

 ( )
( ) ( )

( ) ( ) ( ) ( )( ).,,,

11

1 ΩΩα









α
−

Ω ′×≤ pLpq
xxp

d

L
gfrfg  (49) 

Since ( ) ( )α<p  and ( ( ) ( ) ) ( )( ),, Ω∈ αpq lLf  we have 
( ) ( )

0
11

>
α

−
xxp

 and 

( ) ( ) ( ) ,,,, ∞<=Ωα Cf
pq

 therefore we get 

( )
( ) ( ) ( )( ).

11

1 Ω









α
−

Ω ′≤ pL
xxp

d

L
gCrfg  

Let us define the function g  on Ω  by ( ) ( ),1
0

xxg
J

χ=  in this condition 

from Lemma 2.39 of [47] ( )( ) ,2≤Ω′pL
g  thus we have 

( )
( ) ( ) ,2

11

1








α
−

Ω ≤ xxp
d

L
Crfg  

since 
( ) ( )

,0
11

>
α

−
xxp

 now if we tend r  to zero, we will get 

( ) ,01 =ΩL
fg  since 0≠g  on ,Ω  we have .0=f  

Therefore ( ( ) ( ) ) ( )( )Ωαpq lL ,  is non-trivial if ( ) ( ) ( )pq ≤α≤  on Ω  

containing ,d
Z  in the sequel we will only consider ( ) ( ) ( ).pq ≤α≤  

Proposition 21. Let ,dd
RZ ⊂Ω⊂  given ( ) ( ) ( ),, Ω∈α Pq  ( ) ∈p  

( )d
ZP  such that ( ) ( ) ( )pq ≤α≤  on Ω  and ( ( ) ( ) ) ( )( )., Ω∈ αpq lLf  
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If ,
1

,
1

,
1

max ∞<≤








α−−−
s

pq
 ( ) ,0=Ω∞

q  then 

( ) ( ) ( )
( ) ( ) ( ) .,,,

,,,
Ωα

Ωα
= sspsq

s

pq

s
ff  

Proof. Under the hypotheses of the proposition, from Proposition 7-

2)-a), we have 

( ) ( )
( ) ( ) ,,,

,,
Ω

Ω
= spsq

s
r

pq

s
r ff  

then for ,Ω∈x   we get: 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) ,,,

11

,,

11

Ω






 −

α

Ω







 −

α = spsq
s

r
xqx

d

pq

s
r

xqx
d

frfr  

therefore 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) .,,

11

,,

11 s

spsqr
xsqxs

d

pq

s
r

xqx
d

frfr













= Ω







 −

α

Ω







 −

α  

If we pass to the supremum over all ,Ω∈x  ,0>r  we will get: 

( ) ( ) ( ) ( ) ( ) ( ) .,,,,,, ΩαΩα
= sspsqpq

s
ff  

Remark 22. If ( ) ( ) ( )pq ≤α≤  on Ω  and 

( )
( )
( )








=α=α

==

==

realconstant

realconstant

realconstant

pp

qq

 

all in [ ],,1 ∞  then ( ( ) ( ) ) ( )( ) ( ) ( )Ω=Ω αα pqpq lLlL ,,  with constant 

exponents. 

The space ( ) ( )Ωαpq lL ,  with constant exponents have been widely 

studied during these last twenty years (See [13, 14,15, 25, 17]). 

Indeed if 

( )
( )
( )








=α=α

==

==

realconstant

realconstant

realconstant

pp

qq

 all in [ ],,1 ∞  then 
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( ) ( ) ( )
( ) ( )

( ) ( ) ,sup ,,

11

,0
,,, Ω







 −

α

Ω∈>
Ωα =

pqr
xqx

d

xr
pq

frf  

we have seen in a precedent work in [22] that when 

( )
( )




==

==

realconstant

realconstant

pp

qq
 all in [ ],,1 ∞  then ( ) ( ) ,,,,, ΩΩ =

pqrpqr ff  

that is ( ( ) ( ) )( )Ωpq lL ,  defined by ( ) ( ) Ω,, pqr f  coincides with ( )( )Ωpq lL ,  

given precedently, thus 

( ) ( ) ( ) .sup ,,,,,

11

0
,,, ΩαΩ







 −

α

>
Ωα ==

pqpqr
q

d

r
pq

ffrf  

We conclude that the spaces ( ) ( ) ) ( )( )Ωαpq lL ,  generalize ( ) ( )Ωαpq lL ,  

which are studied by many researchers, see [7-12]. 

Proposition 23. Let ,dd
RZ ⊂Ω⊂  given ( ) ( ) ( ) ( ),,, 21 Ω∈α Pqq   

( ) ( ) ( )dpp ZP∈21 ,  and 
( )( ).Ω∈ q

loc
Lf  

(1) Suppose that ( ) ( ) ( ) ( ),21 pqq ≤α≤≤ ( ) ,01 =Ω∞
q

 
( ) ( )13

11
qq

=  

( )
( ),1

0
2

Ω∈− LH
q

 ( ) ,33 ∞<=
++ qq  and ( ( ) ( ) ) ( ).,2 α∈ pq

lLf  

Then there exists a constant C  such that 

( ) ( ) ( ) ( ) ( ) ( ) ,,,,,,, 21 ΩαΩα ≤
pqpq

fCf  

in other words under these hypotheses we have 

( ( ) ( ) ) ( )( ) ( ( ) ( ) ) ( )( ).,, 12 Ω⊂Ω αα pqpq
lLlL  

(2) Suppose that ( ) ( ) ( ) ( )21 ppq ≤≤α≤  and ( ( ) ( ) ) ( )( )., 1 Ω∈ αpq lLf  

Then 

( ) ( ) ( ) ( ) ( ) ( ) .,,,,,, 12 ΩαΩα ≤
pqpq

ff  

In other words under the hypotheses we have the following embedding 
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( ( ) ( ) ) ( )( ) ( ( ) ( ) ) ( )( ).,, 21 Ω⊂Ω αα pqpq lLlL  

Proof. (1) ( ) ( )
( ) ( )

,
11

21
21 qq

qq ≥⇒≤  therefore there exists a 

function ( ) ( )Ω∈ P3q  such that 
( ) ( ) ( )

.
111

321 qqq
+=  By Hölder’s 

inequality in variable Lebesgue spaces, there exists a constant C  such 

that 

( )( ) ( )( ) ( )( ) ( )( )
,

3211 ΩΩΩΩ
χχ⋅≤χ






 χ=χ

q
r
kq

r
kq

r
k

r
kq

r
k L

I
L

I
L

II
L

I
fCff  

that is 

 
( )( ) ( )( ) ( )( )

.
231 ΩΩΩ

χ⋅χ⋅≤χ
q

r
kq

r
kq

r
k L

I
L

I
L

I
fCf  (50) 

By Remark 2.40 of [47], we have 

( )( )
,,max,min 33

3
33

1111













≤χ≤












+−+−
Ω

qr
k

qr
k

L
I

qr
k

qr
k IIII

q
r
k

 

that is, 

 
( )( )

.,max,min 33

3

33

















≤χ≤















+−+−

Ω

q

d

q

d

L
I

q

d

q

d

rrrr
q

r
k

 (51) 

From this last inequality, we remark that 
( )( )Ω

χ
1q

r
k L

I
 is (upper-) 

bounded (and lower-bounded) by a constant which does not depend on ,k  

therefore (50) implies that 

( )( ) ( )( )
( )( ) ( )( ) ( )( )

,
231 dpdq

r
kq

r
kdpdq

r
k

lkL
I

L
I

lkL
I

fCf

ZZZZ ∈ΩΩ∈Ω 







χχ≤








χ  

that is, 

( ) ( ) ( )( )
( ) ( ) ,,,,, 231 Ω

Ω
Ω χ≤

pqr
L

Ipqr fCf
q

r
k
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multiplying this inequality by ( ) ,x

d

r α  ( ),Ω∈x  we get 

( ) ( ) ( )
( ) ( ) Ω








 −
α

,,

11

1
11

pqr
xqx

d
xq

d

frr  

( )( )

( ) ( ) ( )
( ) ( ) .,,

11

2
22

3
Ω








 −
α

Ω
χ≤

pqr
xqx

d
xq

d

L
I

frrC
q

r
k

 (52) 

This leads to 

( ) ( )
( ) ( ) Ω








 −
α

,,

11

1
1

pqr
xqx

d

fr  

( )( )

( ) ( ) ( ) ( )
( ) ( ) .,,

1111

2
212

3 Ω








 −
α







 −

Ω 














χ≤

pqr
xqx

d
xqxq

d

L
I

frrC
q

r
k

 (53) 

It remains to bound 
( )( )

( ) ( )













χ








 −

Ω

xqxq
d

L
I

r
q

r
k

12

3

11

 by a constant K  

which does not depend on .r  Recall that 
( ) ( ) ( )213

111
qqq

−=  on ,Ω  

therefore 

( )( )

( ) ( )
( )

( ) ( ) 





 −






 −

Ω 















≤χ +− xqxq
dq

d

q

d

xqxq
d

L
I

rrrr
q

r
k

123312

3

11
51

11

,max  

( ) ( ) 





 −−

















= +− xqxq
dq

d

q

d

rrr 2133

11

,max  

( )333 ,max q

d
q

d

q

d

rrr
−

















= +−  

( ) ( )

















=








−








−

+− xqq
d

xqq
d

rr 3333

1111

,max  
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( ) ( ) .,max 3333

1111













=
−−

+− xqqr
x

xqqr
x JJ  

Recall that since ( ) ( )
( )

( ).1
: 0

3
033 Ω∈⇔Ω∈∞<

+
LH

q
LHqq  

( )
( )

( )

1
11

33

33

33

−−
−














= +

−

− qxq

xqq

r
x

xqqr
x JJ  

( ) ( ) +−

−
−








= 3333

1
qxqxqqr

xJ  

( ) ( ) ( )





























≤ +
−+−−

−
−

−
− 2

3
333333

11

,max q
xqqr

x
qqxqqr

x JJ  

[ ]
( )( ) ( )( )

( )



















≤
+

−

+−

−
2

3

1

33

1

,max
48of24.3Lem qqq

dCdC  

( ) .1 ∞<= dK  

By the same way we prove that ( ) ( ) ∞<≤
−

+ dKJ xqqr
x 2

11

33  if we let 

( ) ( ){ } ( ),,max 21 dKdKdK =  therefore in any case 
( )( )Ω

χ
3q

r
k L

I
 

( ) ( ) ( ),12

11

dKr
xqxq

d

≤×







 −
 combining this result with the last numbered 

inequality (53) we will get 

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) .,,

11

,,

11

2
2

1
1

Ω








 −
α

Ω








 −
α ≤ pqr

xqx
d

pqr
xqx

d

frdCKfr  

Now if we pass to supremum over all ,0>r  ,Ω∈x  we will get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .,,,,,, 21 ΩαΩα ≤
pqpq

fdCKf  
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(2) Under the hypotheses of Proposition 23, from (8) we have: 

( )( ) ( )( )
( )( ) ( )( )

.
12 dpdq

r
kdpdq

r
k

lkL
I

lkL
I

ff

ZZZZ ∈Ω∈Ω 







χ≤








χ  

This implies that: 

( ) ( )
( )( ) ( )( )dpdq

r
k

lkL
I

xqx
d

fr

ZZ 2

11

∈Ω







 −

α









χ  

( ) ( )
( )( ) ( )( )

.
1

11

dpdq
r
k

lkL
I

xqx
d

fr

ZZ∈Ω







 −

α









χ≤  

If we pass to the supremum over all ,Ω∈x  ,0>r  we will get: 

( ) ( ) ( ) ( ) ( ) ( ) .,,,,,, 12 ΩαΩα ≤
pqpq

ff  

Proposition 24. Let ,dd
RZ ⊂Ω⊂  suppose that: 

� ( ) ( ) ( ) ( ) ( ) ( ) ( ),,,,,, 2211 Ω∈ααα Pqqq  ( ) ( ) ( ) ( ),,, 21
dppp ZP∈  such 

that ( ) ( ) ( ),11 pq ≤α≤  ( ) ( ) ( ),22 pq ≤α≤  ( ) ( ) ( )pq ≤α≤ 33  on .Ω  

� 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )












α
=

α
+

α

=+

=+

.
111

,
111

,
111

21

21

21

ppp

qqq

 

Then there exists a positive constant K  such that for any 

( ) ( ( ) ( ) ) ( )( ) ( ( ) ( ) ) ( )( ) :,,, 222111 Ω×Ω∈ αα pqpq
lLlLgf  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .,,,,,,,,, 222111 ΩαΩαΩα ≤
pqpqpq

gfKfg  

Proof. By Hölder’s inequality (in variable Lebesgue spaces), we have: 

( )( ) ( )( ) ( )( )
.

21 ΩΩΩ
χχ≤χ

q
r
kq

r
kq

r
k L

I
L

I
L

I
gfKfg  

( )( )dpl Z
⋅  is order preserving, then 
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( )( ) ( )( )dpdq
r
k

lkL
I

fg

ZZ∈Ω 







χ  

( )( ) ( )( ) ( )( )

.
121 dpdq

r
kq

r
k

lkL
I

L
I

gfK

ZZ∈ΩΩ 







χχ≤  

Again by Hölder’s inequality, the second member of the last inequality is 

bounded by the following inequality’s second member: 

( )( ) ( )( )dpdq
r
k

lkL
I

fg

ZZ∈Ω 







χ  

( )( ) ( )( )
( )( ) ( )( )

,
2211 dpdq

r
kdpdq

r
k

lkL
I

lkL
I

gfK

ZZZZ ∈Ω∈Ω 







χ








χ≤  

this implies that: 

( ) ( )
( )( ) ( )( )dpdq

r
k

lkL
I

xqx
d

fgr

ZZ∈Ω







 −

α









χ

11

 

( ) ( )
( )( ) ( )( )

( )( ) ( )( )

,
2211

11

dpdq
r
kdpdq

r
k

lkL
I

lkL
I

xqx
d

gfKr

ZZZZ ∈Ω∈Ω







 −

α









χ








χ≤  

therefore 

( ) ( )
( )( ) ( )( )dpdq

r
k

lkL
I

xqx
d

fgr

ZZ∈Ω







 −

α









χ

11

 

( ) ( )
( )( ) ( )( )dpdq

r
k

lkL
I

xqx
d

fKr

ZZ 11

11

11

∈Ω








 −
α









χ≤  

( ) ( )
( )( ) ( )( )

.
22

22

11

dpdq
r
k

lkL
I

xqx
d

gr

ZZ∈Ω








 −
α









χ×  

If we pass to the supremum over all the ,0>r  ,dx R∈  we will get: 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .,,,,,,,,, 222111 ΩαΩαΩα ≤
pqpqpq

gfKfg  

Proposition 25. Let ,Ω⊂d
Z  given ( ) ( ) ( ),, Ω∈α Pq  ( ) ( )dp ZP∈  

such that ( ) ( ) ( ).pq ≤α=  Then 

( ( ) ( ) ) ( )( ) ( )( ),, Ω=Ω qqpq LlL  

that is, there exists positive real numbers Cc,  such that 

 ( )( ) ( ) ( ) ( ) ( )( ).,,, ΩΩΩ ≤≤ qq LqpqL
fCffc  (54) 

Proof. By the Proposition 19: ( )( ) ( ( ) ( ) ) ( )( ),, Ω⊂Ω qpqq lLL  it remains 

to prove that ( ( ) ( ) ) ( )( ) ( )( ),, Ω⊂Ω qqpq LlL  that is, there exists a positive 

constant K  such that 

( )( ) ( ) ( ) ( ) .,,, ΩΩ ⋅≤
qpqL

fKf q  

Let ( ( ) ( ) ) ( )( ),, Ω∈ qpq lLf  then we have: 

( ) ( ) ( )
( ) ( )

( ) ( ) Ω







 −

Ω∈>
Ω ==≤ ,,

11

,0
,,, sup0

pqr
xqxq

d

xr
qpq

frfM  

( ) ( ) .sup ,,
0

∞<= Ω
>

pqr
r

f  

By definition of ( ) ( ) ( ) ,,,, Ωαpq
f  we have that ( ) ( )

( ) ( ) Ω







 −

,,

11

pqr
xqxq

d

fr  

( ) ( ) ( ) ,,,, Ω≤
qpq

f  ,0>r  ,Ω∈x  that is, 

 ( ) ( ) ( ) ( ) ( ) .,,,,, Mff
qpqpqr =≤ ΩΩ  (55) 

Using (55) and (28), we will get 

 
( )( )

( ) ( ) ( ) .,,, Mff
qpq

L
I q

r
k

=≤χ Ω
Ω

 (56) 

Remark that [ [
{ }

,,

0,1

r
k

k

d
Irr

d
U
−∈

=−  0>r  and { }d0,1−  owns d2  
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members, thus 

[ [ ( )( )
{ } ( )( )Ω−∈

Ω−
χ=χ ∑

q

r
kd

qd

L

I

k
Lrr

ff

0,1
,

 

{ }
( )( )

( )

{ }

,2

0,1

56

0,1

MMf d

k
L

I

k d
q

r
kd

=≤χ≤ ∑∑
−∈

Ω
−∈

   ,0>r  

therefore [ [ ( )( )
,2

,
MCf d

Lnn qd ≤χ
Ω−

 ,N∈n  but ( )
[ [

( ),
,

q

nn

q
ff d ↑







 χ
−

 

from convergence monotone Theorem 8 we have: 

( )( ) [ [ ( )( ) ( ) ( ) ( ) ΩΩ−∞→Ω =≤χ= ,,,,
22lim

qpq
dd

Lnnn
L

fMff
qdq  

and the claim is proved. 

Proposition 28. Let ,Ω⊂d
Z  given ( ) ( ) ( ),, Ω∈α Pq  ( ) ( )dp ZP∈  

such that ( ) ( ) ( ).pq =α≤  Then 

( ( ) ( ) ) ( )( ) ( )( ),, Ω=Ω pppq LlL  

that is, there exists positive real numbers Cc and  such that 

 ( )( ) ( ) ( ) ( ) ( )( ).,,, ΩΩΩ ≤≤ pp LppqL
fCffc  (57) 

Proof. From Proposition 19 we have 

( )( ) ( ( ) ( ) ) ( )( )., Ω⊂Ω ppqp lLL  

It remains to show that ( ( ) ( ) ) ( )( ) ( )( ),, Ω⊂Ω pppq LlL  that is, there exists 

a positive constant K  such that 

( )( ) ( ) ( ) ( ) .,,, ΩΩ ≤
ppqL

fKf p  

Let ( ( ) ( ) ) ( )( )., Ω∈ ppq lLf  

Consider an element g  of ( )( ).Ω′pL  
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Recall that 
( )( )

,
1

r
k

I
q

r
k

qr
k

L
I

I ′

Ω
≈χ

′
 that is ,l∃  :0>L  

 
( )( )

,
11

r
k

I
q

r
k

r
k

I
qr

k
L

I
qr

k ILIl ′

Ω

′ ≤χ≤
′

 (58) 

where r
k

I
q′  is the harmonic mean of ( )q′  on r

kI  defined on Ω  by 

( )
.

11 1
dy

yq
I

q r
kr

k

I

r
k

I
∫ ′

=
′

−
 

� Suppose that g  is a simple function under the form: ∑
∈

χ=
Ak

Ik r
k

ag  

where A  is a finite subset of d
Z  and .0 ∞<< r  

( )
( )

∑
∈ Ω

Ω χ≤
Ak

L
IkL r
k

fafg
1

1  

( )
∑
∈ Ω

χ





 χ=

Ak
L

IIk r
k

r
k

fa
1

 

( )

( )( ) ( )( )
∑
∈ ΩΩ ′

χχ≤
Ak

L
I

L
Ik

L

q
r
kq

r
k

q

faC
.inHolder

 

( )

( )( )
∑
∈ Ω

′ χ≤
Ak

L
I

qr
kk

q
r
k

r
k

I fIaCL

158
 

( )( )
∑
∈ Ω

′

χ=
Ak

L
I

q

d

k
q

r
k

r
k

I
fraC  

( )( )
∑
∈ Ω

















−

χ=
Ak

L
I

q
d

k
q

r
k

r
k

I
fraCL

1
1
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( )

{ } ( )( ) ( )( ) ( )( )AlAkL
I

q
d

AlAkk

l

p
q

r
k

r
k

I
p

p

fraCL

∈Ω

















−

∈








χ≤ ′

1
1

.inHolder
 

{ } ( )( ) ( )( ) ( )( )AlAkL
I

qp
d

p

d

AlAkk
p

q
r
k

r
k

Ir
k

Ir
k

I
p frraCL

∈Ω

















−
′

∈








χ×= ′

11

 

{ } ( )( ) ( )( ) ( )( )ΩΩ∈Ω

















−
′

∈








χ×≤ ′
p

q
r
k

r
k

Ir
k

Ir
k

I
p

lkL
I

qp
d

p

d

AlAkk frraCL

11

 

{ } ( )( ) ( ) ( ) ( ) Ω

′

∈ ′≤ ,,, ppq

p

d

AlAkk fraCL
r
k

I
p  

{ } ( )( ) ( ) ( ) ( ) Ω
′

∈ ′= ,,,

1

ppq
pr

kAlAkk fIaCL r
k

Ip  

( )
{ } ( ) ( ) ( ) ( ) Ω

′
∈≤ ,,,

18

1 ppq
pr

kAlAkk fIaCL r
k

I  

( )
{ } ( ) ( )( )

( ) ( ) ( ) Ω∈
−

′
χ≤ ,,,

1
58

1 ppq
AL

IAlAkk faCLl
p

r
k

 

( )( ) ( ) ( ) () Ω
∈

−
⋅

′
χ= ∑ ,,,

1
ofdef. 1

ppq
AL

I
Ak

k faCLl
p

r
k

l

 

( )

( )( ) () ( ) ( ) Ω
∈

−
⋅

∑ ′

′

χ=
,,,

1
ofproper

ppq
Ak AL

Ik faCLl
p

r
k

pL

 

( )( )
( ) ( ) ( ) Ω

∈

−

′

χ= ∑ ,,,
1

11.Lemofcons.

ppq

AL

Ik

Ak

faCLl
p

r
k

 

( )( ) ( ) ( ) ( ) .,,,
1

ΩΩ
−

′≤
ppqL

fgCLl p  
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That is, 

( ) ( )( ) ( ) ( ) ( ) .,,,
1

1 ΩΩ
−

Ω ′≤
ppqLL

fgCLlfg p  

� Since the set of simple functions are dense in ( )( ),Ω′pL  we have the 

following 

 ( ) ( )( ) ( ) ( ) ( ) ,,,,
1

1 ΩΩ
−

Ω ′≤
ppqLL

fgCLlfg p    ( )( ).Ω∈ ′pLg  (59) 

Therefore we have: 

( )( ) { ( )
( )( ) ( )( ) }1,:sup 1 ≤Ω∈= Ω
′

ΩΩ ′pp L
p

LL
gLgfgf  

{ ( )( ) ( ) ( ) ( )
( )( ) ( )( ) }1,:sup ,,,

1 ≤Ω∈≤ Ω
′

ΩΩ
−

′′ pp L
p

ppqL
gLgfgCLl  

{ ( ) ( ) ( )
( )( ) ( )( ) },1,:sup ,,,

1 ≤Ω∈≤ Ω
′

Ω
−

′pL
p

ppq
gLgfCLl  

that is, 

( )( ) ( ) ( ) ( ) Ω
−

Ω ≤ ,,,
1

ppqL
fCLlf p  

which means that 

( ( ) ( ) ) ( )( ) ( )( )Ω⊂Ω pppq LlL ,  

and the claim is proved. 

Definition 27. Let ,Ω⊂d
Z  given ( ) ( ),Ω∈ Pq  ( ) ( ),dp ZP∈  we 

define the function ( ) ( ) Ω⋅ ,, pq
 on ( ( ) ( ) )( )Ωpq lL ,  by 

( ) ( )
( )( ) ( )( )

( )( )












∞=χ

∞<χ














=

+
Ω∈

+
ΩΩ

−−

Ω

+−

,ifsup

,if,min

,

,,
,,

pf

pfrr

f

dyL
I

k

dxLdyLJ

p

d

p

d

pq

q
r
kd

pqr
x

Z

 

 (60) 

we have taken account of (3) of Remark 9, that is, the zero extension of 

( )p  on  .\ d
ZΩ  
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Remark 28. We fix ( ) ( ),Ω∈ Pq  ( ) ( ),dp ZP∈  given ∈f  

( ( ) ( ) )( )Ωpq lL ,  and take account of the zero extension of ( )p  on  d
Z\Ω  

(of Remark 9), to compute the real number 
( )( ) ( )( )

,
,, dxLdyLJ pqr

x
f

ΩΩ
χ  

we first calculate 
( )( )

:
, dyLJ qr

x
f

Ω
χ  

( )( )
( )( ) ,1:0inf

,, 











≤














λ

χ
ρ>λ=χ

ΩΩ

r
x

qqr
x

J

dyLdyLJ

f
f  

(where ( )( )

( )
( )

( )

( ( ) )

),
\,

q

r
x

q

r
x

r
x

q

L

J

yq

JJ

dyL

f
dy

yff

∞
∞∞

Ω
ΩΩΩ λ

χ
+

λ

χ
=















λ

χ
ρ ∫  

x  is supposed to be a real parameter, the result of the calculation 

(
( )( )

)
dyLJ qr

x
f

,
of

Ω
χ  depends on Ω∈x   and ,0>r  we denote it by 

( )rx,β  and consider the function ( ),, rxx βa  after that, we determine 

( )( ) ( )( )dxLdyLJ pqr
x

f
,, ΩΩ

χ  by: 

( )( ) ( )( )
( ) ( )( )dxL

dxLdyLJ
p

pqr
x

rf ,
,,

, Ω
ΩΩ

⋅β=χ  

( )( )
( )

,1
,

:0inf
, 






 ≤








λ
⋅β

ρ>λ=
Ω

r
dxLp  

where 

( )( )
( ) ( )

( )

( ) ( )
( ( ) )

.
,,,

\, ppp

L

xp

dxL

r
dx

rxr

∞
∞

∞ ΩΩΩΩ λ
⋅β

+
λ

β
=








λ
⋅β

ρ ∫  

The result of the calculation of 
( )( ) ( )( )dxLdyLJ pqr

x
f

,, ΩΩ
χ  depends on 

.r  

Proposition 29. Let ,Ω⊂d
Z  ( ) ( )Ω∈ Pq  such that ∞<+q  and 
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( ) ( ).dp ZP∈ Then there exist real numbers A  and B  such that: 

( ) ( ) ( ) ( ) ( ) ( ) .,,,,,, ΩΩΩ ≤≤
pqrpqpqr fBffA  

That is, ( ) ( ) Ω⋅ ,, pqr  and ( ) ( ) Ω⋅ ,, pq
 are equivalent on ( ( ) ( ) )( )., Ωpq lL  

Proof. It is already known that ( ) ( ) Ω⋅ ,, pqr  is a norm on 

( ( ) ( ) )( )Ωpq lL ,  (see [22]). Furthermore, according to its definition, it is 

easy to see that ( ) ( ) Ω⋅ ,, pq
is a norm on ( ( ) ( ) )( )., Ωpq lL  

Case 1: .∞<+p  

Let ( ).Ω∈ q
loc

Lf  

(a) Remark that for any ( ) ,, dkx Z×Ω∈  we have from Lemma 5-(b) 

that 

 ,U
kLl

r
l

r
x

r
k IJIx

∈

⊂⇒∈  (e1) 

where { }11: +≤≤−∈= jjj
d

k klklL Z  for { }....,,1 dj ∈  

By consequence 

( )( ) ( )( )dxLdyLJ pqr
x

f
,, ΩΩ

χ  

( )

( )( ) ( )( )dxLdyL

I

e

pqkLl

r
l

f

,,

1

ΩΩ∈

χ≤
U

 

( )
( )( )

( )













∈

∈

∑≤

dxIL

dyIL

Ll

dk

r
k

p

r
l

q

k

f

,

,

ii-10Lem.

U
Z

 

( )( )
( )( )dxIL

dyIL

Llk r
k

p

r
l

q

k
d

f

,

,∑∑
∈∈

=

Z
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( )( ) ( )( )dxIL
dyL

I
Llk r

k
p

q
r
l

k
d

f

,
,Ω∈∈

χ= ∑∑
Z

 

( )( ) ( )( )dyL
I

Ll

dxIL

k
q

r
l

k

r
k

p

d

f
,

,1
Ω∈∈

χ= ∑∑
Z

 

[ ]

( )( )dyL
I

Ll

pr
k

pr
k

k
q

r
l

k
d

fII
,

1148of12.2.3Lemma
,max

Ω∈∈

χ












≤ ∑∑ +−

Z

 

( )( )dyL
I

Ll

p

d

p

d

k

q
r
l

k
d

frr
,

,max
Ω∈∈

χ













= ∑∑ +−

Z

 

( )( )dyL
I

Llk

p

d

p

d

q
r
l

k
d

frr
,

,max
Ω∈∈

χ













= ∑∑+−

Z

 

{ } ( )( )k
pk

d
LlLl

k

p

d

p

d

rrK ′
+−

∈

∈

∑













≤ 1,max

Holder

Z

 

( )( ) ( )( )k
pk

q
r
l

LlLldyL
I

f

∈Ω 







χ×
,

 

( ) +
+− ′

∈

∑













≤ pk

k

p

d

p

d

LrrK

d

1
Card,max

Z

 

( )( ) ( )( )k
pk

q
r
l

LlLldyL
I

f

∈Ω 







χ×
,

 

( ) +
+− ′













= pk

p

d

p

d

LrrK
1

Card,max  

( )( ) ( )( )k
pk

q
r
ld

LlLldyL
I

k

f

∈Ω
∈









χ× ∑
,

Z
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( ) +
+− ′













= pk

p

d

p

d

LrrK
1

Card,max  

( )( ) ( )( ) ( )ddk
pk

q
r
l

lkLlLldyL
I

f

ZZ 1
,

∈
∈Ω 
























χ×  

( ) +
+− ′













= pk

p

d

p

d

LrrK
1

Card,max  

( )( ) ( )( )
( )

,

1
,

ll

dpdq
r
l

KlKklldyL
I

f

∈∈Ω 





















χ×
ZZ

 

where for any dl Z∈  

{ } { },11:: +≤≤−∈=∈∈= jjj
d

K
d

l lklkLlkK ZZ  then lKCard  

,3d≤  this leads to the following inequality: 

( )( ) ( )( )dxLdyLJ pqr
x

f
,, ΩΩ

χ  

( ) { }
( )ll KlKkpk

p

d

p

d

LrrK 11Card,max
1

∈′+
+−














≤  

( )( ) ( )( )

,
, dpdq

r
l

lldyL
I

f

ZZ∈Ω 







χ×  

that is, 

( )( ) ( )( )
( ) lpk

p

d

p

d

dxLdyLJ
KLrrKf

pqr
x

CardCard,max
1

,,
+

+− ′
ΩΩ 












≤χ  

( )( ) ( )( )dpdq
r
l

lldyL
I

f

ZZ∈Ω 







χ×
,
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or 

( )( ) ( )( )
( ) ( ) Ω

ΩΩ 












′≤χ +−

,,
,,

,max
pqr

p

d

p

d

dxLdyLJ
frrCKCf

pqr
x

 

otherwise 

( )( ) ( )( )
( ) ( ) .,min ,,

,,
Ω

ΩΩ

−−

′≤χ⋅













+−

pqr
dxLdyLJ

p

d

p

d

fCKCfrr
pqr

x
 

Thus 

 ( ) ( ) ( ) ( ) ,,,,, ΩΩ ′≤
pqrpq

fCKCf  (61) 

where ( ) +
+

′
′ ≤= p

d

pkLC 3Card
1

 and .3Card d
lKC ≤=  

(b) Let .
2
r

t =  

� Remark that 

{ }

d

l

t
lk

r
k kII

d

Z∈=

∈
+ ,

1,0
2U  

( ) ( ) ( )( ) ( )( )dpdq
r
k

lkL
Ipqr ff

ZZ∈Ω
Ω









χ=,,  

{ } ( )( ) ( )( )dpdqdl

t
lk

lkL

I
f

ZZ∈Ω
















χ=

∈
+U

1,0
2

 

{ }
( )( )

( )( )dpd

q
t

lkd
lk

dyL
I

l

f

ZZ∈
Ω

∈ 















χ≤
+

∑
,

1,0
2

 

but 

{ }
( )( )dyL

I

l

q
t

lkd

f
,

1,0
2 Ω

∈
+

χ∑  
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( )( ) { } { }ddq
t

lk
lldyL

I
f

1,01,0, 12 ∈Ω 







χ=
+

 

{ } { } ( ){ } ( )( ) { } ( ){ }

,1

1,01,0,1,01,0

ineq.Holder

2 dpdq
t

lk
dpd

lldyL
Ill f

∈Ω
∈









χ⋅≤
+

′  

therefore we get 

( ) ( ) Ω,, pqr f  

{ } { } ( ){ } ( )( ) { } ( ){ } ( )( )dpddpdq
t

lk
dpd

lklldyL
Ill f

ZZ∈
∈Ω

∈






















χ≤
+

′

1,01,0,1,01,0
2

1  

{ } { } ( ){ } ( )( ) ( )( ) { } ( ){ }dpddpdq
t

lk
dpd

lklldyL
Ill f

1,01,0
,1,01,0

2
1

∈∈Ω
∈























χ≤
+

′

ZZ

 

{ } { } ( ){ }
{ } { } ( ){ } ( )( ) ( )( )dpdq

t
lk

dpddpd

lldyL
Ilkll f

ZZ∈Ω
∈∈









χ=
+

′
,1,01,01,01,0

2
11  

{ } { } ( ){ }
{ } { } ( ){ } ( )( ) ( )( )

,11
,1,01,01,01,0

dpdqt
m

dpddpd

lmdyLIlkll f

ZZ∈Ω
∈∈









χ≤ ′  

therefore 

( ) ( ) ( ) ( ) ,,,,, ΩΩ ′≤
pqtpqr fccf  

where 

{ } { } ( ){ } ({ } )
,

if2

if1

if1,0Card

if1
1 1

1,01,0






∞<′

∞=′
=







∞<′=

∞=′
≤=′

+
′

+

+′

+
∈

++

′

p

p

pc

p
c

p

d

p
dll dpd  

{ } { } ( ){ } ({ } )
,

if2

if1

if1,0Card

if1
1 1

1,01,0






∞<

∞=
=







∞<=

∞=
≤

+

+

+

+
∈

++ p

p

pc

p

p

d

p
dll dpd  
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since ,
2
r

t =  we get 

 ( ) ( ) ( ) ( ) .,,
2

,, ΩΩ ′≤
pqrpqr fccf  (62) 

� From Lemma 5-(a) 

dr
x

t
k

t
k

kxJIIx Z∈Ω∈⊂⇒∈ ,,  

and then 

( )( ) ( )( )
,

,, dyLJ
dyL

I

t
k qr

xq
t
k

ffIx
ΩΩ

χ≤χ⇒∈   ,Ω∈x   dk Z∈  

this implies that 

( )( ) ( )( )
( )( ) ( )( )

,
,,,, dxILdxLJ

dxILdyL
I r

k
pqr

xr
k

pq
t
k

ff
ΩΩ

χ≤χ  

therefore 

( )( ) ( )( )
( )( ) ( )( )

,
,,,, dxILdxLJ

kdxILdyL
I

k
r
k

pqr
x

dr
k

pq
t
kd

ff
Ω

∈
Ω

∈

χ≤χ ∑∑
ZZ

 

then 

( )( ) ( )( ) ( )( ) ( )
,1

,,,
,














ΩΩ

∈
∈

χ≤χ∑
dxILdxLJ

dyL
IdxIL

k
r
k

dk

pqr
xq

t
k

r
k

p

d

ff

U
Z

Z

 

that is, 

( )( ) ( )( ) ( )( ) ( )( )
,1

,,,
,

dxLdxLJ
dyL

IdxIL

k
pqr

xq
t
k

r
k

p

d

ff
ΩΩΩ

∈

χ≤χ∑
Z

 

( )( )dxIL r
k

p ,1  being independent of ,k  we have 

( )( ) ( )( ) ( )( ) ( )( )
,1

,,,
,

dxLdxLJ
dyL

I

k

dxIL
pqr

xq
t
kd

r
k

p ff
ΩΩΩ

∈

χ≤χ∑
Z
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the last inequality remains true if ( )( )dxIL r
k

p ,1  is replaced by its 

maximal value (see Remark 2.40 of [47]), that is, 

( )( ) ( )( ) ( )( )dxLdxLJ
dyL

I

k

pr
k

pr
k

pqr
xq

t
kd

ffII
,,,

11

,max
ΩΩΩ

∈

χ≤χ












∑+−

Z

 

which means that 

( )( ) ( )
( )( ) ( )( )dxLdxLJ

lkdyL
I

pr
k

pr
k

pqr
xddq

t
k

ffII
,,,

11

1

,max
ΩΩ∈Ω

χ≤








χ












+−

ZZ

 

 (63) 

but from (8) we have 

( )( ) ( )( )
( )( ) ( )

.
1,, ddq

t
kdpdq

t
k

lkdyL
I

lkdyL
I

ff

ZZZZ ∈Ω∈Ω 







χ≤








χ  (64) 

Combining the two last numbered inequalities, we get 

( )( ) ( )( )dpdq
t
k

lkdyL
I

pr
k

pr
k fII

ZZ∈Ω 







χ












+−

,

11

,max  

( )( ) ( )( )dxLdxLJ pqr
x

f
,, ΩΩ

χ≤  

otherwise 

( )( ) ( )( )dpdq
t
k

lkdyL
I

f

ZZ∈Ω 







χ
,

 

( )( ) ( )( )
,,max

,,

111

dxLdxLJ
pr

k
pr

k
pqr

x
fII

ΩΩ

−

χ


























≤ +−  

which means that 

( )( ) ( )( )dpdq
t
k

lkdyL
I

f

ZZ∈Ω 







χ
,
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( )( ) ( )( )
,,min

,, dxLdxLJ

p

d

p

d

pqr
x

frr
ΩΩ

−−

χ













≤ +−  

that is, 

 ( ) ( ) ( ) ( ) .,,,,
2

ΩΩ ≤
pqpqr ff  (65) 

Combining (62) and (65) we will get 

 ( ) ( ) ( ) ( ) .,,,, ΩΩ ′≤
pqpqr fccf  (66) 

Combining (61) and (66) we will get 

 ( ) ( ) ( ) ( ) ( ) ( ) .,,,,,, ΩΩΩ ′′≤′≤
pqrpqpqr fCKCccfccf  (67) 

Case 2: .∞=+p  

In this case 

( ) ( ) ( ) ( ) ( )( )
.sup,,,,

ΩΩ∈
ΩΩ χ==

qr
x LJ

x
pqpqr fff  

Definition 30. Let ,Ω⊂d
Z  given ( ) ( ) ( ),, Ω∈α Pq  ( ) ( )dp ZP∈  

such that ( ) ( ) ( ).pq ≤α≤  We also define ( ) ( ) ( ) Ωα ,,, pq
f  by: 

( ) ( ) ( )

( ) ( ) ( )
( )( ) ( )( )

( ) ( )
( )( )













∞=χ

∞<χ

=

+
Ω







 −

α

∈Ω∈>

+
ΩΩ







 −−

α

Ω∈>
Ωα

.ifsup

,ifsup

,

11

,,0

,,

111

,0
,,,

pfr

pfr

f

dyL
I

xqx
d

kxr

dxLdyLJ

xpxqx
d

xr

pq

q
r
kd

pqr
x

Z

 

 (68) 

Remark 31. 

(1) Taking account of Lemma 5, we could have been defined 

( ) ( ) ( ) Ωα ,,, pq
f  by 

( ) ( ) ( )

( ) ( ) ( )
( )( ) ( )( )

( ) ( )
( )( )













∞=χ

∞<χ

=

+
Ω







 −

α

Ω∈>

+
ΩΩ







 −−

α

Ω∈>
Ωα

.ifsup

,ifsup

,

11

,0

,,

111

,0
,,,

pfr

pfr

f

dyLJ

xqx
d

xr

dxLdyLJ

xpxqx
d

xr

pq

qr
x

pqr
x  

 (69) 
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(2) In case of ,∞=+p  then we can tend ( )p  to ,∞  in this case in (69) 

we have 

( ) ( )
( )( ) ( ) ( ) ( ) ,,,,

11

Ωα
Ω







 −

α ≤χ pq
LJ

xqx
d

ffr
qr

x
   ,0>r    .Ω∈x  

That is, 

( )( )
( ) ( )

( ) ( ) ( ) ,,,,

11

Ωα









α
−

Ω
≤χ pq

xxq
d

LJ
frf

qr
x

   ,0>r    .Ω∈x  

If we tend ( )p  to ,∞  we will get 

 
( )( )

( ) ( )
( ) ( ) .,0,,,,

11

Ω∈>≤χ Ωα∞









α
−

Ω
xrff q

xxq
d

LJ qr
x

 (70) 

The same also remains true in (68), that is, 

( )( )

( ) ( )
( ) ( ) .,,0,,,,

11

Ω∈∈>≤χ Ωα∞









α
−

Ω
xkrff d

q
xxq

d

L
I q

r
k

Z  (71) 

Lemma 32. [47, 48] Given ( ) [ )∞→ ,0: ds R  such that ,∞<+s  the 

following are equivalent 

(a) ( ) ( ),0
dLHs R∈  

(b) there exists a constant C  depending on d  such that given any cube 

Q  and ,Qx ∈  

( ) ( )
CQ

Qsxs
≤+−

   and   
( ) ( )

.CQ
xsQs

≤
−−  

Proposition 33. Let ,Ω⊂d
Z  given ( ) ( ) ( ),, Ω∈α Pq  ( ) ( )dp ZP∈  

such that ( ) ( ) ( ),pq ≤α≤  ( ) ( )Ω∈ 0LHp  (with the zero extension of ( )p  

on  ).\ d
ZΩ  Then ( ) ( ) ( ) Ωα⋅ ,,, pq

 and ( ) ( ) ( ) Ωα⋅ ,,, pq
 are equivalent 

norms on ( ( ) ( ) ) ( )( )., Ωαpq lL  

Proof. The fact that ( ) ( ) ( ) Ωα⋅ ,,, pq
 is a norm, follows from its 

definition. 
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By the precedent Proposition 29, there exist two positive real 

numbers A  and B  such that 

( ) ( ) ( ) ( ) ( ) ( )
( ).,,,,,,,

q
locpqrpqpqr LffBffA ∈≤≤ ΩΩΩ  

For any ,Ω∈x  multiplying this double inequality by ( ) ( ) 




 −

α xqx
d

r

11

 we 

will get: 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) Ω







 −

α
Ω







 −

α ≤ ,,

11

,,

11

pq
xqx

d

pqr
xqx

d

frfAr  

( ) ( )
( ) ( ) ,,,

11

Ω







 −

α≤
pqr

xqx
d

fBr  

if we pass to the supremum over all ,0>r  ,Ω∈x  we will get: 

( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ) .sup ,,,,,

11

,0
,,, ΩαΩ







 −

α

Ω∈>
Ωα ≤≤

pqpq
xqx

d

xr
pq

fBfrfA  

It remains to prove that 

( ) ( ) ( )
( ) ( )

( ) ( ) ,sup ,,

11

,0
,,, Ω







 −

α

Ω∈>
Ωα ≡

pq
xqx

d

xr
pq

frf  

that is, there exist positive real numbers Cc,  such that 

( ) ( )
( ) ( ) ( ) ( ) ( ) ΩαΩ







 −

α

Ω∈>
≤ ,,,,,

11

,0
sup

pqpq
xqx

d

xr

ffrc  

( ) ( )
( ) ( ) ,sup ,,

11

,0
Ω







 −

α

Ω∈>
≤

pq
xqx

d

xr

frC  

or 

( ) ( ) ( )
( ) ( )




























≡ +−

−−






 −

α

Ω∈>
Ωα

p

d

p

d

xqx
d

xr
pq

rrrf ,minsup

11

,0
,,,  

( )( ) ( )( )
,

,, dxLdyLJ pqr
x

f
ΩΩ

χ×  
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otherwise 

( ) ( ) ( )
( )( ) ( )( )dxLdyLJ

xpxqx
d

xr pqr
x

fr
,,

111

,0
sup

ΩΩ







 −−

α

Ω∈>
χ  

( ) ( )
( )( ) ( )( )

.,minsup
.

11

,0 ΩΩ

−−






 −

α

Ω∈>
χ




























⋅≡ +−

pqr

LLJ

p

d

p

d

xqx
d

xr

frrr  

We have for any :Ω∈x  

 
( ) −+

≤≤
p

d

xp

d

p

d
   or   

( )
.

+−
−≤−≤−

p

d

xp

d

p

d
 (72) 

Sub-case 1: .10 << r  

In this sub-case 

( ) −+
−−−

≤≤ p

d

xp

d

p

d

rrr    and   ,,min ++−
−

−−

=













p

d

p

d

p

d

rrr  

and we can write 

,,min −+−+
−

−−
−

≤













≤ p

d

p

d

p

d

p

d

rrrr  

from this we get 

( ) ( ) ( ) ( ) ( ) ( ) .,min

11111111







 −−
α






 −

α
−−








 −−
α −+−+ ≤⋅














≤ pxqx

d
xqx

d
p

d

p

d

pxqx
d

rrrrr  

Multiplying this double inequality by 
( )( ) ( )( )

,
,, dxLdyLJ pqr

x
f

ΩΩ
χ  we 

will get: 

( ) ( )
( )( ) ( )( )dxLdyLJ

pxqx
d

pqr
x

fr
,,

111

ΩΩ








 −−
α χ+  
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( ) ( )
( )( ) ( )( )dxLdyLJ

xqx
d

p

d

p

d

pqr
x

frrr
,,

11

,min
ΩΩ







 −

α
−−

χ⋅













≤ +−  

( ) ( )
( )( ) ( )( )

.
,,

111

dxLdyLJ

pxqx
d

pqr
x

fr
ΩΩ








 −−
α χ≤ −  

This last double inequality is equivalent to 

( ) ( ) ( ) ( )
( )( ) ( )( )dxLdyLJ

xpxqx
d

pxp
d

pqr
x

frr
,,

11111

ΩΩ







 −−

α







 −
χ+  

( ) ( )
( )( ) ( )( )dxLdyLJ

xqx
d

p

d

p

d

pqr
x

frrr
,,

11

,min
ΩΩ







 −

α
−−

χ













≤ +−  

( ) ( ) ( ) ( )
( )( ) ( )( )

,
,,

11111

dxLdyLJ

xpxqx
d

pxp
d

pqr
x

frr
ΩΩ







 −−

α







 −
χ≤ −  

in other hand since ,r
xJx ∈  ( ) ( ),0 Ω∈ LHp  ,∞<+p  we have: 

( ) ( )
( )

( )
( ) ( ) ( )

( ) ( )
( )

( )
( ) ( ) ( )

,

,max

,max

11111111

11111111




























≤=







===














≤=






===

−−+−−−−
−

−

−−

+++−+++
+

+

++

××⋅
−

−
−








 −






 −

×
−

×
−

⋅
−−

−
−








 −






 −

pppppxppxpxppr
x

pxp

xpp
r
x

pxpr
x

pxp
d

pppppxppxppxpr
x

pxp

xpp
r
x

pxpr
x

pxp
d

CCCJJJr

CCCJJJr  

that is, 

( ) ( )

( ) ( )

.

,max

,max

2

1111

1

1111

2

2
















∞<=
















≤

∞<=
















≤

−+−−

++−+

×






 −

−

×
−








 −

KCCr

KCCr

ppppxp
d

ppppxp
d

 

This leads to 

( ) ( ) ( )
( )( ) ( )( )dxLdyLJ

xpxqx
d

pqr
x

frK
,,

111

1
ΩΩ







 −−

α χ  
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( ) ( )
( )( ) ( )( )dxLdyLJ

xqx
d

p

d

p

d

pqr
x

frrr
,,

11

,min
ΩΩ







 −

α
−−

χ













≤ +−  

( ) ( ) ( )
( )( ) ( )( )

.
,,

111

2
dxLdyLJ

xpxqx
d

pqr
x

frK
ΩΩ







 −−

α χ≤  

This means that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .,,,2,,,,,,1 ΩαΩαΩα ≤≤
pqpqpq

fKffK  

Sub-case 2: :1≥r  

In this case, using (72), we get 

( ) +−
−−−

≤≤ p

d

xp

d

p

d

rrr    and   ,,min −+−
−

−−

=













p

d

p

d

p

d

rrr  

and we can write 

.,min ++−−
−

−−
−

≤













≤ p

d

p

d

p

d

p

d

rrrr  

From this we get 

( ) ( ) ( ) ( ) ( ) ( ) .,min

11111111








+
−−

α





 −

α
−−








 −−
α ≤














≤ +−− pxqx

d
xqx

d
p

d

p

d

pxqx
d

rrrrr  

Multiplying this double inequality by 
( )( ) ( )( )dxLdyLJ pqr

x
f

,, ΩΩ
χ  we 

will get: 

( ) ( )
( )( ) ( )( )dxLdyLJ

pxqx
d

pqr
x

fr
,,

111

ΩΩ








 −−
α χ−  

( ) ( )
( )( ) ( )( )dxLdyLJ

xqx
d

p

d

p

d

pqr
x

frrr
,,

11

,min
ΩΩ







 −

α
−−

χ













≤ +−  
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( ) ( )
( )( ) ( )( )

.
,,

111

dxLdyLJ

pxqx
d

pqr
x

fr
ΩΩ









+
−−

α χ≤  

This last double inequality is equivalent to 

( ) ( ) ( ) ( )
( )( ) ( )( )dxLdyLJ

xpxqx
d

pxp
d

pqr
x

frr
,,

11111

ΩΩ







 −−

α







 −
χ−  

( ) ( )
( )( ) ( )( )dxLdyLJ

xqx
d

p

d

p

d

pqr
x

frrr
,,

11

,min
ΩΩ







 −

α
−−

χ













≤ +−  

( ) ( ) ( ) ( )
( )( ) ( )( )

.
,,

11111

dxLdyLJ

xpxqx
d

pxp
d

pqr
x

frr
ΩΩ







 −−

α







 −
χ≤ +  

In other hand since ,r
xJx ∈  ( ) ( ),0 Ω∈ LHp  ,∞<+p  we have: 

( ) ( )
( )

( ) ( ) ( ) ( )

( ) ( )
( )

( ) ( ) ( ) ( )

,

,max

,max

111
32.Lem

11111

111
32.Lem

11111




























≤=







===














≤=







===

−−+−−−−
−

−

−−

+++−+++
+

+

++

⋅
−

−
−








 −






 −

−−
⋅

−−
−

−







 −






 −

pppppxppxpxppr
x

pxp

xpp
r
x

pxpr
x

pxp
d

pppppxppxppxpr
x

pxp

xpp
r
x

pxpr
x

pxp
d

CCCJJJr

CCCJJJr  

that is, 

( ) ( )

( ) ( )

.

,max

,max

2

1111

1

1111

2

2
















∞<=
















≤

∞<=
















≤

−+−−

++−+








 −

−−







 −

KCCr

KCCr

ppppxp
d

ppppxp
d

 

This leads to 

( ) ( ) ( )
( )( ) ( )( )dxLdyLJ

xpxqx
d

pqr
x

frK
,,

111

2
ΩΩ







 −−

α χ  

( ) ( )
( )( ) ( )( )dxLdyLJ

xqx
d

p

d

p

d

pqr
x

frrr
,,

11

,min
ΩΩ







 −

α
−−

χ













≤ +−  
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( ) ( ) ( )
( )( ) ( )( )

.
,,

111

1
dxLdyLJ

xpxqx
d

pqr
x

frK
ΩΩ







 −−

α χ≤  

This means that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ΩαΩαΩα ≤≤ ,,,1,,,,,,2 pqpqpq
fKffK  

and the claim is proved. 

4. Riesz Potential on ( ( ) ( ) ) ( )( )Ωαpq lL ,  

We begin by recalling some classical results, first one definition is 

given with a variant of definition of the Riesz potential. 

Definition 34. [47] Given ,γ  ,10 <γ<  define the Riesz potential 

,γI  also referred to as the fractional integral operator with index ,γ  to be 

the convolution operator 

( ) ( ) ( ) .1
dyyfyxxfI

d

d

∫
−γ

γ −=
R

 

The Riesz potentials are not bounded on ( ),dpL R  but satisfy off-

diagonal inequalities. 

With this definition, we have the following classical results: 

Theorem 35. [47] Given ,γ  10 <γ<  and ,1
γ

<≤
d

p  define pq >  

by .
11

γ=−
qp

 

If ,1=p  then for all 0>t  

{ ( ) } ( ) .:
q

d

d
dxxf

t

C
txfIx 






≤>∈ ∫γ

R

R  

If ,1>p  then 

.
pq

fCfI ≤γ  
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The Riesz potentials are well defined on the variable Lebesgue 

spaces. If 
γ

<+
d

p  and ( )( ),dpLf R∈  then ( )xfI γ  converges for every .x  

Theorem 35 can be extended to the variable Lebesgue spaces in the 

following manner. 

Theorem 36. [47] Fix ,γ  .10 <γ<  Given ( ) ( )dp RP∈  such that 

,
1

1
γ

<≤< +− pp  define ( )q  by 

( ) ( )
.

11
γ=−

xqxp
 

If there exists 
γ−

>
1

1
0q  such that the Hardy-Littlewood maximal 

operator M  is bounded on 
( )( ) ( ),0 dqq

L R
′

 then 

( ) ( ).pq
fCfI ≤γ  

If 1=−p  and M  is bounded on 
( )( ) ( )dqq

L R
′

0  when ,
1

1
0 γ−

=q  then for 

every ,0>t  

{ ( ) } ( )
( ).: p

q
txfIx

fCt d ≤χ
>∈ γR

 

We will need the following lemma: 

Lemma 37. (Minkowski’s integral inequality for variable 

Lebesgue spaces [47]) 

Let ( ) ( ),Ω∈ Pq  let R→Ω×Ω:f  be a measurable function (with 

respect to product measure) such that for almost every ,Ω∈y  

( ) ( )( ).., Ω∈ qLyf  Then 

 ( )
( )( )

( ) ( )( ) ..,., ,
, ∫∫ Ω

Ω
ΩΩ

≤ dyyfCdyyf
dxL

dxL

q
q

 (73) 

Proposition 38. Let ,Ω⊂d
Z  ( ) ( ) ( ),, Ω∈α Pq  ( ) ( ) IΩ∈ Pq  
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( ),0 ΩLH  and ( ) ( ) ( ) ,1 ∞≤≤α≤≤< − pqq  
+








α
−+

111
pq

.∞<  Suppose 

that there exists 
γ−

>
1

1
0q  such that the Hardy-Littlewood maximal 

operator M  is bounded on 

( )

( )Ω

′









0q

q

L  and 

( ) ( )

( ) ( )

( )














γ−
α

=
α

<

γ−=<

−
α

<γ<

.
11

0

,
11

0

,
11

0

*

* qq

p

 

Then for any ( ( ) ( ) ) ( )( ),, Ω∈ αpq lLf  fI γ  belongs to ( ( ) ( ) ) ( )( )Ωα**
, pq lL  

and 

 ( ) ( ) ( ) ( ) ( ) ( ) ,,,,,,, ** ΩαΩαγ ≤
pqpq

fCfI  (74) 

where C  is a constant not depending on .f  

Proof. The proof of Proposition 38 is an adaptation of that of 

Proposition 4.1 in [15]. 

For any real numbers ,,, cba  we have: 

 .baacbc −−−≥−  ( )1β  

(a) Case .∞=+p  

When ,∞=+p  ( )p  is unbounded, let f  be a positive element of 

( ( ) ( ) ) ( )( ),, Ωαpq lL  we have 

( ) ( )

( )

( ) ( ) ( ) .,,,

2-23.Propo

,,, ∞<≤ ΩαΩα∞ pqq
fCf  

Let ( ) ( ).,0, ∞×Ω∈rx  We have: 

,

0

,,∑
∈

=
Nn

nrxff  
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where r
xJrx ff 20,, χ=  and 

nrxTnrx ff
,,,, χ=  where r

xnrx

n
JT

12
,,

+
= r

x

n
J 2\  

for .N∈n  

Since f  is positive, monotone convergence theorem can be applied to 

get 

.

0

,,∑
∈

γγ =
Nn

nrxfIfI  

First: 

From Hardy-Littlewood-Sobolev theorem for fractional integral 

Theorem 36, there exists a positive constant A  not depending on f  and 

r  such that 

( )( ) ( )( ) ( )( )
.2* 0,,0,,

ΩΩΩγ χ=≤
qr

x
qq

LJLrxLrx fAfAfI  

Secondly: 









∈

=∈

∈∀
+

r
x

r
x

r
xnrx

Jz

JJTy

n
nn 22

,, \

:
1

N





≤−≤

≤−≤
⇒

−

−

rdzx

rdyxrd nn

1

1

20

22
 

( )
,

1
zxyxyz −−−≥−⇒

β
 

this implies that 

( ) ,
2

12
22

2
22 11 rrr

rdrdyz n
n

n −=−≥−≥− −−  

that is, 

 .2 1ryz n−≥−  ( )2β  

To little simplify the notation, we write ( ) ( ) ( ) ( ) ( ) ( ),,,,,, αΩα =
pqpq

ff  

the following notations should be understood in the sense: 

( ( )) ( ) ,***
−−− == qqq  ( ( )) ( ) ,***

+++ == qqq  

( ( )) ( ) ,−−− ′=′=′ qqq  ( ( )) ( ) .+++ ′=′=′ qqq  (75) 
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Recall that in Section 2 (Definitions and Notations), it is clearly written 

that 

 ( ( )) ( ) ( ( )) ( ) ., ′=′′=′ +−−+ pppp  (76) 

In the following proof we suppose that the one-dot ( )⋅  and two-dot ( ),⋅⋅  

respectively, stand for the variables z  and ,y  therefore 

( )
( )( )Ω

γ χ *qr
x LJ

fI  

( )
( )( )∑

≥
Ω

γ χ≤
0

,, *

n
LJnrx qr

x
fI  

( )( )Ω
χ≤

qr
x LJ

fA 2  

( ) ( )
( ) ( )( )dzJL

dyTL

d

n
r
x

qnrx

f
,

,

1

1
*

,,
1⋅⋅⋅⋅−⋅+ −γ

≥
∑  

( )( )Ω
χ≤

qr
x LJ

f 2

Minkowski
 

( ) ( ) ( )( ) ( )dyTLdzJL

d

n nrx

r
x

q
f

,,

1

1 ,,
1

*⋅⋅⋅⋅−⋅+ −γ

≥
∑  

( )

( )( )
( ) ( )

( )( )dzJL
dn

n
LJ

r
x

q
qr

x
rfA ,

11

1

*
2

2
12 −γ−

≥
Ω

β

∑χ≤  

( )
( )dyL

T nrx
f

,1,, Ω
χ⋅⋅×  

( )( )
( ) ( )

( )( )dzJL
dn

n
LJ

r
x

q
qr

x
rfA ,

11

1

Holder
*

2 12 −γ−

≥
Ω
∑+χ≤  

( )( ) ( ) ( )( )dyTLTL nrx
q

nrx
q f ,,,,,

1 ⋅⋅× ′  

[ ]

( )( )Ω
χ≤

qr
x LJ

fA 2

48of12.2.3.Lem
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( ) ( )













+ +−
−γ−

≥
∑ **

11
11

1

,max2 q
r
xq

r
x

dn

n

JJr  

( )( )dyTL
qnrxqnrx nrx

qfTT ,

1

,,

1

,, ,,
,max













× +− ′′  

( )( )
( ) ( )

















+χ= +−−γ−

≥
Ω
∑

**

2 ,max2 11

1

q

d

q

d

dn

n
LJ

rrrfA
qr

x
 

(( ) ( ) ) (( ) ( ) )








−−× +− ′
+

′
+

q
dndn

q
dndn rrrr

1
1

1
1 22,22max  

( )( )dyJL rn

x
qf ,

12 +×  

( )( )
( ) ( )

















+χ≤ +−−γ−

≥
Ω
∑

**

2 ,max2 11

1

q

d

q

d

dn

n
LJ

rrrfA
qr

x
 

( ) ( )[ ] ( ) ( )[ ]












−−× +− ′′ qddnqddn rr

11

122,122max  

( )( )dyJL rn

x
qf ,

12 +×  

( )( )
( ) ( )

















+χ≤ +−−γ−

≥
Ω
∑

**

2 ,max2 11

1

q

d

q

d

dn

n
LJ

rrrfA
qr

x
 

{( ) ( ) ( ) ( )} ( )( ).22,22max ,
12 dyJL

qdqdnqdqdn
rn

x
qfrr +++−− ′′′′×  

That is, 

( )
( )( ) ( )( )

( ) ( )

















+χ≤χ +−−γ−

≥
ΩΩ

γ ∑
**

2* ,max2 11

1

q

d

q

d

dn

n
LJLJ

rrrfAfI
qr

xqr
x

 

( ) ( ) ( )( ).2,2max ,
11 12 dyJL

q

d

q

d
nq

d

q

d
n

rn

x
qfrr ++

+
−

−













× ′

′
+′

′
+  (77) 
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From here we will envisage two cases: 

First case: .10 << r  

In this case 
***

,max ++− =















q

d

q

d

q

d

rrr  and 

( ) ( ) ( ) .22,2max 111 +
−

+
+

−
−

′
′

+′
′

+′
′

+ ≤













q

d

q

d
nq

d

q

d
nq

d

q

d
n rrr  

Then the last numbered inequality is bounded by 

( )
( )( ) ( )( )ΩΩ

γ χ≤χ
qr

xqr
x LJLJ

fAfI 2*  

( ) ( ) ( ) ( )( )dyJL
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That is, 
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Using (24) we will get 
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with 
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It is easy to see that ( ) 0≤η x  and ( )







 −
−+=β qq

d

rr

11

 is independent of ,r  

in fact, we prove it: 

For any ,Ω∈x   we have ( ),xqq ≤−  then 
( )xqq

11
≥

−
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( ) −
−

qxq

11
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( )

,0
1
*

<
α

−
x

 we get ( ) ,0≤η x  this implies that ( )∑
≥

η

1

2
n
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convergent series, we let ( ) .2
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∞<=∑
≥
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n
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d
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−
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−
−
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xJ  by hypotheses we have 

( ) ( ) ( ) ,1 ∞≤≤α≤≤< − pqq  this implies that ( ) ( ) ,∞≤<α≤+ pq  that 

is, ,∞<+q  therefore the hypotheses of Lemma 3.24 of [48] are satisfied, 

then 
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x
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1
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then the last numbered inequality becomes 
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 (79) 

where ∞<== +++
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If we let ( )( ) ,22,,

111
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α
−
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q

d
q

d

 we have 
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Second case: .1 +∞<≤ r  

In this case 
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d
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Then, taking account of (75) and (76) the right-hand side of (77) is 

bounded by: 
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that is, 
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Using (24) we will get 
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that is, 
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with 
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We can remark that ( ) ( )( ) ,1
0

−= rBrB  we already have proved in the first 
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case that ( )rB  is bounded by a constant which does not depend on ,r  so 

is ( ),0 rB  therefore ( ) ,00 BrB =  for any Ω∈x   we have ( ),xqq ≤−  then 
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−
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 since 

( )
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2
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In both cases 10 << r  and ,1 ∞<≤ r  we have 
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Now taking account of (23), if we pass to the supremum over all ,0>r  
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Using triangular inequality property of ( )( ),Ω⋅ pL
 we get 
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But we have already proved that ( )rB  and ( )rB0  are constants, 
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 (81) 

Case ( ).1,01 =∈ Ir  

In this case we have 
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From (68) in case ∞<+p  
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 (82) 

From the last numbered inequality we get 

( )
( )( ) ( )( )dxLdyLJ pqr

x
fI

,,
*

ΩΩ
γ χ  



NORM INEQUALITIES ON RIESZ POTENTIAL OPERATORS … 

 

83 

( ) ( ) ( ) ( ) ( ) ( )













+≤ ∑

≥








 −++
α

−γ






 +γ−







α
−+

−+

1

11111111

222

n

qxqxpx
nd

q
d

xxpxq
d

BA  

( ) ( ) ( )
( ) ( ) ( ) Ωα









α
−+

× ,,,

111

pq
xxpxq

d

fr  

( ) ( ) ( )













+≤ ∑

≥








 −++
α

−γ






 +γ−







α
−+

−++

1

11111111

222

n

qxqxpx
nd

q
d

pq
d

BA  

( ) ( ) ( )
( ) ( ) ( ) .,,,

111

Ωα









α
−+

×
pq

xxpxq
d

fr  

We have  
( ) ( )

0
11

<+
α

−γ
xpx

 see the hypotheses, it is said (as in the case 

)∞=+q  that 
( )

,0
11

≤−
−qxq

 ,Ω∈x  therefore the series 

( ) ( ) ( )∑
≥








 −++
α

−γ
−

1

1111

2
n

qxqxpx
nd

 converges and we let 

( ) ( ) ( )∑
≥








 −++
α

−γ
−

1

1111

2
n

qxqxpx
nd

,∞<= s  in another hand ∞<+








α
−+

111

2 pq
d

 

since ,
111

∞<







α

−+
+pq

 then we get 

( )
( )( ) ( )( ) 













+≤χ








 +γ−







α
−+

ΩΩ
γ

++ BsAfI
q

d
pq

d

dxLdyLJ pqr
x

1111

,,
22*  

( ) ( ) ( )
( ) ( ) ( ) .,,,

111

Ωα









α
−+

×
pq

xxpxq
d

fr  

If we let ( ) ( ) ( )( ) ,22,,

1111














+=α








 +γ−







α
−+

++ BsApqC
q

d
pq

d

 

( ) ( ) ( )( )α,, pqC ∞<  and we get 
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Case [ ).,12 ∞=∈ Ir  

We proceed exactly as we did in the case Case ( )1,01 =∈ Ir  to get 

that 
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If we pass to the supremum over all ,0>r  ,Ω∈x  we will get 
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From Proposition 33 we will have 
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