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1. Introduction

Our purpose is to derive sufficient conditions for fractional integral
operators (also known as Riesz potential) in three-variable exponent

amalgam spaces (t-VEAS) (Lq(), 120 )a() under the log-Hoélder continuity

condition on the exponent ¢(). The derived results are new even for

constants g, p, o in the case of potential operators defined on RY.

The boundedness for fractional integral operators in variable
exponent Lebesgue spaces was investigated by many authors: [1-4]. Apart
from interesting theoretical considerations, the study of variable
exponent spaces was motivated by a proposed application to modeling
electrorheological fluids (see [5]), to image restoration (see, e.g., [6]), etc.

The amalgam spaces (Lq, P )(Q) (with ¢, p constants) have been
used by Wiener (see [23]) in connection with Tauberian theorems. Long

after, Holland undertook their systematic study, (see [24]).

Since then, they have been extensively studied (see the survey paper
[25] and the references therein) and generalized to locally compact groups
(see [26-28)).

They may be looked at as spaces of functions that behave locally as
elements of LI(R?) and globally as belonging to I?(Z%). Taking this

into account, Feichtinger has introduced Banach spaces whose elements
belong locally to some Banach space, and globally to another (see [29]).

The spaces (LY, I?)*(R?) with constant exponents, have been
introduced during 1988 by Ibrahim Fofana, see [7, 9]. We will always
refer to them as Fofana spaces. It is well known that if a € {g, p}, then

(e, 1» )a(Rd) coincides with the Lebesgue spaces L* and for ¢ < a the

space (L9, 1°)*(R%) is exactly the classical Morrey spaces. Thus Fofana

spaces can be viewed as some generalized spaces. Many classical results
in Fourier analysis, well-known and widely used in Lebesgue or Morrey

spaces, have been extended to the setting of Fofana spaces (see [7, 8, 9,
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10, 11, 12, 13, 16, 17, 51, 52, 53]). Let us recall the definition of the spaces

(L9, 17 )*(R?) with constant exponents.
Let g, p, € [1, ] and 0 < r < o, we let:

d
@) I} = H[kjr, (B +1)r), k= (kj)icjeq € 2,
j=1

d
r r
Jx = H["J % +§)’ x = (%) hgjeq € R,
Jj=1

d
Qx, r) = xj—L, xj+L, x=(xj)ls~sdeRd.
2 2 J

For any subset E of Rd, g 1s the characteristic function of £ and

| E | the Leesgue measure of E.

(b) For any fe L (R?) we let:

loc
1
> gl |
fx r lf p < 007
7‘” f "q’p = kGZd Ik q (1)
sup H X yr if p=oo,
ke 7 kg

Aad)
7'" f ”q,p'

I£ 1y pa =supr
r>0
The amalgam spaces (L9, I?)(R?) and (L9, I?)*(R?%) with constant
exponents q, p, o are defined as follows:

(L, 1P) (&) = {f e LL (R | £, < ==},

loc
(L9, ) (RY) = {f € L (RY) | [, o <)

loc

Recently One-variable exponent amalgam space (LQ(), IP) (where



4 SAMBOUROU MASSINANKE et al.

q() is a function, p is a constant belonging to [1, «]) has been widely
studied in [18-21].

In 2023 [49], Yang and Zhou introduced the one-variable Fofana’s
spaces (Lp(), 19)*(R%) where p() is a function such that 1 < p() < =
and q, o are constant reals verifying 1 < g, o < o, in this work some

properties are derived and the pre-dual of those spaces were established
which contributed to prove the necessary conditions of fractional integral
commutators’ boundedness. As applications, the characterization of
fractional integral operators and commutators on (one-) variable Fofana’s
spaces are discussed, which are new result even for the classical Fofana’s

spaces.

In the recent past, N. Diarra [50] investigated the boundedness of
classical operators such as Riesz potentials operators, maximal operators,
Calderon-Zygmund operators and some generalized sublinear operators

in both (ZPV, 19)%(R%) and their preduals H(p'(), ¢/, &’)(R?), in this
paper some properties of these spaces are proved. The results extend

and/or improve those of classical Fofana’s spaces and their preduals.

The present work considers all exponents g, p, o of (L9, I?)*(R?)

as functions and generalizes the two Banach function spaces of the two
papers of Diarra [50] and Yang and Zhou [49].

The following contributors have done huge work that contributed to
the success of our paper: [22, 15, 47, 48].

In this work, we will extend the definition of these constant exponent

spaces (L2, IP)(RY), (L9, I”)*(R?), (g, p, o are constants) to the case

where ¢, p, o are functions q(), p(), o) from Q c R? to R.

It seems that Wiener amalgams with two or three variable exponents
have not yet been considered in full generality.

In a precedent work we have defined and studied a two-variable

exponent amalgam spaces (L(I(), lp())(Q); (where ¢(), p() are functions,

Qc ]Rid), see [22].
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It is clear that (qu, lp())“() (Q) is a subspace of the two-variable
amalgam spaces L0, 770)(Q). We denote by IL° =I°(R%)
= I°(R?, dx) the real vector space of equivalent classes (modulo equality

Lebesgue almost everywhere) of Lebesgue measurable complex-valued

functions on R,

One of the most significant operators in Harmonic Analysis is the

fractional integral operator I, (0 < y<1), also known as the Riesz

potential (of order d - y) and defined by
L) = [, 1x =y 1" )y
R

for such x € Rd, fe L° for which the above integral makes sense.

The boundedness properties of IY between various Banach spaces

have been extensively studied, see [30-36]. Lately, the boundedness of the
Riesz potential operator on variable exponent spaces was also studied by
many researchers, see [37-44].

In this work, we define the variable exponent Fofana’s spaces
(ra0, lp())a() () and give some properties and study the continuity of
the Riesz potential operators.

The paper is divided into four sections. Section 2 includes
fundamental notations and definitions which will be used in the
subsequent sections. Section 3 contains auxiliary results and properties.
Section 4 deals with the behavior of the Riesz potential on

(L‘I(), lp())oc() Q).

Throughout the paper, the constants are independent of the main
parameters involved, with values which may different from line to line.

2. Definitions and Notations

Notation 1.

- d will be a fixed positive integer, Q a non void subset of ]R{d, the
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d-dimensional Euclidean space RY is equipped with the usual Euclidean
norm | x |.
p(), q(), r(), ... in general indicate that p, q, r, ... are functions used

as norm indexes (” . "p(), || . "q(), || . "7‘()’ )

(), g(), h(), ... in general mean that f, g, A, ... are functions which

are applied on the elements x, y, z, ... of Rd, the dots between the brace

refer to these elements.

Let P(Q) be the set of all Lebesgue measurable functions
p(): Q@ = [1, »]. In order to distinguish between variable and constant

exponents, we will always denote exponent functions by p().
Given p() and aset E < Q, let:

p_(E) = essinf, g p(x), p,(x) = esssup,cg p(x).

We simply write:

p- =p_(Q) and p, = p,(Q).

As in the case for the classical Lebesgue spaces, we will encounter
different behavior depending on whether p(x) =1, 1< p(x) < oo,

p(x) = . Therefore, we define three canonical subsets of Q:
o2l =@, ={xre Q: p(x) = o},
Qf’() =0, ={xe Q: px) =1},
QP02 0. =fx e Q:1 < p(x) < }.

Below, the value of certain constants will depend on whether these
sets have positive measure; if they do we will use the fact that, for

instance

Xl
[rage

oo

Given p(), we define the conjugate exponent p’() by:
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with the convention 1 =0.

(o)

Since p() is a function, the notation p’() can be mistaken for the

derivative of p(), but we will never use the symbol <<>> in this sense.

The notation p’° will always denote the conjugate of a constant
exponent. The operation of taking the supremum/infimum of an exponent
does not commute with forming the conjugate exponent. In fact, a
straightforward computation shows that:

20 =), (PO =(,).

For simplicity, we will omit one set of parentheses and write the left-

hand side of each equality as:

PO, =), PO-=(ps).

A function () : Q — R is locally log-Hélder continuous and denote

this by r() e LH,(Q), if there exists a constant Cj such that

|x—y|£l:|r(x)—r(y)|< Co

<— — x,ye Q.
2 —log(|x—y|) Y

We say that r() is log-Hoélder continuous at infinity and denote this
by r() e LH_ (L), if there exist C., and r,, = r(e) such that

Coo

< Moo
“ logle+|x])’ xeQ

| r(x) =7 |
If r() is log-Hélder continuous locally and at infinity, we will denote this
by writing r() e LH(Q) = LHy(Q) N LH,(Q).

If there 1s no confusion about the domain, we will sometimes write:
LH,, LH, or LH.

- In the whole document N = {1, 2, ...}, Ny = N U {0}
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Definition 1.

1. For any ¢() € P(Q) and a Lebesgue measurable function f, we

denote qu()(Q)(f) by:

_ (x)
where
| ||L°°(Q§{,()) =inf{e >0:|f(x)| <& ae xe 0403,
We define
£ sy =1 £ gy, = intfa > 0 oy £ <1}, ®
299@Q) = {f € Q) : || f | ;a0(q) < - @

2. If f is unbounded on Q40 or F()?V ¢ 1190\ Q..), we define
Pg()(f) = o=

3.1If g, < oo, in particular when | Q20 | =0, welet || f]=ge0) = 0.

4. If q, = oo, then inff{e > 0:q(x)<e ae xe Q} =, that is,

Ve > 0: g(x) > 0 ae. x € Q, therefore in this case g() is unbounded,

Q‘D{,() ={re Q:qlx) =} =0Q, and py) alf)= sugl fx)].

5.1t | @\ QL) | = 0, then py(y(f) = | f = (qe0)-
Definition 2. Let I be a non void countable set, P(I) be the set of

all Lebesgue measurable functions p():I —=[1, «], PU)=
{p()/ p(): I - [1, =], p() is Lebesgue measurable}.

1. For any p()e P(I) and {az}, ;€ R!, we define the modular

plp()(]) by:

k
Py (ardier) = D Tar ™+ sup ay | (5)
ke IN120) he 120
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or

+
A2y

p(k)
plp()([)({ak}kel ) = H {‘ ak ‘ }

|
kelg()

ak ‘} is unbounded
ke IP

keI\ID{’,() l°°(I£())'

k
2. If{‘ a* \p( )} e NI\ I1PV) or {
ke IN\120

on IP0, we define:

POy {artrer) =

3. 1f 120 = &, in particular when p, <, we let sup |a;|=0,
ke 120

therefore

plp( {ak}kel Z | ar |p

kel

4.1 IN TPV = & then T = 120, and pp(){artyer) = sup| ap |.
kel

5.1f p, < o, then p() <~ on I and 170 = &, therefore

pp0.1Uardier) = D | ar PP

kel
6. If p, =, then p() is unbounded on I and IR0 =
{kel:p(k)=ow}=1, and

Pp(. 1(artper) = iul;l ay, |-

RE

7. For any p() € P(I), we define the variable sequence spaces lp()(I)
by:

lp()(I) = {{ak}kE] € RI : ” {ak}kej "lp()(l) < m}, (6)

where

. {az}
(RET . "lp()(l) - mf{k >0: plp()(l)( xkd <1p. ()
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We define on [” ()(I ) some operations as follows:
For any {ay},.; € lp()(I), bt € lp()(I), ae R, Be R\{0}:
{lartper + Orbrer = tag +bplper
o A{aptper =10 aglpers

{ak}kE] : {bk}kE] = {ak : bk}kep

(3],

We also define the absolute value of any element {a;},_; of lp()(I)
by:

Hardpe 1 =1 ar e -
The s-power of {a)},_; of IP)(I) (with 1 < s < o) is defined by;
Hawherl” =l an [ Yer-
Properties 3. [22]
1) For any p(), p() € P(I), {ap},. s € RY:
pO<B0 on I = |{arkues 50 < [Hartker [0y ®)

2) Given a non-void countable set I and p()e P(I) such that

I£() = @, then for all s such that € < s < o, we have

H {l ap |s}kel Hlp()(l) = " {ak}kel ”;sp()(l)’

3) When p() = p, 1< p < oo, the definition of 7?V(I) given in the

formula (6) is equivalent to the classical Lebesgue sequence spaces [” (1)

defined by:
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1

P
p if o,
| dner o ry = [;;lakl ] s (9)
sup|ap | if p=ce
kel

4) Given a countable and non-void set I and p() e P(I), for all
{apter € lp()(I) and {b,},.; € lp,()(I), then {azb},. ;€ IN(I), and
Harbr e 1 ”11(1) = Zakbk < Kpo|ardpes ||lp()(1) X[ B pe s ||lp’()(1)- (10)

kel

This inequality can be generalized in the following way:

5) Given a countable and non-void set I and q(), r() € P(I), define
p() by

—=——=+— on I

1
p(O)  q() r()

Then there exists a constant K such that for all

1
(

{arhpes € 90D, rdey € POW)  {agby ey € 1PO(I) and
[ Hewbrre o0y < Kpol tndne s lia0 gy X Horeer lr0 gy, QD
in the particular case where p() =1, we get (10):
[Harbeteer Iy < Kltareer la0(y X[ 8reer 007y

Lemma 4. [47, 48] Let q() € P(Q), suppose that q, < «. For any
sequence {f,} c 199(Q) and f e 199(Q), | f-f, ||q() o — 0 if and only

if pLQ()(Q)(f - fn) - 0.
Remark that the discrete version of this lemma is also valid.
Lemma 5. Let (x, k, 1) € QxZ% x 0, + o[, we set t = % .

@ xel, = I, cJ],
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b xe I =dJ; c |JI],
leLy,

where L, ={le Z% 1 k; —1<1; <k; +1, je {1, .., d}} and
k J J J

(¢) Card L, < 3% < oo,

Proof.

(a) Under the hypotheses of (a) let y € I;Q, then kjt < y; < (kj +1)t,
j=1,..,d, let us prove that y e J:

by hypothesis x € I, then kit <x; < (kj +1)t, these two last

double inequalities lead to ¢ < y; —x; < ¢, therefore x; —¢ < y; < x;

r r roo.
Sy weget x; —o <y, <xj+5, j=1 .., d,

+t, j=1,...,d, since t = 5 : e

which means that y e J.
(b) By hypothesis x € I, then kir < x; < (kj +1)r, j=1,..,d, let
z e J, then X —% <zj <xj +%, now we should find [y € L, such

that z e Ilro' z e Ilro = lojr <zj< (loj +1), j=1,.., d, this implies

Z .
that loj < TJ < loj +1, for any real number x, let E(x) be the great

integer less than or equal to x, from the last double inequality, we can
Z .
take Iy, = E(Tfj j=1..,d, then we get Iy =(l hejcqg =

Z:
[E(—]D such that z e Il';), it remains to prove that [y € Lj, that
r .

1<j<d

is, kj ~1<ly, <kj+1, j=1,..d.

kjerj <(kj+1)7‘
By recapitulating we have: r r, then we get:
xj—ESzj <xj+§
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X

PTor . this implies that — -+ <21 2 L e
RIS S R R § r 2 r r 2

r 2 r r 2

. 1 %X 1 _%2 X 1 . 1
gives kj_§S7_5S7<T+§<kj+l+_, that 18, kJ—ES

% <kj+1 +%, now by applying the function E (as defined in this
proof) on all the members of this last double inequality, we find that
E(kj - %) < E(ZTJ] < E(kj +1+ %), since kj € 7, this is equivalent to
ki —1< loj < kj +1, which means that [y € Ly,

(c) Recall that for any integers a, b such that ¢ < b the number of

integers located in the interval [a, b] is b — a + 1, therefore the number of

l; such that k; —1 < 1; < k; +1 is 3, thus Card L, < 3%
The claim is proved.

Definition 6. [22] Let Z¢ c Q, for any ¢() e P(Q), p()e P(z?),

let f e L;I(Q(Q) and 0 <7 < oo :

" Q= H {H X v } , (12)
that is,
17 oo

q()
infdd >0 : plp()(zd) " Lx @) hez? <1 if  py <o,

sup fxlr if  p, = co

rezd Ik 1290(Q)

(13)

We have defined the two-variable exponential amalgam spaces
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(220, 170 (Q) (see [22]) by:
(£20, 170y (Q) = {fe Lloc : 1||f|| 0.p0.0 < oo} (14)

A F g0, p0. 29 (220, 1P0)(R?) will be simply denoted by || f a0 00
(220 POy,

Remark that (13) generalizes (1) and according to Lemma 5, when

p, = oo, I}, can be replaced by J. and so (13) becomes:

{H a0 } d
inf{A > 0: POz, L keZ” 1 <1t if  p, < oo,
150, 00.0
sup ‘ X r if  p, = oo
xeQ Jx 1190(@) i

(15)

Proposition 7. [22]

1. Let 7% c Q, given q¢()e P(Q), p()e P(Z?). (LQ(), lp())(Q),

1l ||q() () 18 @ Banach space.

2. Let Q be a set such that Z% < Q, given q(), q1(), 92() € P(Q),

20, P10, p20) e P(Z4) and f e LY (Q).

a) If max{qi, pi} <8 < oo, ‘ng() ‘ =0, and f e (Lfl(), lp())(Q),

then |\ 71° ],

_ s
o il f ”sq() sp(), Q

b) () Let fe(L29,°0)@). If ¢()<q) on Q then
fe (qu lp())(Q) and 1||f|| 10, p(), © < KQ1(),q2() x 1||f"q2(),p()’Q or

(2220 120y () (1210, 120y ().
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(++) In particular when ‘ o\ ou ‘ < oo, we have

1l F g, 00,500 < (“ S D 7 lg0.p0.0 = H1RD- 4l F gy p).00

c) « Let fe (Lq(), lpl())(Q) and pi() < py() on 7% We have
fe @V 20y@)  and 1| fly 0.0 SCX A Flygmoa O
(LfI(), lpl())(Q) c (LQ(), lpz())(Q)_

- In particular when | Q| < o, we have

1 f"q()’p(),g S@+[Q- 4] f ||q+,p_,Q'

q() = q = constant real,

d) If{

p() = p = constant real,

both in [, ], then (L0, 1P0)(Q)=(I%,1P)(Q) with -constant

exponents.

(L7, IP)(Q) with constant exponents have been widely studied by
many researchers (see: [45], [24], [28], [25], [46].

e) If | Q| < oo, then there exist positive constant reals ¢, C such that:
Xl Flly pa < oo, p00 SCXal Flly, o0
otherwise
(L%, 1P-) (@) < (L9, 1P0) (@) < (L-, 1P+) ().
o) If

1 1 1
@0 %0 "0 ="

1+1:1<1
EOsz m_’

(f, &) e (qu(), lm())(Q)X(ng(), ZPQ())(_Q)‘
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Then

{fg e (190, 170) (@),
72 g0, p0.2 < CX 1l Fllgy0, py0.2 % 1 F lgg0), pe0.020

in the particular case where q() = p()=1 on K, we have Holder's

inequality
1 8 10 < Cx Al Flyo. 0.2 % 18 ly0, 50,0

g) Let [ e (L2, 1?V)(Q). We have
il f ||q++q,,p(),gz < CpON1 Il A ||q+,p(),g + 4] 2 ||q7,p(),g] <2xq|f ||q(),p(),sz
with f; € (L%, 1PV)(Q) and f, e (L%, 1?V)(Q), otherwise

(220, 170y (Q) < (19, 1P0)(Q) + (19-, 1PV)(Q) < (19+*9-, 1P0)(Q).
h) For any r > 0, the norms 1|,y ) @nd »[ - |l,0), p() @re equivalent.
We will need the following theorem which can be found in [47].

Theorem 8. (Monotone Convergence theorem)

Let q() € P(Q), and (f,),cn < Lq()(Q) be a sequence of non-negative

functions such that f, increases to a function f pointwise almost

everywhere. Then either f e L1V(Q) and |/, lza0@) = 1/ 1120y or
f e L90(Q) and | f, | a0q) = .

Remark 9.
(1) Let p() e LH(Q), there exists a function 5() € P(R?) such that

(a) p() e LH;
(b) p(x) = p(x), x € Q;

(c) p- = p_ and p, = p,.
(2) Given two domains Q and Q, if O c Q and p() e P(Q), then
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p() = p0l| € P(Q) and it is immediate from the definition of the norm

[ - "Lq()(Q) that for f € Lp()(Q),

I Flp0@) =1 feg 000y
Hereafter we will implicitly make these restrictions without comment
and simply write |f ||Lp()(5). Conversely, given p()e P(Q) and
fe Lp()(SNZ), we can extend both to Q by defining f(x) =0 for
xe Q\Q and defining p() arbitrarily on Q \ Q. If we do so, then
[ f||Lp()(§) = f"Lp()(Q). Moreover, if p()e LH(Q), by (1) we may
assume that p() e LH(Q) as well.

Combining (1) and (2); we deduct:

(3) Let Q@ be a set such that z? < Q, from (1) and (2) given

t()e LH(Z%), we can extend #() to an exponent function 7() in
LH(Q) : in the following sense:

~ _{t(x) if xez?,
0 if xeQ\z<

We will not do a difference between £ () and t().
We will need the following lemma:

Lemma 10. [22]

() For a fixed positive real number r, if ki, kg € 7% and Ry # kg,
then I,:l N 1722 =@.
(1) If r is a fixed positive real number then U I, = Q.
kez®
Lemma 11. Let A be a finite subset of 7% such that 7¢ < Q.

a) There always exist nonnegative real numbers (my),. 4 not all zero
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such that

E mkxlr(x) =0, xeQ.
k
ke A

b) One element of (x I ) can be expressed from another.
k/ke A

¢) Furthermore all elements of (x I’) can be expressed from one of
k/ke A

them.

Proof.

a) Recall that for real numbers (ap), 4 : | > ay | =Y lay| when

the numbers have the same sign.

For vectors (ay),. 4 (with A the finite subset of Z%) in normed

2.
k

parallel or collinear with the same direction otherwise there exit real

= a when the vectors a; are
Dllarl k
k

vector space (v, |-|):

numbers r, not all zero such that Z’"kak =0, if the vectors a; are
ke A

collinear with the same sense, all the vectors a; can be expressed from
one of them, which means that there exist &y € A and nonnegative real

numbers (mk)keA—{kO} such that Vke A-{ko}: a, = mpay,, in this

case:

Il

Q
>

+

ar
ke A—{ko}

2, o

ke A

= ako + Z mkako
ke A—{kg}

= 1+ Z myp, ako

ke A~{ko}
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e 3 mlonl

ke A—{ko}

in other hand

Slarl=[a |+ > lanl

ke A ke A—{ko}

=far 2 [mua |

ke A—ko}
agls S 1mllen |
ke A—{ky}
ey |mk|j||ako||
ke A—{ko}

e B mlanl

ke A—{ko}
The last equality is from the fact that (my),_,_ (ko) BT€ nonnegative real

numbers. Therefore, if the vectors (ay )ke 4 are collinear with the same

direction then

2.

ke A

= Y lal.

ke A

From Lemma 10, for any ky, kge A:ky # ky = I]';l ﬂl;;g =0,

therefore the members of the family (x I ] are pairwise disjoint.
k/keA

The members of the family (X I

j are collinear with the same
k/ke A

sense, let us prove that: let x € Q such that

Z mkxll2 (x)=0.

ke A
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Taking into account of the disjointness of the family, we have two cases:

First case: x € Q \ UI;’c
ke A

In this case, we can take m;, =1 for any k£ € A and (16) holds.
Second case: There exists a unique ky € A such that x € I]ZO.

In this case (16) will be reduced to Mo X pr (x) = 0, we can take
ko
mj, =0 and for any ke A\{ky}: m, =1 and (16) holds, otherwise

(XI;Z )k . are collinear and we can remark that (mp),_, are also
S

nonnegative, therefore (X ,j are collinear with the same sense.
k/ke A

b) Let us prove that one element of (x I’) can be expressed from
k/ke A

another.

We determine two nonnegative real numbers my, and mp;

i 7

If xelI, UI, , then we can take my = my; =1 and then (e)
i gi

becomes XI]Z (x) = XIIZ (x) = 0. If x is in one of the two sets I,Zi and I,Zj,
i J

for instance x e I, \ I, , then we can take my, =0 and mg; =1,
1 \’j
therefore (e) becomes %, (x) = —~% ., (x) =a -y, (x) with a = —%.
I my,. "I L, my,.
j ik i %)

In any case Xpr =@ Apr with a > 0.
k; k;
J i

¢c) To be simple let A={k,..,k,} with n>=>1 and
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S = {XI; , XI; ) ey XI; }, if we apply b): there will exist real numbers
al 2 e

Qg, A3, ..., A such that Xpr = 1- Xpr o Xpr = a2 X s
k1 k kg 1
Xor =Q3 - Kor 5 0o Xor =Cy %X , then S will be:
I I I I

S={Xr ,GQXr ,a?,Xr ,---,aan }
Ty Ty Ty Ty

Finally we see that S is generated only by one vector ¥ I
gl

Consequence of Lemma 11 (Cons. Lem. 11)
The consequence of this lemma is that for any p() = P(Q) with

7% € Q and A a finite subset of Z%, for all f e L%(Q), we have:

S |- 3l

but in other hand we have

x| J 1k H (f2)

therefore

; (£3)

ke A

lem.10-(ii)
"f"Lp()(g) = "f"Lp()[ U I}ZJ =\ fx u I
d

ke Zd

B fol,g :Z

kez? P0@Q) kezd

that is,
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> |y
kez?

x Uz = [ F 0y

Oto)
PV (Q) hezd Lp()(Q)

I, c Q, kez% r>o. ®

The following propositions on (LQ(), lp())(Q) are not proved in [22],

we will do it in this work:

Proposition 12. Let Z¢ < Q, given g()e P(Q), p()e P(Z%) and
fe L)@

If we simply let s() = q() = p() on Q, then

@V, 0y (@) = V@),
that is, there exist two constants K and C such that
K f 0@ < ol s, 50,0 < €1 F 0
Proof.

First case: s, < o

d
In this case, for any x of Q : s(x) < « and for any {a},_,d of RZ,

we also have: p () (z4) ({artpeyd) Z| ay, |s , therefore

kezd
r” f "s(),s()?Q - H {H

infsA > 0 : pls()

i IO }ke z¢ 50z9)

I

(z%) A
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s(k)
. H fx’Z 0@)
:1nfk>0:zf <1;.
keZd
For any (k, r, L) € Z% x (0, ) x (0, =), we have:
s(k) s(k)
“ T 20 (@) < Z T 120 (@)
A - A ’
keZd
from this we get
H S(k) S(k)
P |ty
s() I s()
7»0:2% Slc%>0:¢ <1,
keZd
then we have
Py |
. _ k150 () . _ T IO (@)
inf{A > 0 : n <1 Slnfk>0.zd n <1;.
keZ
Now we consider the left hand side term
H s(k)
X
I s()
infld > 0 : FIT@ o
A
H s(k)
Py |y
s() I, 1750
infiA > 0 : ) T N Y M L i )

A A
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= fX r .
H I 0 (q)
s(k)
H fXII‘
. . . 0() .
The right hand side term inf<A > 0 : A <1; is
ke Zd
N f || )0 (see the line 4th and 5th of the current proof), therefore
|14 |y < A7 L0 an

First we prove that (Ls(), ls())(Q) c Ls()(Q) :
Let fe (LU, #0)(Q), therefore M = A f||s() s(). <o this last

equality combined with (17) leads to

<M < eo (18)

H fxllg (@)

Remark that for any r > 0, we have:

[-r r)d = U I, and {-1, 0} owns 2¢ members, thus
ke{-1, 0}¢
H Pt e 0@) ~ Z fx” < H fxlr 0(@)
ke{-1, O} LS()(Q) ke{-1,0
(18)
< > M=2Mm,
ke{-1, 0}¢
therefore for any ne N: H x d <2¢m or
[~ Ls()(Q)

(| f |s() Xn n)d) TIf |s(), from the Monotone Convergence Theorem 8 (in

variable Lebesgue spaces) we have:
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: d d
£ Iy = lim g o | < 29M =20 1 F I 0 that

LS()( )
1s,

| £ 100y < 2% A f sy, 50,0 (i)

Secondly, we prove that L*0(Q) < (20, 1°0)(Q) :

since
s(k) s(k)
H fXIz 20(q) H fXI/Z 0(q)
L<s(k) <o and ) |——m—=| <] Y (@)
keZd keZd
174000 = | 2 o)
r s(),s(),Q I, Ls()(Q) hezd ls()(Zd)
ol
E ll7s0)
= inf{A > 0 P e, L}L @) kezd | <y
s(k)
H fxl}? 0(Q)
= inf{A > 0 : Z —| =1
keZd
s(k)
H fxli? 20(q)
<inf{A > 0: Zf <1 from (i2)
keZd
H fXIz 50(q)
=1inf{A >0: Zfﬁl
keZd
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4 Udl]z 0

=1inf{A >0 hez A L@ <1; Cons. oflem. 11
fXa lzs0

= inf{?t >0: M <1; bylem. 10

f 70
inf{?»>0:""LT(Q)S1}

17120
that is,
ol s, 50,0 <1 10()- (is)
(i1) and (i3) imply
| £ 90 < 2% Flsr.s0.0 < 270 F 1s0(q)-
Second case: s, = oo

In this case s() is unbounded, then we can tend s() to o, that is,

lim 7‘" f"s()’s()’g = 7‘" f”oo,oo,ﬂ and Ii() = {k el: S(k) = °°} = I, and

s()—eo

psOUartier) = ?eulljl ay, |, then we have:
€

{H My

B . L”(Q)}k 2
Pl f e o0 = inf3A >0 Pre(z4) A -
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=1nf<A > 0 : sup

f .
:inf{x>o:""ﬂs1}

inf(A > 0: A2 f =0}

(RATEISE
Therefore (LS(), ls())(Q) = Ls()(Q)-

Proposition 13. Let Z% < Q, given ¢()e P(Q), p()e P(Z%) and

fe Lq()(Q).

loc

@ q0 < p)= 0@ U IPYQ) c (199, 1P0)(Q), that is, there

exists a positive constant C such that

ol F g0, p0.0 < € - min{| f [ 1a0(q), | £ | 2p0q) - (19)

®) p0)<q0) = (190, 170y @) c 190Q) N LPOQ), that is, there

exists a positive constant C such that
max{| f [ a0(qy | Flzp0)} < €+ 4l Flly0), p), 0 (20)
Proof.
(a) First
Recall that in Proposition 7-h) it is said that:

For any r >0, the norms 1|, ,, and |-, ,) are equivalent.

q() € p() = qi() > pi()’ this implies that there exists a function of)
. 1 1 1 . , )
defined on Q such that — = — + —~, by Holder’s inequality we
q()  p()  al)
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have
= <C
H fxllle 190(q) H (fxlllejxlllz 190(q) H fxlllg *O(@) Xl}le *0(q)
Lem. 2.39 of [47]
= <2C H
1113 Lq()(Q) fxlllg Lp()(Q)
= H {H fol 0 } <2C {H fxll 0 } )
ENLTYNQ) ] pe7d lp()(Zd) kANLPY(Q) ) pezd lp()(Zd)
that is,
b0 =26 |y ||
Propo.12
=K- 1||f||p(),p()g = K||f||Lp()(Q),
that is,
P0(Q) < (140, 170 q).
Secondly
" " Propo7-2)-c) " " Pro 0.12" "
fx } =1/ < |f = | flze0(q)
{H Ille 190(q) pezd 12024 g (), p() q().q() LV (@)
that is,

129@) c (149, 170) ().
These two results yield to
199@) U V() < (149, 170 (Q).

(b) p() < q()

First

Propo.12 Propo.7-2)-c) .
I f "L‘I()(g) = J|f ||q()’q()9 < el f ||q()’p()Q which means
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(220, 170y () c 199(Q).

Secondly

Propo.7-2)-b) .
” f "LP()(Q) = r" f ”p(),p()Q < r" f "q(),p() Q Wthh means

(220, 170y () ¢ 12V(Q).
These two results yield to
(220, 170y () ¢ 120@Q) N 12V(Q).
Definition 14. Let Z¢ c Q, for any ¢(), a() € P(Q), p() e P(2).

a0

For any f e L1(Q) and 0 < r < co, we define ||f|| 0.p0.a().a P
1 1
d —
1 140, p0) 00,00 = Sué”" (a(x) Q(x))r" a0, 50,2 (21)
r>

xeQ

We define the spaces (190, 10 )“() (Q) by:

(Lq()’ lp())(x() ( ) {f € Lloc ) : " f "q(),p(),oc(),Q < oo}' (22)

Remark 15.

d[L L)
1. From (21) we have r ‘¥ 4 !l F 0. 00.0 S 1140, 50, 0.0

xe Q, r>0, in particular when r =1, we have f ||q() 20,0

<| £l .o Which means that

(Lq(), lp())a() Q) c (Lq(), lp())(Q).

2. In case of p, =oo, by virtue of (15), (21) becomes

1

{0
17 g0, p), a0 = SupT
r>0
xeQ

, 1n this case the

‘ fXJr 190(q)
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exponent function p() is unbounded and we can tend p() to «, the last

equality becomes

L)
a(x) q(x) (23)

‘ L

d(
17 1), 0, 0).2 = SUP T
r>0
xeQ

190(Q)
From this last inequality we will get

(et
< p \IW O ||f||q()’m’u(),g, r>0, xeQ (24

H fXJ; Lq()(Q)

Again, in case of p, = e, by virtue of (13), (21) becomes

e

1, 25)

17 1g0),0,000.2 = sUR 7
kezd
r>0
xeQ

;’; Lq()(Q)‘

From this we get

d[L_L) i
» lg(x) alx) ||f||q(),w,oc(),9’ ke Z% r>0, xe Q.(26)

H fXIZ 190(q)

3. (Lq(), A )0‘() () generalize the classical Morrey space
M@ ={f e LY@ | f 0.0 <}

where

1

and A = L
o

, A, q, p are all
q

Flona = s i
” "q,K,Q r>0,xeQ J’rC

L(Q)
constants.

Remark 16. By definition of || ||} () «().q We have:

(Stete)
7 g, p0.0 <7 17140, 000,00 7> 0 xe Q@7

But in other hand (Lq(), lp())(Q) c LQ()(Q).

loc
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By Proposition 7-2-(c), we have .| f ||q() wo <olf ||q() 20,9 that is,

fxl;@ Q) < il g0, 50,00 k€ z4, r>0 (28)

LQ()(

or

i, 190(q) < g, pior xe@ r>0 (29)

or more generally for any cube @ such that | @| < o we have

| 7@ lp0@) < A g p0.0 with 7 =@,

Combining (27), (28) and (27), (29) we will respectively get the following
inequalities which will be useful later

1 1
d -1
H fxli 90() =7 [q(x) u(x))" Fly.p000.00 * € Z% >0, x e Q (30)
or
1 1
dl ———
“ fXJ; 0@ <r [q(x) a(x))”f"q(),p(),a(),g7 xeQ r>0, (31

more generally for any cube @ : such that | Q| < «

11
| feo "Lq()(g) <|Q |[m_m)” 0. 00, 00,00 *€ (32)

We will need the following lemma in functional analysis:

Lemma 17. Given a normed linear space X, the following statements

are equivalent:

(a) X is complete,

b) feal, € X D Ja <0 = Y xy <o in X.
n n

3. Properties

Proposition 18. Let Z% < Q, given q(), a() e P(Q), p()e P(z%))
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and f € L%C)(Q). Then
((Lq() 170 Q). |- || j is a Banach space.

Proof. It is clear that (Lq(), lp())“()(Q) is a sub-vector space of

(20, 170)(Q) and that f — l f||q() (). 18 anorm onit.

We will use Lemma 17 to prove the desired result:

Let {f,}, be a sequence in ((L(I() 1P0) Q), |- || ) such
that
21 by 0000 < = (33)
neN

In other hand, for any f e L? ()( Q)

loc

1 1

d —
17 lg0, 50000 = 9P 7 (a q(x)jr"f lg0), 502

r>0,xeQ

then

1 1
d__
TTTI 1 1100 1 st 750 50 @

In particular if r = 1, we get
£ 1g0, 0.2 =17 lg0, p0,00.0-

But in the precedent Proposition 7-h), we have proved that for any r > 0,

110, p0.0 @04 Al -1, o). 2re equivalent, therefore we get:

o f ||q(),p(),9 < Cl g0, p0), .0 (35)

(33) and (35) imply that

S by 00 <

ne N*
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But ((Lq() )s - || ) is a Banach space, therefore {f,},

converges to [ in ((Lq() 170 (@), r".”q(),p()’g), then it exists an

element f of (Lq(), lp())(Q) such that the series an converges to f in

neN
(L(I(), lp())(g), that is, an =f in (L(I(), lp())(Q), this implies that
neN
r an = r" f”q() p(),Q
neN  lg(). p(), @

thus

P10, 00,2 < Z A fn 1400, 00, @

neN
therefore for any x € Q :
1 1 1 1
df ————— df —————
r (a(x) q(x)jr" f, ||q(),p(),g < Z, (Oc(x) q(x))r” f, ||q()7p()’g'
neN

If we pass to the supremum over all x € Q, r > 0, we will get:

(33)
£ 100, 0, o ZII fa lq0) Lo <
neN*
therefore
fe (LQ(), lp())u() Q).
Furthermore
f= 2 h < D 1y, p0.a0.0 = BN and
1=n<N - lg(), pO),a(),@  n>N

lim R = 0, since 1s a convergent series (see (33)).
Neeo N n%ﬂ fn "q()p a(), 0 g (see (33))

Therefore the series Z f, - fin

neN
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((qu 120ye0 (). ||.||q()’p0,a(),g)

Proposition 19. Let Z¢ < Q, given q(), a() e P(Q), p()e P(z%)

such that q() < o) < p() and f € L?O(C)(Q), we suppose that q, < ~ and

1 1
——-—=€ LHy(Q). Then
40 " ap) < HHo®
LOC()(Q) c (LQ(), lp())oc() (Q),
that is, there exists a constant C (eventually equal to 1) such that

1150, 50.00.2 < CIf I220(q)- (36)

Proof. By Holder’s inequality (in variable Lebesgue spaces) we have:

0@y H (fxfz )(sz)

r <C r r
H fxlk ) H fxlk Ly

LO‘()(Q)H

‘ 0 a()g) °
LY i

5 )—Q()(Q)
(37)

Recall that for any r() € P(Q) and any measurable E c Q, the

harmonic mean rg of r() on E is defined by:

1 - 1
— =|E|| ——dy
E E7(y)

and

1
Ixe |0 = E e

1
otherwise there exists constants ¢, C such that c¢| E [z <|xg | r0(@)

1
< C| E |rg, from this we get
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but Vy e Q : r. < r(y) < r,, therefore:

1 1 _ 1 1
R LI A
1 1 1
Welet BO = —0q0 ~ 90 o0
a0 -q0

qy <o = ‘ a0 ‘ = 0, therefore from Remark 2.40 of [47] we have:

min{‘ I;, G_%)_, ‘ I; (%_%1} < H X-’Z o
Q
< max{‘ I; (%_%j_, ‘ I;, (;_%L},
that is,
min rd(%_éj— rd&_él H X < max rd(%_%j— rd(%_élr
) I @) ;

) A
f < q _ qg o + . . .
X - < max<r , T o , this implies
I, 190(q) I *0(q)
that
H {H I, LQ()(Q) he7d lp()(Zd)
) 4
< maxir 9 %=y N {folr } ’
k220 (@) he 79 #0(z4)

that is,
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(s dea)
oI lg0), p0), @ S maxqr T “ el F o), o), @

P .T-2-cl-®
pf())ggt( ) by%ypoth. d(%—%) d(%_%j
< max<r -.r + r" f ”a( )’ a( )’Q

11

Pro;;o.lZ max{rd(aa) ’ rd(3_6)+ }" f "LO‘()(Q)’

that is,

=) )
7‘” f "q(),p()’g S max4r _, r + " f"LO(,()(Q) (39)

In other hand we have for any x € Q,

mm{ﬂ%ﬂ ,,d&él} ) ¢ {,ﬁ&i) rd&a},

’

G A A
First case: min{r ‘¢ -, r +l=p 4 -
In this case we have

W L ARLL A

and
11 1 1 11
d == L P ——
. (ea). < rd[q(x) ) <, 5 al‘ (41)
Combining (39) and (40), we will get
I(5-3)
A g p0.0 <7 1112200y
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This gives
4
r *r f||q(),p(),g <| f"L“()(Q)' (42)
1 1 1 .
We have let B() = W = % _oc_()’ from this, the last numbered
() - q()

inequality becomes ™+, £y .y o <| f [ a0q) Which implies that

d(B(x)-B, ).~
rAOEIBO B £ 10, p0.0 <1 120)- (43)
Recall that for any r() € P(Q)

r, = esssuUp,cq r(x) =inf{e > 0 : r(x) < € ae. x € Q}

and
r_ =essinf,.q r(x) = supfe >0 : r(x) 2 € ae. x € Q},
1 1 1
0=ttt
PU=30"a0 %0
therefore,
1 1 1
{8>0:—S8a.e.xe Q}c{e>0:———£eae X € Q},
q(x) q(x)  ofx)
this implies that
. 1 1 . 1
1nf{£>0:———£8a.e.xeQ}Smf{s>0:—£sae er}
q(x) afx) q(x)
which is equivalent to
B+Sinf{e>0:$S£ae.er}: 1 :i<oo

sup{% i q(x) = %, ae. x € Q} q-

since q_ < g, < oo, therefore the hypotheses of Lemma 3.24 of [47] are
satisfied, then we can apply it to get:

B(x)—B+

FABx)-B) _ ‘ JI < C(d)
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and the last numbered inequality becomes:

1 1
d P —
c(d)r (oc(x) q(x))r” f ||q()’p()’Q < || f ||Lq()(g).

Now if we pass to the supremum over all » > 0 and x € Q, we will

get
1 g0, 0. a0.0 < €@ f 20
Second case: min rd@%)—, rd(%_a - rd&_%)* . In this case we
have
max rd&_a—, rd&_él - rd@_a— (44)
and
R SR

Combining (39) and (44), we will get

A5%)
A Flg0. 000 7 [ £ llze0q)-

This gives

£

r 7l F a0, 0.2 1 Fle0)
or
—dp_
A P N
which implies that

pUBEIBDdBO) | )< f a0y (46)
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We can apply Lemma 3.24 of [47] to get:

#A(B(x)-B-) =‘ Jr Blx)-B- _ U J!

< K(d),

B_—B@ﬂ)‘l

where K(d) is a constant only depending on d, and the last numbered

inequality becomes:

@y la )
K@ S 0 <1 Loy

or

1 1
RS
A “”LﬂfkomoszIKdmfm“uﬂy

Now if we pass to the supremum over all r > 0 and x € Q, we will get
17 1a0), 0. 000.2 < K@ f 2900
and the claim is proved.

Proposition 20. Let 7% c Q cR? given q(), o) e P(Q),

p() e P(27).
@) If af) < q() on Q, we have (10, 170)*0(q) = {0},
®) If p() < a() on Q, we also have (L2V, 170 )*V(q) = {o},

therefore (190, lp())a()(Q) is non-trivial if ¢() < a() < p() on Q.
Proof.

(@) o) < q() on Q

Let fe (qu, lp())“()(Q), (Qc ]Rd), from (28): H fo,
&

190(q)

7‘” f "q(),P(),Q'

More generally fix an interval I ¢ Q c R? such that | I]= r? < o,
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from the formula just below the formula (29) we have

I £x1 790q) < ‘ I%" T, 50,0

By definition of || £ [,y ,().a().q forany x € Q

11
d —— 1
l f" p0,@ ST [q(x) Oc(x))” f||q() »0)

af),Q

that is,

1 1
1‘1" g0, p.a <1 I|(q(x)_°‘(x)j" F g0, 00, a0).0
d

These two last numbered inequalities give:

I s Loy <1 (G TN £ g,y a0
this is equivalent to:

£ 1,00, 500,000,
I ez Iza0(q) < [;—i)
| 1] @)

fe (L‘I(), lp())a()(Q) = | f”q(),p(),a(),g <o, af) < q() > ——

>0 on Q.

If we tend I — R? (then r? = | I| —> ), we

|| f "Lq()(g) = 0, therefore f = 0.

M) Let f e (190, 1P0Y20(Q). p() < o). Fix x € Q.

Propo.12

p
Ifelpe = -rlfe "1,1,9
(®))

Propo. 7-2-f
= r" f "q(),p(),ﬂ X r" g ”q'(),p'(),g

(2<7)rd( 1x) oc(lx)j" £l 00 er(ﬁ_#x))

(47)

(48)

will

get

I &g, 00, 50,2
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( 11, 1 1 )
= p \al®) ax q'x) plx))) g0, 00,000, X1 8 g0y, 0. 0.2

1 1
d1-——=-——
- ( a(x) p(x))" f "q()’p(),a()’g X" g "q'(),p'(),p'()fg

1 1
Proréo.19 d(p(x)_a(x)) ,
= 7 17100, 50, ). @ ¥ 1 8 1270 ()s

that is
o)
I 7l < ** 17100, 50, a0, 0 ¥ 8 lppO)- - (49)
Since p() < a() and f e (L0, lp())“()(Q), we have L 1 0 and
plx)  ofx)

I f ||q(),p(),a(),g = C < oo, therefore we get

1 1
d|
" g "Ll(Q) <Cr (p(x) OL(x))" g ”Lp'()(g)-

Let us define the function g on Q by g(x) =% s (x), in this condition
0

from Lemma 2.39 of [47] || g ||p0(q) < 2. thus we have

1 1
d _
” fg "Ll(Q) < 2Cr [p(x) (X(x))

’

1 __ 1 >0, now if we tend r to zero, we will get
plx)  ofx)

I f2 |2 q) = O, since g = 0 on Q, we have f = 0.

since

Therefore (L0, P0)*0(Q) is non-trivial if ¢() < a() < p() on Q

containing Z¢, in the sequel we will only consider ¢() < a() < p().

Proposition 21. Let Z% c Q c R?, given q(), a() e P(Q), p() e

P(Z%) such that ¢() < a() < p() on Q and f e (190, 170)%0(@),
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If max{i, L, L} < 5 < oo, ‘Q&() ‘ =0, then
q_ p_ O_

[1rr

— S
90, p0), (), " f” 5q(), sp(), sa), Q-

Proof. Under the hypotheses of the proposition, from Proposition 7-

2)-a), we have

s _ s
AT Ly 0.0 = A Fsa0.20. 0.
then for x € Q, we get:
1 1 1 1
df ————— dl —————
” (oc(x) q(x)jr” | fls e -7 [oc(x) Q(x)jr" f"ssq(),sp(),Q,
therefore
1 1 1 1 s
,d(Tx)_Tx))r” IfIf - rd(soc(x)_SQ(x)jr" Fllagr.sp0r0 | -
q(), p(),Q 5L, 8P1),

If we pass to the supremum over all x € Q, r > 0, we will get:

v

q(), p(),0(), @ =7 "Sfl()?sp(),soc(),Q'

g() = g = constant real
Remark 22. If g() < o) < p() on Q and < p() = p = constant real
o) = o = constant real

o

all in [1, =], then (L0, lp())u()(Q)=(Lq,lp) (@) with constant

exponents.

The space (L7, IP)*(Q) with constant exponents have been widely
studied during these last twenty years (See [13, 14,15, 25, 17]).
g() = q = constant real

Indeed if { p() = p = constant real allin [1, «], then
o) = o = constant real
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1 1
d| —————
”f"q(),p(),oc(),g = sup r [Oc(x) (I(x))

r>0,xeQ

I 7 lg0), p0), @0

we have seen in a precedent work in [22] that when

q() = g = constant real ,
{ all in [1, o], then ,|f "q(),p(),g = f "q,p,Q’

p() = p = constant real
that is (L70, 1PU)(Q) defined by .| f |, p().q coincides with (L7, I )(Q)

given precedently, thus
=
o q

We conclude that the spaces L0, 1P0) )a()(Q) generalize (L7, I?)*(Q)

” f "q(),p(),(x(),Q = ?:‘(I))r r" f"q,p,Q = " f"q,p,(x,Q'

which are studied by many researchers, see [7-12].
Proposition 23. Let Z% c Q c R?, given 910), g20), o) € P(Q),

p10), ps() e P(2?) and f e L3 (Q).

loc
a0 | _ 11
(1) Suppose that q;() < g2() < o) < p(), ‘ Ql ‘ o, L -1
230 a0
_qi()e LH)(Q), (Q3)+ =Q3, < oo, and f e (LQ2()’ lp())“()_
p)

Then there exists a constant C such that
17 00,0, p000,2 = ENF gy, p000), 02
in other words under these hypotheses we have

(qu(), lp())Ot()(Q) c (th(), lp())a()(g)‘

(2) Suppose that q() < o) < p() < pg() and f € (qu, lpl())“()(Q).
Then

17150, 20 000.2 = 17 lg0), py 0., 02

In other words under the hypotheses we have the following embedding
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(290, 110 Y20(q) < (190, 1p20y0 (@),

1

Proof. (1) ¢;() <¢9() = 1 > ——, therefore there exists a
1) g20)
. 1 1 1 .. ,
function g¢g() € P(Q) such that = + . By Hoélder’s
() 20 gq30

inequality in variable Lebesgue spaces, there exists a constant C such
that

r = r r <C-| fa,r r ’
H fxlk 1910(q) H (fxlk jxlk 10(q) H Xlk 1220(q) XIk 1930(q)
that is
r <C- r : f r (50)
H fxlk 110(q) H g, 1230(q) H k 112220(q)

By Remark 2.40 of [47], we have

1 1 1 1
mind| I} (0=, | I} |93, <7, < maxi| If [as-, | If [a3,
A qu()(g)
that is,
da _d 4 da
mind r 73~ , rBe < H Xpr < max{r®- , rBe L (51)
k LqS()(Q)

is (upper-)
1910 Q)

From this last inequality, we remark that H Xpr
k

bounded (and lower-bounded) by a constant which does not depend on £,

therefore (50) implies that
<Clx,r ,
g | 1

H s

that is,

>

lp()(Zd)

qu()(g)}kezd lp()(Zd) LCIS()(Q) Lq2()(9)}keZd

A 0,000 = |1 | gy, A7 st 00
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d
multiplying this inequality by r®) | (x € Q), we get

d 11
d
Fa(x), (“(X) ql(x)) /o f"ql(),p(),Q

d d( 1 1 )
qa(x) . \alx) galx)
: CH o A gg0.00. 2 (52)

This leads to

Aaoam)

Scmxﬂ

It remains to bound {H X
k

o £ llgy 0. 000, @

1 1 1 1
rd(qz(x) ql(x)) rd(oc(x) (12(90)) If] . (B3)
qu()(g) r qz(),p(),Q

d[ 1 1 j
p \920) @@ | yo 5 constant K

L‘IS()(Q)
. 1 1 1
which does not depend on r. Recall that = - on Q,
730 @1()  g20)
therefore
1 1 d d 1 1
- 51 —_— _
HX r Aawam) @, o |, (e am)
Ik LQB()(Q)
4 da _( 11 )
= max rq3— rq3+ r (]]_(JC) QQ(X)
4 4 d
= maxir®-, p3+ L 30

1l
O
b
~
U
N
@ |-
Q
%)
e
*
Y
Ne—
~
U
N
Q
W |
£
Q
%)
-
®
)
Ne—
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11
q3_ q3(x), ‘ Jr

S S
= max{‘ Jy a3, qs(x)}.

Recall that since g3, < o : q3()e LHy(Q) & qi() e LHy(Q).
3

11 a3_~q3(x) 7!
‘J; q3_ g3lx) = ‘J; q3(x)as,

-1
q3_ —(IS(x))q3(X)QS+

= O J!

< max U Jy

-1 -1
qs_ —(IS(x))Q3_q3+ U J7 g3 _q3(x))(q3+)2
’ X

-1 -1

Lem 3.24 of [48] a3_a3, (g5, P
< max? (C(d)) , (C(d
= Kl (d) < oo,
11

a3, a3() < Ky(d) < o if we let

By the same way we prove that ‘ Jy

max{K;(d), K5(d)} = K(d), therefore in any case H Xpr

k L‘IS()(Q)

L_L)
Xr (qQ(x) alx)) < K(d), combining this result with the last numbered

inequality (53) we will get

1 1 1 1
d ——— d —-—
- (oc(x) (n(x)) A f”ql(),p(),Q < CK(d)r (oc(x) qg(x)) A f”q2(),p(),§2'

Now if we pass to supremum over all r > 0, x € Q, we will get

17 04,0, p0, a1, 0 < CEE@N g0, 50), ), 0
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(2) Under the hypotheses of Proposition 23, from (8) we have:

H | } < {H | } .
LTYQ) ) peyd lPQ()(Zd) kALT(Q) ) pezd lpl()(Zd)
This implies that:
a0 Q)] pezd lpz()(Zd )
L L
R {H } .
Lq( ke Zd lPl()(Zd )

If we pass to the supremum over all x € Q, r > 0, we will get:

17150, 20,00, =17 lg0), pr 0., 02

Proposition 24. Let 7% cQc Rd, suppose that:

- q0), a0), 410, a10), a20), az) € P(Q), p(), p1(), p2() € P(Z?), such

that g1() < 01 () < p(), g2() < ag() < p(), g30) < az() < p() on Q.
RS S
() a0 q()’
R SR SR
p1() pz() p()’
o1 1
() ag() o)’

Then there exists a positive constant K such that for any
(f, g) e (qu(), lpl())ul()(Q)x(qu(), lpg())(xz()(g):
178 g1, p00, 00,2 = KN F gy, 510,000, 21 8 g0, 50,0500, 0

Proof. By Holder’s inequality (in variable Lebesgue spaces), we have:

8X r :
I qu()( )

10 (Q)H

< K| fy.,
190 H fx’

H fax I

I I;20(za) is order preserving, then
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‘M@M

Sﬂmmﬂ

Again by Hélder’s inequality, the second member of the last inequality is

LQ()(Q)}keZd PO(z4)

lpl()(Zd)

X
qu()(Q)H I, L‘m()(ﬂ)}kezd

bounded by the following inequality’s second member:

‘M@M

S%N”&

this implies that:

LQ()(Q)}keZd PO(z4)

’

lpz()(Zd)

N“%

LQI()(Q)}keZd LqZ()(Q)}kEZd

lpl()(Zd)

Al

{H ngIZ Lq()(Q)}kEZd

N%z

120(z4)

N“Q

< g @)

s

1220(z4)

L‘Zl()(g)}kezd qu()(g)}kezd

1110(zd)

therefore

1 1
< Krd(al(x)—m) {H i,
k

Nﬂ%

If we pass to the supremum over allthe r > 0, x € Rd, we will get:

qu()(g)}kezd lpl()(Zd )

% rd(a;(x)_q;(x)j

LQ2()(Q)}keZd lp2()(Zd )
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178 o), p00, 00,2 = KN g0, 510,000, 21 8 g0, 50,0500, 0

Proposition 25. Let Z¢ c Q, given q(), a() e P(Q), p()e P(z%)
such that q() = o) < p(). Then

(Lq(), lp())(I()(Q) _ LQ()(Q),

that is, there exists positive real numbers ¢, C such that

o £ g0y <1140, 50000 S CIF a0y (54)

Proof. By the Proposition 19: L10(Q) < (140, lp())qo(Q), it remains

to prove that (190, 170)10(Q) c 190(Q), that is, there exists a positive
constant K such that

I £ 1za0(@) < K- £ lg0), p0),q0.0

Let f e (190 lp())Q()(Q), then we have:

{rowo)
0<M =11l p0.q90.0 = o0 7 17 a0, 0.0

r>0,xeQ

= sup r" f "q(),P()’Q <
r>0

‘H
‘H

d
By definition of | f[,) »() «().o> We have that r (

—"f" 0, p0.q0.> T >0, x € Q, thatis,

A g0, p02 <1 lge), 00,0 = M- (55)

Using (55) and (28), we will get

H fxl}? 190(q) : ” f "(I(),p(),q(),Q =M. (56)
Remark that [-r, r[? = U I, r>0 and {- 1,0} owns 2¢

ke{-1,01¢
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members, thus

H fx[—r r[? 190(q) - Z fxlr
ke{-1, O}d L‘I()(Q)
< M =2¢M
Z fXI,’; Z r >0,
ke{-1,01% ke{-1,01¢

therefore fo[ - <2¢MC, neN, but (| £120 X n[d) T|£190,

L‘I(()

from convergence monotone Theorem 8 we have:

d d
||f||L‘1( Q) = hm“ fX[ n, n[¢ H <2°M =2 "f"q(),p(),q(%Q

LlI( @)
and the claim is proved.

Proposition 28. Let Z¢ c Q, given q(), a() e P(Q), p()e P(z%)
such that q()<al()= p(). Then

(L(I(), lp())p()(Q) - Lp()(Q),
that is, there exists positive real numbers ¢ and C such that
ol £ lr0@) <1 F 400, 0. 0.2 < €l Fllp0(q (57)
Proof. From Proposition 19 we have
Lp()(Q) - (Lq(), lp())p()(g)‘

It remains to show that (L0, 1P0Y?0(Q) c 1PO(Q), that is, there exists

a positive constant K such that

I f"Lp()(Q) < K| f"q(),p(),p(),ﬂ
Let f e (LQ(), lp())p()(Q)_

Consider an element g of Lp,()(Q).
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1
Recall that ‘x N \ I ‘q}r , thatis 31, L >0 :
A 190(q) k
1 1
"y < < P,
l‘ I, ‘ = XIIZ 0@ L‘ I, ‘ 1> (58)

where q}; is the harmonic mean of ¢() on I defined on Q by

1 ST
—— =1} ——dy.
a0 | 1, 47

k

- Suppose that g is a simple function under the form: g = z apX r
ke A k

where A is a finite subset of Z% and 0 < r < oo.

< ,
el = 2 e ||

ke d (@)
ke A Bk @)
Holder in. 190
< C |ak |H X Xqr ,
};4 I, Lq()(Q) I, Lq()(Q)
(58) 1
< CL |ak | I]'; Q}r fx r
];4 ‘ ‘ k Ik Lq()(g)
d
=CZ:|<1k|’qI’re o |
ke A kAL(Q)
d[l— 1 ]
=L Jelr ‘f"fz 10(0)
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1

d1-

Holder in. 70 i
, k
< Ch{ardpea oy H o

Lq()(Q)}keA 170(4)

bﬁ\

d O{pl _ql

1" A

kEoxp k k {H fXIr
k

= CL{ardpea |p0ay”

Lq()(Q)}keA 170(4)

r
k

d d[l_l
D’ P q
oy {fo,

< CL|{ar e 4 "lp'()(A)r Lq()(Q)}keﬂ

1*0(q)

d

p’Ir
< CL" 1C7% 9 "ll"()(A)r M ”q(),p(),p(),Q

1
= CL| {arbe 4 lw0eay| T |7 1 £ Do), 00, 50,0

(8) r
< CL|{aptjea ”zl(A)‘ T

i1 F g0, 00, 00, @

8)
-1
< LM towhen | 4y |y 1 100000

def. of |- Hll

= oy la|x,

.
ke A k

ol 1070000

proper of HHLp()

- cLi™! Z A,
ke A k

2 gy

ke A

It 20.500.0

cons. of Lem.11

= CLI™!

g, 00, p0,0
Lp()(A)

<CLI'|g ||LP'(>(Q)|| f ||q(),p(),p(),9-
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That is,
| 7 Iy < CLI & llp 0@l £ lg0), 50, 50,0

- Since the set of simple functions are dense in Lp,()(Q), we have the

following
I 72 120y < CL N & l0l £l p0, o000 & € ZPV@. 59
Therefore we have:
| £ p0qy = supdll f2 ) & € IPVQ), [ g 70 <1}
< LI supl] & | Oayl g0y p0rp0ra © & € PUQ), | 2 70(q) <1
<CLI™ SUP{" f "q(),p()’p()’g 8 € Lp()(Q)7 " g "LP'()(Q) <1},
that is,

-1
1 1zp0g@y < CLE Fllg0), p. p0). 2

which means that

(Lq()’ 120 )p()(Q) c Lp()(Q)
and the claim is proved.

Definition 27. Let Z% c Q, given q() e P(Q), p()e P(Z%), we
define the function || - ||, (.o on (Z9V, 1PV)(Q) by

-4 =d
min{rP- rP+ ‘H fx if p, <o
’ Jx 1290, dy) |20 o
17 Mg, 002 = MNP, dv)
sup || ) ;r if p, = oo,
rezdl Tk 1220(0, dy)
(60)

we have taken account of (3) of Remark 9, that is, the zero extension of

p() on @\ z%.
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Remark 28. We fix q()e P(Q), p()e P(z?), given fe

(L(I(), 1P0) )(Q) and take account of the zero extension of p() on Q\ Z¢

(of Remark 9), to compute the real number

’

PO(Q, dx)

| sy

LQ()(Q,dy)

we first calculate

Lq()(Q,dy) ’

20(@.dy) mf{% >0 qu“(sz,dy)[ A } = 1}’

q(y)
dy +

H My

(Where qu()(Q,dy) —7\’ = jQ\Qoqo()

A

FO
A

),

r(ed))

x 1is supposed to be a real parameter, the result of the calculation

(of |

) depends on x € Q@ and r >0, we denote it by

LLI()(Q’ dy)

B(x, r) and consider the function x — B(x, r), after that, we determine

r by:
H H fox 120(Q, dy) PO(Q, dx) Y
r = ) r
H H fXJx 190(q, dy) PO(Q, dx) I8¢ )”LP()(Q,dx)
. . B(7 7')
= 1nf{7» >0: pr()(Q,dx)(T <1:,
where
B(. r)) o B, r) [P | B 1)
pr()(Q,dx)( A B o\ 0P A dx + A L“(Qﬁ())'
The result of the calculation of ‘H x Jgr depends on
x Lq()(Q,dy) Lp()(Q,dx)

Proposition 29. Let Z% c Q, q()e P(Q) such that q, <o and
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p() e P(Z?). Then there exist real numbers A and B such that:
Al F g, p0sa < W llge), poa < Brll £l
That is, || - || .o and [l - ||| .o are equivalent on (L‘I() lp())(Q).
Proof. It is already known that || p().o 1s a norm on

(220, 170)(Q) (see [22]). Furthermore, according to its definition, it is

easy to see that || - || ,() q 18 @ norm on (210, 120)(Q).
Case 1: p, < oo
Let f e Lloc( ).

(2) Remark that for any (x, k) € Q x Z%, we have from Lemma 5-(b)
that

er;Q:J;cUI[, (er)
leLy

where Ly, ={le 2% : k; -1 <1; <kj +1} for je {l, ..., d}.

By consequence

Ix 190(@, dy)

PO(Q, dx)

<™ ug
le Ly LQ()(Q,dy) Lp()(Q,dx)
Lem. 10
Z I £ a0z ay)
leLy, LP()[ UIZ’dx]
kezd

= S X0 oy a)

kez?| le Ly 2PO(1, dx)
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]
it

0
kez4|| le L, HIE@.dy) 1PO(1F dx)
= 170077 H
kgdn 2017, ) Z i .

Lemma 3.2.12 of [48]

< Z max{‘ I;, ‘P—

onire

q()
kez? L@, dy)
4 d
= Z max{rP-, rP+ Z fXIr
; 1 L‘I()(Q dy)
kel le Ly, ’
d
= max{r?
Zdz fxllr Lq()(ﬂ dy)
kez%leLy ’
d
Holder
< K max{r? Z H {l}lELk “lp
keZ
10(@, dy) le Ly PO (g,
4 d 1
< K max{r?- rP+ Z (Card Ly)p,
keZd
10(@, dy) le Ly POz,

A 1
p-

rP+ YCard Ly)p,

{H My

= K max<r

2

kez®

LQ()(Q,dy)}leLk #0(1,,)
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d d 1
= K max rp‘ rP+ (Card Lk)z

X H {H fXIlr q() }
L)) e 1y 1p0 1, kez? it (z)
d !
- Kmax{rp rP+ }(Card Ly)w

b

{H |5,

where for any [ € z?

q() } d }
L@ an ) iezdlip0(2) | g, MK

57

Ky ={kez?:leLg}={ke2%:1;-1<k; <I;+1}, then Card K;

< Sd, this leads to the following inequality:

I,

Lq()(Q dy) | zp( (Q dx)

a4 4 1
< K max{r?-, rP+ 4(Card Lk)p_+|| Whie g, "ll(K)

{H Py

X

’

1P0(z4)

Lq()(Q,dy)}lezd

that is,

2

x llza0(q, dy) 1770(Q, dx)

|l

I LQ()(Qdy)}leZd

l

lp()(Zd)

d
— 1
< Kmax{rp—, rb+ }(Card L, )p; Card K;
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or
da 4

H H P |0 @.a) P0(@, dx) < KCCmaxir®, 1 Al po.0

otherwise
—d -d

S H H fXJ’rC 219, dy) [ 1p0(q, ax) < KCC', f"(l(),p(),ﬁ‘

Thus
7 g0, p00, 0 < KCC 4l £ llg0), p0), 02 (61)

d
1 —
where C = (Card L;)p, < 3P+ and C = Card K, < 3%

r
(b) Let ¢ = .

-Remark that I = | JIL,,,, ke 2¢
lef0, 1}

r”f"q(),p()’Q - { fx’i Lq()(Q)}k z4
(S

lp()(Zd)

d
le{0, 1} Lq()(Q) keZd lp()(Zd)

]

2k+1 1I190(Q, d
lefo, 114 (€.dy) ke 74 lp()(Zd)

but

2

1e{o, 1}¢

X
12k+l

129(@, dy)
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= fx t
H {H Ion st

Holder 1neq.

L‘I()(Q,dy)}k{o, 1}¢

1o, 1}¢

fX gt
{H I2k+l

| Wego, e ”zp(){o nt

b

lp(){(), 1}d

L‘I()(Q,dy)}le{O, 1}d

therefore we get

< | e |00,y {H L 190(a dy)}l 0.1
’ €y,

P01 pezd |0z,

L‘I()(Q,dy)}lezd

< | heo, 1y ||Zp'(){0’1}d { {H g

lp()(Zd)}ke{O,l}d 00,1

= " Wiefo,13 "zp’(){o,l}d" Whieto, e "lp 0.1 {H fXIé""” LQ()(Q’dy)}ZEZd

Zp()(Zd)

< byt el B o |

m I290(a dy)}mEZd zp()(zd)’

therefore
Ao p0.0 = <l 0,00
where
c, _ {1} J ) S 1 = i ’
" le{0,1} "zl’(){o,l}d {c = Card ({0,1)*)p] if p} <o {Zp; i py <o
1if p, =00 T
Whepoa a < 1 e |
| @herone p00, 1y ¢ = Card (0,1)%)p; if py <= |27+ if p, < oo
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. r
since ¢ = bR we get

A F g0, 00,2 < €l Fllg0), p0).0 (62)
2

« From Lemma 5-(a)

er,izI,icJ;, xeQ kez®

and then
ert:>H SH ,er,keZd
k fXI/te 120(Q, dy) fXJ; 129(a, dy)
this implies that
fx t < H fx )
H Ik L‘Z()(Q,dy) LP()(]}Z’dx) I Lq()(Q dx)||p, ()(Ir dx)
therefore
[ |
Z H H 190, dy) 720 (I, dx) kgdu Jx 190(Q, dx) Lp()(Iz,dx)
then
2"1"]}7() Ir dx) 0 = H H q() ’
= 199(Q, dy) LIV(Q,dx )| 1p0) U ]z,dx
keZd
that is,
I ||
kZZd LPU(I,, dx) LtI( Q,dy) Jy llga0) (Q,dx) Lp()(Q dx)

|1 "Lp()(I});,dx) being independent of &, we have

11720 ﬂ dx) Z Hf%

Lq()(Q,dx)

190(0, dy) HH Lp()(Q,dx)’
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the last inequality remains true if "]_lle()( 17, dx) is replaced by its

maximal value (see Remark 2.40 of [47]), that is,

max<| I, |P-, H
{‘ k‘ }Z H I 190(0, dy) H x 1290, dx) 200, dx)
which means that
max fx e <[ £ ,r
{ H k0, dy>}kezd lzd) H e l0@,a0)ll 200, ax)
(63)
but from (8) we have
H {H g | } {H | } . 6
EALTV(Q,dy) ) pezd 10 (z4) EALIV(Q,dy) ) pe7d 1z)
Combining the two last numbered inequalities, we get
1 1
max| 157 55| | ey |
kEANLTYV(Q,dy) ) pe 74 lp()(Zd)
H H Q dx)l L ()(Q dx)
otherwise
H {H fe |0 }
EANLTV(Q,dy)) pezd 1P0(74)
RIS R
< | max{| I}, |-, | I} |P+ H
[ {‘ k ‘ J fX x lIizg0 (Q,dx)|7p0) (Q, dx)

which means that

HH r

120(g, dy)}kezd 120(z4)
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-4 -d
< min rp‘ rP+

B || a0, 00,0 S 17l (65)

H fo

199(0,dx)| 00, dx)

that is,

Combining (62) and (65) we will get
I 10, p0,0 < el Flly) (66)

Combining (61) and (66) we will get
A oo pire S <l p0ra < CECC F oy pora 6D

Case 2: p, = oo.

In this case

A7 a0, 0.0 =1 50,0 = 599 g | oy

Definition 30. Let Z¢ c Q, given q(), a() e P(Q), p()e P(z%)
such that ¢() < a() < p(). We also define || f "lq(),p(),oc(),Q by:

1 1 1
sup rd(wrm*m)

. if p, < oo,
_|r>0,xe0 H Jx 1900, dy) P0(Q, dx) '
17 1lg0), p0).00.2 = o o)
sup p \olx) alx) , if p, = oo,
r>0,xeQ, ke Z¢ T Lq()(Q,dy)
(68)

Remark 31.

(1) Taking account of Lemma 5, we could have been defined

7 W40, 0. 0.2 BY
) |2, if p, <o
1/l prea =105 el
q(), p(), o (
ax) Q(x)) if = oo,
0 P lisog.an Pt

(69)
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(2) In case of p, = =, then we can tend p() to , in this case in (69)

we have
d[L L
(x) qx)
' ‘fxfﬂ 120(Q) < fl"fl(),p(),oc(),Q’ r>0, xeQ.
That is,
d( 1 j
(x) a(x)
st Loy =7 @0 by prarar 70 <2

If we tend p() to oo, we will get

1 1
d P —
< [q(x) oc(x)) I f"lq(),oo,OL(),Q’ r>0 xeQ (70

The same also remains true in (68), that is,

1 1
gL 1
[y | s ) ) s o ke zhren

k20 (q)

Lemma 32. [47, 48] Given s(): R% — [0, ) such that S, < oo, the

following are equivalent
(a) s() e LHo(R?),

(b) there exists a constant C depending on d such that given any cube
® and x € Q,

|Q| S+ ) <C and |Q |s_(Q)—s(x) <C.

Proposition 33. Let Z¢ c Q, given q(), a() e P(Q), p()e P(z%)
such that q() < o) < p(), p() e LHy(Q) (with the zero extension of p()

d .
on Q \ Z ) Then ||| . |||q(),p(),(x(),9- and " . ||q()’ p()’ (X(),Q are equlvalent
norms on (L9, lp())a()(Q).
Proof. The fact that |- |||q()p( ) o), © is a norm, follows from its

definition.
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By the precedent Proposition 29, there exist two positive real
numbers A and B such that

A g p0.0 Sl po,0 < BAF oo p0.00 fe LR

1 1
dl =2
For any x € Q, multiplying this double inequality by r [o‘(x) q(x)) we
will get:

1 1

@@l

1 1
d ————
QSr((’C q“)mfm
1

1
d —
< Br (Ot(x) q(x))r" f a0, 50,0

if we pass to the supremum over all r > 0, x € Q, we will get:

11
d 1
Al f b0, p000.0 S sup T (a(x) ""”jlll 0. 00.2 < Bl 40, 0. a). 0

r>0,xeQ

It remains to prove that

1

d(oc(xf_(lx))
17050 p000.0 = _sup 7 T g0y, o),
,XEQ

that is, there exist positive real numbers ¢, C such that

1 1
dl —
¢ sup r e q(x))"' Mg, 0,0 S W Fllg0), p0,000,0

r>0,xeQ
1 1
d| ———
co o AT 1y
r>0,xeQ
or
1 1 —-d -d
d —_
”l f”lq(),p()’a()’g = sup {r [cx(x) Q(x)) mln[rp— iy ]}
r>0,xeQ

(Q dy) Lp()(Q,dx)’



NORM INEQUALITIES ON RIESZ POTENTIAL OPERATORS ... 65

otherwise
1
d(——
sup 7 o(x) px) H fX
r>0,xeQ (Q dy) ()(Q dx)
d( 1 _L) d -
= sup {r ofx) q(x)) . pin rP- pP+ H H fXJr 0 )
r>0,xeQ L(Q) Lp()(Q)
We have for any x € Q :
dsisi or — 4 d o _d (72)
p(x) = p_ o p(x) Dy
Sub-case 1: 0 < r < 1.
In this sub-case
_a d _d a4 —d _d
P Pro<p P <p P- ang min| 7P, rP+ | = Pt
and we can write
d -d -d d

rP+

from this we get

Aebrar) 2 ) A Aebra)

, we

Multiplying this double inequality by H H f
70, dx)

e l10(0,dy)

will get:

1 1
d[—_
r afx) q(x) P+

2

Lq( (Q,dy) Lp()(Q,dx)
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< < d[L_L)
< mindrP- pP+ L. \alx) glx) H fx
< ) Jr 1790, dy) 20(Q. dx)
1 1 1
< rd(m‘m‘ﬂ” |, _
Jx Lq()(Q,dy) Lp()(Q,dx)
This last double inequality is equivalent to
1 1 1 1 1
rd[pm erd[a(x) ) |,
Jr 1290(@, dy) P0(Q, dx)
—d -d d( 11 j
< mindrP- pP+ L lalx) g(x) fx
< ) Jx 190, dy) 120(Q. dx)
1 1 1 1 1
< rd(p(x) p_)rd(a(x) q(x) p(x)j fo ) ,
T2 1290(Q,dy) | 1p0( @, dx)

in other hand since x € J7, p() e LH(Q), p, < o, we have:

)

(F77:) -

—p(x) -1 -1 -1 -1

Jy Jy
11 Co(x 1 -1 1 1)
,d(m’I] =|Jr (ﬁ‘ij —|Jr p}(xﬁ,) :( g pf—p(x))p(x)p, — 0P@P max{Cle”, Cpxll}
that is,
( 11 j 1 —_12
po\p&) pr) oo CP-*P+ o) | _ K| <o
11 1 1
4o oo pxpy  (p_)?
r ~/ < max CP7  CV 1 = Ky < o0
This leads to
(e )
Ky @)l pl) H 0
x LY (Q, dy) Lp()(Q,dx)
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190(@, dy) 1P0(Q, dx)

IN

—d -d (L_L)
min{rp_’rm }r afx) q(x) H fXch

Lp()(Q,dx)

H Mz | 0000, ay)

IN

This means that
Kl £ g0, p0.a0.2 = W llg0), p0.00.2 = K2l £ llg0), 50, a0), 0

Sub-case 2: r > 1 :

In this case, using (72), we get

4 _ad _d < < _q
r P~ <p PO <p Prognd mindrP-, pPr L=y P-

and we can write

From this we get

. (o 77) < min{ > i},d(a(lx)‘ﬁj < ,d[o«x)‘m‘ﬁ)

afx) q(x) p- pP- pP

Multiplying this double inequality by H H i J7 | a0 )00
x ILTV(Q,dy) || p (Q,dx)
will get:
1
rd[m‘m?)” | %
Jx 1220 (0, dy) P0(Q, dx)
-d -d 1 1
o ¢ 4L _
< min{rp‘, rP+ }r (a(x) q(x)j H fXJr 0. dy) |00
x @Y ) ILPY(Q, dx)
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1 1 1
P Coron)
=T g |0 :
2 IL7V(Q,dy) I7p0(q, dx)
This last double inequality is equivalent to
1 1 1 1 1
rd(p(x) p_)rd(a(x) q(x) p(x)j fo )
Jx Lq()(Q,dy) Lp()(Q,dx)
-d —-d 1
< i) P- P ,d(m‘m) “ A
< ) J7 1900, dy) 120(q. dx)
1 1 1 1 1
< rd[pm erd[oc(x) ) |, ,
Jr 1290 (Q, dy) P0(Q, dx)

In other hand since x € J, p() e LHy(Q), p, < o, we have:

11 - -1 -1 -1 -1
df =~ 11 Py —p(x) .\ Lem.32
r (p(x) pJ =|J7 [p(x) p+) =|Jz ;(x);u - ( Jl plx) 1’+)p(x)p+ o PPy < max%gpm, Cmm}

1 1

-1 1

rd[ﬁ_i) - ‘ J" ‘[ﬁfi) - ‘ J" ‘p,;(;in(f) _ U Jr ‘I’:P(x))ﬁ Len;ﬁch(x)»p, < max{C””*, Cpp}

that is,
11 o R
d =
r (p(x) p+j < max{CP-P+ oo | K, < o
11 1 -1
plx) po p-ps - | _
r < max C7+  C =Ky <o
This leads to
11 1
Kzrd(am‘m‘p(x)) H .
Jr 1190 (@, dy) P0(Q, dx)
-d -d 1 1
< minrP-, rPr rd(o«x)‘q(x)) H .
Jr 1290 (@, dy) P0(Q, dx)
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P0(Q, dx)

H Jr LQ()(Q,dy)

This means that

Kol Fllg0). 000002 < 17 llg0), p00 0,2 = Bl F llg), 50,0, 2

and the claim is proved.

4. Riesz Potential on(L‘I(), 170 )q()(Q)
We begin by recalling some classical results, first one definition is
given with a variant of definition of the Riesz potential.

Definition 34. [47] Given 7, 0 <y <1, define the Riesz potential

I, also referred to as the fractional integral operator with index v, to be

the convolution operator

Lf(x) = .[]Rd | x =y [PV f(y)dy.

The Riesz potentials are not bounded on LP (Rd), but satisfy off-

diagonal inequalities.
With this definition, we have the following classical results:
Theorem 35. [47] Given v, 0 <y<1l and 1< p< %, define q > p

1 1
by ——— = 7.
Y 5 g =Y

If p=1, thenforall t >0

‘ {x e R? : | ny(x)| > t}‘ < (%de f(x)dx)q.
If p >1, then

5,71, < clfl,
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The Riesz potentials are well defined on the variable Lebesgue

spaces. If p, <% and f e Lp()(Rd), then I,f(x) converges for every x.

Theorem 35 can be extended to the variable Lebesgue spaces in the

following manner.
Theorem 36. [47] Fix vy, 0 <y <1. Given p()e P(R?) such that

1<p_<p, < %, define q() by

If there exists qg >

such that the Hardy-Littlewood maximal

operator M is bounded on L40/%0) (R?), then

" Lf ||q() <q f"p()'

If p_ =1 and M is bounded on 7(90/a0) (R?) when qq = 1 then for

’

every t > 0,

H tx{xeRd:‘IYf(x)‘%} 70 < C” f "p()

We will need the following lemma:

Lemma 37. (Minkowski’s integral inequality for wvariable
Lebesgue spaces [47])

Let q()e P(Q), let f:QxQ = R be a measurable function (with

respect to product measure) such that for almost every ye Q,

(., y) e L99(Q). Then

H Igf(-, y)dy

< cj' ., dy. 73
#0(@ae G 200, a4 (73)

Proposition 38. Let 7% cQ, q(),a0)e P(Q), q()e PQ)N
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LHy(Q), and 1 < qg_ < q() £ a) € p() £ o, (l+l—l) < . Suppose
g p al,

that there exists qqg > T ! such that the Hardy-Littlewood maximal

q0
operator M is bounded on L( qO) (Q) and

Then for any f e (190, 170)%0(q), Lf belongs to (Lfl*()’ lp())a*()(g)
and

5t 0 p00t 0.0 < A a0, p0, w0 (74)

where C is a constant not depending on f.

Proof. The proof of Proposition 38 is an adaptation of that of
Proposition 4.1 in [15].

For any real numbers a, b, ¢, we have:
le=bl2]|c-al|-]a-b]] (Br)
(a) Case p, = co.
When p, =, p() is unbounded, let f be a positive element of
(220, lp())a()(Q), we have

Propo. 23

@)
A f g0, 00,0002 < =

IN Y

” f "q(), oo, 0 ), Q

Let (x, r) e Q% (0, «). We have:

f= fern

neNg
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2n
where fy » o = fx 2r and fy ;. = fxr,,, where Ty, =J; "N I
z 7y
for n e N.

Since f 1is positive, monotone convergence theorem can be applied to

get

Lf = Zlyfx,,,n.

neNg
First:

From Hardy-Littlewood-Sobolev theorem for fractional integral
Theorem 36, there exists a positive constant A not depending on f and
r such that

" nyx,r,O "Lq*()(Q) = A" fx,r,O "Lq()(g) = AH fXJ%r

90(q)
Secondly:
Vne N:
on+l, oy Jd2 1y < |x—y]|< Jdor
yeTy,n=dJdy \Ndy " = i
Y Jr 0<|x-z|<vd2™r
zed,

1
= lz-ylz2[lx-y|-[x-2]],

this implies that

n
|z -y|2Vd2"tr—Jd2tr > 2r_

I _(on_
5 5 (2" -1)

’

Do~

that is,

[z=y[22"r (B2)

the following notations should be understood in the sense:

a- =" 0). =), as = 0), =(a),,

9~ =(q'0)- = (), ¢& =(q'0), = ('), (75)
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Recall that in Section 2 (Definitions and Notations), it is clearly written
that

’ ’

('), =(p-), (PO =(py). (76)

In the following proof we suppose that the one-dot (-) and two-dot (),

respectively, stand for the variables z and y, therefore

“ (IYf)XJfC Lq*()(g)
<3| fern iy, 14 0(@)
n=0
< AH Mgz | 000
d(y-1)
+ = ) *
; “ “Ll(Tx7r7n,dy) 19 O(J7 . dz)
Minkowski
< fo%’ 190(q)
.__.d(Y—l) .. *
+ Z “| | fl )HLq Owi.da) i, | o dy)

n>1

(B2)
: AH i g2

n-1_,\d(y-1) B
L‘I()(Q)Z (2 7‘) " 1 "Lq ()(erc,dz)

n>1

x,r,n

X “ fCnr

HQ,dy)

Holder
< A fuye
X

@@ 0 g

0
Q) =
X 1 "Lq,()(Tx,r,n)” () "L‘I()(Tx,,,n,dy)

Lem. 3.2.12 of [48]
< A ae
X

190(q)
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1
+ Z (2n_1r)d(y_1) max{‘ Jy a }

n>1
1 1
X max{| Ty rin |q'_, | Ty ron |q'+ }ll f ||Lq<)(Tx7r7mdy)

1
* r
q_,‘Jx

d d

n-1_,\d(y-1) a .4
190(0) + Z (2" r) max<ri- r

n>1

- AH Mgz

X max{((z””r)d @ (@ - (2 )i}

X[ f a0 g2 r ay)

d d

n-1_yd(y-1) < .
10(0) + Z (2" r) max<ri- r

n>1

< AH fXJQr

1

x max{[(Z”r)d(Zd - 1)]?’-, [(Z”r)d(Zd - 1)?}

x| f ||Lq()(J§"+l’,dy)

d d
n-1_\d(y-1) <
< AH fo%’ 10(0) + Z (2" r) max<ri- ré+

n>1

x max{(2"r)¥ 9 (249), (2m )% VLN [ a0 27 g

That is,
da d
. < n-1_\d(y-1) qi qi
H (ny)XJ; 0 = AH fo%r 190 + Z; (2" r) max{ri-, r
nz

i < ¢ +
1\v—_q_ 1\— ..,
xmax{ (2" )gTr T, (2" | f 02 gy (D)
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From here we will envisage two cases:

First case: 0 < r < 1.

da da a
* * *
In this case max{r?, r% | = r% and
d d d d

maxs (2" )t (2" g T L < (20 )t

Then the last numbered inequality is bounded by

| (L,

L‘I*()(Q) < AH fX’JJ%’"

Lq()(Q)

d d
* d —
- d(y-1 —
+ 2 (2"17) (v-1),.9+ x (2m* Y s "f"L‘I()(J%nH’,dy)

n>1

= 4|

190(q)

X[ F 1za0(g2% ' gy)-

That is,
H(Ivf LTS P AH Pz a0)
1 11 _nd
) )
+2 0 BN TN Y 02 gy
nz1
Using (24) we will get
H(IYf)XJ; Lq*()(g)

75
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1 1 1 22
L) e 2 “ @ e @ £y o a0

n>1

A+ z_d(wijrd%‘f_jz Z"d[ﬁc)fﬁcﬂ]

1 1 1

A 2‘d(Y+a)rd(Z‘q—_)Z Z”d(Y‘m+m—q—_)]

(@ =)
xr DSV
That is,
1 1 1
= —d| y+—
(q 0‘)+ (Y CI+) ndn(x)
H Gt Py {1070y <2 {A 2 B(’")Z;Z
n=
1 1
dl =
AT @
with
1 1
d ——=
M S S HUE W ¥
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1 1

)
It is easy to see that n(x) < 0 and B(r) = r ‘% 9=/ is independent of r,
in fact, we prove it:

For any x € Q, we have gq_ < ¢g(x), then € > 1 or EEE
- qlx) q-

q(x)

< 0, we get n(x) < 0, this implies that Zann(x) isa
o (x) n>1

< 0, since —

L_Lj
convergent series, we let ZZ”d”(x) =K<o. Br)=r (‘“ 9-

n>1

1 1 1 1
‘J’ 9 9 = ‘J’" qr qlx ‘J’ x) q_ by hypotheses we have

1<q_ <q() £a) < p() < oo, this implies that g, < o) < p() < =, that
is, @, < oo, therefore the hypotheses of Lemma 3.24 of [48] are satisfied,
then

1 1
(I(x)—Q+)q(x)q+ XO J7 (I——(I(x)jq(x)q_
x

Lem. 3.24 of [48] 1 1
< (C1(@)q(x)ay * (Co(d))g(x)a

pir) = | 72

IA

max{(cl (@Vaar x (Cy(d)aa, (Cy(d)aar x (Co (d))qfq_}

:B<oo,

then the last numbered inequality becomes

H (L, 0 < zd(%_él A+2_d[Y+i)BK r [ 1x) (x(lx))" F g

Lq*( )(Q)

(79)

+ < oo since



78 SAMBOUROU MASSINANKE et al.
43, 4
If we let C(g(), o, a)=2 "9 %+ A +2 9+/BK|, we have

C(g(), =, o) < o and the last numbered inequality becomes

1 1
< C(q(), oc)rd(m‘w))

H Iy 17 1g(),0,00)-

Lq*()(Q)

By hypotheses we have 1 _ =—- *1 , therefore
olx (x)

d[ 1 1 ]
< C(g(), o, a)r V@ () @ @)

H (Lyf 2t g

Lq*()(g) " f "q(),oo,p(),g’

this implies that

d[;_;j
@) ¢ ()

‘ (Lyf 2t g

2 0(Q) < Clg(), o= ol f"fl(),w,p(),ﬂ'

Second case: 1 < r < +oo,

da 4 a
* * *
In this case max<r?, r?%+ | = r?%- and

d d d
WL T oniye nily > o
max{ (2" ), (2" )t = (20 ) r .

Then, taking account of (75) and (76) the right-hand side of (77) is
bounded by:

d

3 (g1t
190(q) ;( r) d

d

d —=
« (2n+1 )q—,_rq_ " f ”Lq()(JQrle,dy)’

X

H (Lyf 2t g

Lq*()(Q) < AH fXJj%r
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that is,
fot) )
q q- q
“ (ny)XJZZ 2 O(e) ) A” fXJE’" 190(Q) e o ’
_nd
XZZ - ”f"LlI()(J%nHV’dy)- (B4)

n>1

Using (24) we will get

* <

Zd(ﬁ_ﬁ) A+ 2d(2777i)rd(q%7i) > an[qgﬂa(lx);jj '"d(ﬁ_ﬁ)“ T lg0),,a0)

= zd(ﬁ_ﬁ) A+2d(2_Y_i),~d(q%_i)z 2nd({ u(lequ) ql—)}d(q(lx) 0L(lx))Hqu(),m,oc()

[ -1 1 1
) Zd(ﬁ_ﬁ) 4t Zd(z_Y_ij’d[i_i)z 2”‘{%*@‘2} ’d(ﬁ_“éx))\\ P00
n=1
that is,
], )
H (ny)XJr 0@ <2\ Yilg 42 q+ BO(’")Z gndn(x)
nx1
a L1
X7 (Q(x) OL(x))" f"q()’oo’(x() (80)
with
11
By(r)=r (q_ qJ, n(x) = -1 1 1

We can remark that By(r) = (B(r))_l, we already have proved in the first
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case that B(r) is bounded by a constant which does not depend on r, so
is By(r), therefore By(r) = By, for any x € Q we have q_ < ¢(x), then

1 or L—LSO, since —
q(x)

<0 we get n(x) <0, this
@ 0 ) get 1M(x)

NN
q_

implies that z ondn(x) jg 5 convergent series, we let z ondn(®) _ g < oo,

n>1 n>1

therefore the last numbered inequality becomes

1t
<9 1 %

|| (Lyf Wt g

Lq*()(Q)

where

()|, e
If we let C(g(), o, o)) =2 A+ 2 “/ByK |, we have

C(g(), o, a()) < = and the last numbered inequality becomes

11
| (L, < Clq(), =, oc)rd(“x’ “("))II FlgOea

Lq*()(Q)
By hypotheses we have 1 _ 1 _ *1 - *1 , therefore
Oc(x) Q(x) o (x) q (x
d[ 1 1 j
H D Mgy |0y < €007 o 0O @ N gm0,

this implies that

d[LL]
~ ') g ()

‘(IYf)XJfC Lq*()(g)

< C(q(), w, a0} £ o)
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Inbothcases 0 <r <1 and 1 <r < =, we have
d L]
p o (x) g (x)

Now taking account of (23), if we pass to the supremum over all r > 0,

‘ (L4 g

Lq*()(sz) < €Q0, = o)l f "(J(),oo,oc(),sz'

x € Q, we get
[ 22 o000 < €@Os 2 @ Fllg() o002
(b) Case p, < eo.
Consider f e (L9, lp())u()(Q).
Then | f | is a positive element of (LQ(), 170 )a()(Q), from (a):
[ L0 D], r00,0 = €@Os 2 @M lly), 00,0 < >

this implies that for always every (a.e.)

d(v-1)
M@= [2=3" 1 f6) <= e 0

d(y-1
Therefore  I,(f)(z) = JQ|z—y| u )f(y)dy converges and verifies

| IY(f)(z)| < I,( f )(2). If we recapitulate, from (B3) and (B4), we have

for any (x, r) e Qx (0, o) :

I <
0 00
1 101 _nd
) g
q a9 q- q- n+l : _
AH fXJEr 1900, dy) +2 +p I ;2 | f HL‘I()(J% o ay) if re I; =(0,1),
nz
1 11 —nd
d(Q*’Y*f) d(777] *
q - q q 1 ; — [ oo
AH fo%r 190(0.d0) +2 +r + 22 | }CHLq()(J%”+ rgyy ifrely = [1, eof.

n=1

Using triangular inequality property of || - | 120 (q)» We get
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I <
—d| 7+L nd| “{—L :
AH H fXJfr 1202, dy) || 120 (g, ) e [ q+)B(r);2 [ q_)H 17 Nza0¢ 2", ay) HL”()(Q,dx) ifreh,
d| 2_7_L ndj V—L .
H H Mgz | a0,ay) P00, dx) +2 ( q*jBo(r)nZ? ( q]H I 002" gy HL””(Q.dx) ety

But we have already proved that B(r) and By(r) are constants,

respectively, equal to B and By, therefore

I * <
H H( vf)XJ; 19 U@, dy) 1P0(@, dx)
—d| y+L nd| y—L .
AH H fXJ%, 2102, dy) | 10(q, a) v [ qJB;Q [ ‘L)H |7 z9002"r gy HLP”(Q,dx) ifred,
d| 2—-v
H H fXer 1900, dy) P0(Q, dx) i [ qJB ;2 ( )H 1710 (JZ N ) HLP 0@, dx) itrely
(81)
Case re I; = (0, 1).
In this case we have
oy |
H “ oM | 0@, dy) llp0q, ax) H Mo 199(@.dy) | 7p0(q, ax)
1 1
—d(y+—) nd(y——j
q q-
+2 9By 2 [ Iz 4y “Lpo(g,dx)'
n>1
From (68) in case p, < o
[ TN 110 09
Lq( (Q,dy) [|7p0 (Q,dx) p),a(), 0

From the last numbered inequality we get

H |t

17 O(@, dy) P0(@, dx)
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1]1 1

Qd(ﬁJrﬁ_ﬁ){AJrg_ (Y Q+jBZQ [ o) p) qlx) q_)]

IN

n>1

1 1 1

d| ——+ -
xr (5 “"”jlllf g0, 50, 0.2

IN
DO
N
Q|
S
|
|~
Ne—
D
—
N
+
[\
/_\
Q
I
;/
1534
l\')
/ﬁ\
S
’B
—_
ﬁ
< =
R
Ne—
e 1

1
d —=t——""
xr (5 “"”jlllf g0, 50, 0.2

1 1 .. . .
We have 7—-—— + —— < 0 see the hypotheses, it is said (as in the case
") T )
Q. = ) that 11 <0, xe Q, therefore the series
q(x) g
. d[y 1.1 1 )
22 a(x) plx) qlx) g converges and we let
nx1
1 1 1 1 1 11
nd[y : : ) d[—+———
22 a(x) plx) q@x) g¢-) _ $ < o, in another hand 2 ‘¢ P oc)+ < oo
nx1
since (l + 1_ l) < oo, then we get
qg p o),
» G, )
L,f)x x <2 +A+2 +/ Bs
H H ¥ Jy 1 ()(Q,dy) Lp()(Q,dx)

1,11
d + -
a5t “("))Illf o). 0.

If we let C(q(), p(), o)) = Zd(q+p

C(q(), p(), a()) < = and we get
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I - < C(q(), p(), a
H s 0 g < 0 200
1.1 1
dl —— _
X r (q(x)+p(x) a(x))m f |||q() o),
This 1s equivalent to
d[L— 11
ofx) q(x) plx) I .
r ( Yf)XJJ’C 14 ()(Q,dy) Lp()(Q,dx)
< Clq(), PO, ¢ f 400, 0. 0). 2
1 1 1 1 1 1
From the hypotheses OROR O =) - 7 " @)

therefore we get

12 O(@, dy) PO(Q, dx)

< Clq0), PO, @O £ ll40, 0. ), 2
Case re Iy =1, ).

We proceed exactly as we did in the case Case r e I; = (0, 1) to get
that

4 ()(Q dy) ()(Q dx)

< Clq(), PO, e £ lly0). 50 ). 02

If we pass to the supremum over all r > 0, x € Q, we will get

(g J0.at0.a < Cll O£l

From Proposition 33 we will have

153 0, 5007 0,0 = N o), p00. a0
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