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Abstract

A new exact solution of nonlinear Sine-Gordon equation is obtained by
the method of Lie Group Similarity Transformation. Nonlinear partial
differential equation is reduced to nonlinear ordinary differential
equation of second order and solved exactly. Respective Lie Algebra and

their generators are also reported.
1. Introduction

In 1876, Backlund proposed the Sine-Gordon (SG) equation [1] as a
model of nonlinear pseudo spherical surface in differential geometry. He
developed a method of solving SG equation, called Auto-Backlund
Transformation (ABT) in which second order nonlinear partial

differential equation (PDE) can be transformed into two first order
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ordinary differential equation (ODE) in which arbitrary number of exact
solitons of PDE can be found out by solving the ODEs.

In theoretical Physics, SG equation is used to explain the self induced
transparency phenomenon of nonlinear optics, simple model for
elementary particles and also a standard field theoretical model [2]. In
1962, Perring and Skyrme [3] studied the collision process of SG
equation’s waves through computer simulation and confirmed their
stability and their particle like property and so named Solitons [4, 5].
Generally, the term solitons are reserved for non-topological solitons of
completely integrable systems [4]. Solutions of SG equations are called

Kink and Breather solutions.

Two dimensional (1 +1) SG equation can be written as
Uy = sin (u) (1.01)

and its Painleve Property (PP), Inverse Scattering Transformation (IST),
Laxx Pairs are known [5] and so considered as a completely Integrable

system (CIS). A well known exact soliton of SG equation [1] is

u,, = 4 arctanfexp(kx — vt)]. (1.02)

This study is reporting a new exact solution of the SG equation (1.01)

obtained by the method of Lie Group Similarity Transformation [6].

2. Lie Group Similarity Transformation Method of Partial

Differential Equation

Essential details of the Lie continuous point group similarity
transformation method to reduce the number of independent variables of
a partial differential equation (PDE) so as to obtain respective ordinary
differential equation (ODE) [6] is the following. Let the given PDE in two

independent variables x and ¢ and one dependent variable u be

F(x, t, u, uy, Uy, Ugyy Ugys o) = 0, (2.1)
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where u;, u,, ... are all partial derivatives of dependent variables u(x, ¢)

with respect to the independent variables ¢ and x, respectively.

When we apply a family of one parameter infinitesimal continuous

point group transformations,

x = x +eX(x, t, u) + O(e?), (2.2)
t =t+eT(x, t, u)+ O(e?), (2.3)
u=u+eU(x, ¢, u)+O(e?), (2.4)

we get the infinitesimals of the variables u, t and x as U, T, X,

respectively and € is an infinitesimal parameter. The derivatives of u

are also transformed as

Uy = uy +e[U, ]+ 0(82 )s (2.5)
Uyy = Uygy + 8[Uxx ] + 0(82 )s (2.6)
uy = Uy +eUy ]+ 0(82), 2.7

where [U,], [U,.], [Uy] are the infinitesimals of the derivatives u,,
Uyy, Uy, respectively. These are called first and second extensions and
are given by [6],
[U.]=U, + (U, - X, )uy — XpuZ - Touy — Touyuy, 2.9)
[Uxx] = Uxx + (2Uxu - Xxx )ux + (Uuu - 2Xxu )u% - quua?c)
+ Uu - 2Xxuxx - 3qu'xu'xx - Txxut - 2Txuuxut - Tuuua%ut

_2Txuxt - Tuuxxut - 2Tuuxtux’ (2-9)

[Utt] = Utt + [2Utu - Ttt ]ut - Xttux + [Uuu - 2Tuu ]ut2

- 2Xtuuxut - Tuuut3 - quutzux + [Uu - 2Tt ]utt - 2Xtuxt
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3T uyuy — X uyu, — 3X, U, (2.10)

The invariant requirements of given PDE (2.1) under the set of above

transformations lead to the invariant surface conditions,

oF oF oF
Tt XV

oF oF oF
+ [Ux]ﬁ + [Utt]@ + [Uxx]v =0. (211
X XX

On solving above invariant surface condition (2.11), the infinitesimals X,
T, U can be uniquely obtained, that give the similarity group under

which the given PDE (2.1) is invariant. This gives

du du du

The solutions of (2.12) are obtained by Lagrange’s condition,

dt dx du
T (2.13)
This yields
x =x(t, C, Cy) and u = ult, C, Cy), (2.14)

where C;and C, are arbitrary integration constants and the constant C;

plays the role of an independent variable called the similarity variable S

and Cy that of a dependent variable called the similarity solution u(S)

such that exact solution of given PDE, so that
u(x, t) = u(S). (2.15)

On substituting (2.15) in given PDE (2.1) that reduced to an ordinary

differential equation with S as independent variable and u(S) as

dependent variable.
3. Lie Group Similarity Transformation of SG Equation

The invariant surface condition of SG equation (1.01) is given by

[Uy]l-Ucosu =0, (3.01)
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where [U,, ] is the second extension of U,;. Then (3.01) becomes
U + WUy = T g + Uy = Xy Juy + (U, = Xy = Ty Juy
= Tettyy = Xyl + (g = Xy = Ty gty = Toif
- Xtuua% = 2X gy — Xy, — 2T uty

2 2 _
- Tuuy — Xuuy — Tyueuy —Ucosu = 0.

65

(3.02)

On equating different partial derivatives of u(x, ) as zero, we get the

following set of constraint equations:

Uy —-Ucosu =0,
Uxu_Txt =0,
u,-X,-T;, =0,

Uuu - Xxu - Tut =0,

T, =0,
X, =0,
X, =0,
', = 0.

On solving above constraint equations, we get

X =cx +v,
T = —ct + Fk,
U=0.

The Lagrange’s conditions
(dx/X) = (dt/T) = (duw/U) = 0,

leads to the following similarity variable s(x, t)

(3.03)

(3.04)

(3.05)

(3.06)

(3.07)
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s(x, t) = [ - c2xt + c(kx — vt) + kv]. (3.08)
On substituting the similarity solution
u(x, t) = ul(s), (3.09)

in the SG equation (1.01), we get the following similarity reduced second

order ordinary differential equation

d*u(s) _

7 (- 1/c2 ) sin w. (3.10)

S

On solving (3.10), we get an exact solution
u(s) = 4 arctan(ﬁlx/g). (3.11)

Substitute eqs. (3.08) and (3.09) in eq. (3.11), we get a new exact solution
of SG equation (1.01).

4. Discussion

The Similarity solution s(x, ¢) of (3.08) has two sub solutions as the
arbitrary constants & and v take the values zero and non zero. When k
and v are non zero, we get first type of exact solution and second type of
exact solution is formed when %k = v = 0. Even then exclusive travelling
wave type [8, 9], solution as (kx —vt) like well known solution (1.02) is
not possible due to the constant ¢ can not be zero. As such this types of
exact solutions are belonging to different class compared to known
travelling wave types solutions of solitons type [7]. Moreover, above new
solutions do not obey Basic Equation method [10-13] and so not able to
transform to solutions of phi-four equation. That confirms these solutions

belong to a new family.
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