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Abstract 

In this paper, we study the Lorentzian 3 and 4-ellipses in the Lorentzian 

plane. We give a geometric process to construct pure Lorentzian n-

ellipses, ,3≥n  with foci the vertices of pure polygons in the Lorentzian 

plane. Finally, we show some families of them with .1≥n  

1. Introduction 

In the third century B. C., Apollonius characterized the points of the conics by 

their distances from two lines. By considering a conic as a section of a circular cone, 

he deduced important geometric properties of this characterization, which is 

equivalent to the current equation of a conic, [3]. In particular, an ellipse may be 
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defined by the set of points P in the Euclidean plane such that the sum of distances of 

them to two focal points 1F  and 2F  is constant. 

Standard definition of curves with constant distance sum to three focal points or 

more than three focal points are well known even from the seventeenth century 

(Descartes, 1638; Maxwell, 1847), [8]. 

Applications of these curves to different problems of nuclear sciences, 

engineering and theory of optimization are very contemporary even today, [6, 8]. For 

example, the curves with three focal points are used through analysis of one specific 

solution in urban and spatial planning was presented in [8]. 

In Lorentzian plane, the ellipses have been studied by Hano and Nomizu, [5], 

among others. 

In this paper, in Section 3, we introduce the Lorentzian n-ellipses as curves with 

constant distance sum to n fixed points, called focal points, on surfaces in the 

Lorentzian 3-space. 

Our purpose is to show families of pure timelike curves in the Lorentzian plane 

which are Lorentzian n-ellipses with the vertices of a pure spacelike polygon as focal 

points. 

In order to do it, we will give the equations of Lorentzian 1 and 2-ellipses in the 

Lorentzian plane. 

In Section 4, we will construct a Lorentzian 3-ellipse which is a pure timelike 

curve and whose focal points are vertices of a pure spacelike triangle. In addition, we 

will show a relationship between this Lorentzian 3-ellipse and a certain curve on the 

null cone in Lorentzian 3-space. 

In Section 5, we will construct a Lorentzian 4-ellipse. 

In Section 6, we will probe the main result of this work: 

Theorem 1. Given ,0 21 mλ<<λ<λ< ⋯  in the Lorentzian plane there exist 

families { } { }mnng ...,,1∈  of pure timelike curves (resp., pure spacelike curves) and 

mFF ...,,1  points such that for all { },...,,1 mn ∈  ng  is a Lorentzian n-ellipse with 

nFF ...,,1  vertices of a pure spacelike polygon (resp., pure timelike polygon) as foci, 
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and 

( ) ,,

1

n

n

i

i PFd λ=∑
=

 

for all .ngP ∈  

In Section 2, preliminaries, we will remind basic notions in Lorentzian geometry 

about our concerns. 

2. Preliminaries 

Let x and y be two vectors in the n-dimensional vector space { }.3;2, ∈nn
R  As 

it is well known, [2, 7], the Lorentzian inner product of x and y is defined by 

.,

1

1
∑

−

=

−=

n

i

nnii yxyxyx  

Thus, the square 2ds  of an element of arc-length is given by 

.

1

1

222 ∑
−

=

−=

n

i

ni dxdxds  

The space n
R  furnished with this metric is called a Lorentz n-space or n-

dimensional Lorentzian space. We write nL  instead of ( ) { }.3;2,, ∈ndsn
R  

We say that a vector nLx ∈  is timelike if ,0, <xx  spacelike if 0, >xx  

and null if .0, =xx  The null vectors also said to be lightlike. The norm x  is 

defined to be ., xx  The distance between two points nLQP ∈,  is defined to be 

( ) ., PQQPd =  

In xLn ,  is orthogonal to y if .0,0, ≠≠= yxyx  

In ,
2

L  let ( )0,11 =e  and ( ).1,02 =e  A timelike vector x is future-pointing 

(resp., past-pointing) if 0, 2 <ex  (resp., ).0, 2 >ex  A spacelike vector x is 
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future-pointing (resp., past-pointing) if 0, 1 >ex  (resp., ).0, 1 <ex  

Let x and y be two future-pointing spacelike vectors in .2L  We say that 

,0, ≥αα  is the (oriented) angle from x to y if ( )
( )

( )

( )( ) .yx
sh

ch

ch

sh
=⋅

α

α

α

α
 Hence, 

( ) ,
.

,

yx

yx
ch =α  (cf. [2]). 

We shall give a surface 3LM ∈  by expressing its coordinates ix  as functions of 

two parameters in certain interval (see [7] for more details). We consider the 

functions ix  to be real functions of real variables. 

We say that a differentiable map ,: MI →α  where R⊂I  is an open interval, 

is a differentiable curve in M. This curve is called pure timelike, pure spacelike or 

pure lightlike curve if at every point, its tangent vector is timelike, spacelike or 

lightlike, respectively. 

In classical way, [ ]CBAT ,,  denotes the triangle with vertices CBA ,,  which 

are non collinear points in Lorentzian plane. According to Birman and Nomizu, [2], 

by a pure spacelike triangle we mean a triangle [ ]CBAT ,,  such that BCAB,  and 

AC  are spacelike vectors. We will call the middle vertex to the vertex B such that 

the angle B̂  between AB  and BC  looks more like the exterior angle to Euclid. That 

is, the vertex B is a middle vertex of [ ]CBAT ,,  if AB  and BC  have the same 

spacelike orientation. 

In [4], for each ,1≥m  it is defined a polygonal path of order m as a set of points 

of the form [ ] ,...,,, 12110110 ++ = mmm PPPPPPPPP ∪⋯∪∪  with the points 

2
110 ,...,, LPPP m ∈+  as vertices and the named segments as sides. If the polygonal 

path [ ]110 ,...,, +mPPP  is closed and if no three of its vertices lie on a line, then it is 

called a polygon and it is denoted [ ].,...,, 10 mPPPP  

A polygon [ ]mPPP ,...,, 10PP =  is said to be pure spacelike, pure timelike or 

pure lightlike if every side of P  is spacelike, timelike or lightlike, respectively. 
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Let us recall that the polygon with at most two different vertices is usually called 

a degenerated polygon. In what follows, will consider non degenerated polygons. 

In [2], the following two results are proved: 

1. Reversed triangular inequality. Let x and y be future-pointing timelike vectors 

in .2L  Then, .yxyx +≥+  

2. Hyperbolic cosine law. Let [ ]CBAT ,,  be a pure triangle. Then 

( ),ˆ2222 Achbccba −+=  

( ),ˆ2222 Cchabbac −+=  

( ),ˆ2222 Bchaccab ++=  

where ABcACbBCa === ,,  and CBA ˆ,ˆ,ˆ  denote the angles at ,,, CBA  

respectively. 

3. Lorentzian 1 and 2-ellipses 

Now, we introduce a natural class of generalized multi foci curve from the 

Apollonius Euclidean ellipse to Lorentzian n-ellipse. 

Defination 1. Let M be a surface in Lorentz 3-space. A Lorentzian n-ellipse g in 

M is a curve such that every point gP ∈  has constant distance sum from n fixed 

points ,...,,1 nFF  the so called foci or focal points of the n-ellipse, with three non 

collinear foci and ., jiFF ji ≠∀≠  

Let 21, λλ  and 1c  be three positive real numbers such that 21 λ<λ  and 

.
2

,min 2
11







 λ
λ<c  

In the Lorentzian plane, the pure timelike curve 1g  given by 

( ) 2
1

2
2

2
11 λ=−+ xcx  

with ,01 >x  is a Lorentzian 1-ellipse with focal point )( .0,11 cF −=  Let us note 
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that 1g  is a Lorentzian circle (see [2]). 

In the same way, the pure timelike curve 2g  given by 

4

1

4 2
1

2
2

2
2

2
2

2
1 =

−λ
−

λ c

xx
 

with ,01 >x  is a Lorentzian 2-ellipse with focal points ( )0,11 cF −=  and 

( ).0,12 cF =  The equation of 2g  is equivalent to the equation of one of the ellipses 

obtained by Hano and Nomizu (cf. [5]). 

In the following, ( )PFd i ,  will be denoted by ,ia  for all .1≥i  

4. Lorentzian 3-ellipse 

In this section, we will apply a geometric process to construct a Lorentzian 3-

ellipse, ,3g  such that the curve is a pure timelike curve and where the three focal 

points are the vertices of a pure spacelike triangle in the Lorentzian plane. 

Let ( ) ( )0,,0, 1211 cFcF =−=  and ( ) ,, 2
223 LbcF ∈=  with 120 cc <<  

and { }.,min0 2122 cccb −<<  Without loss of generality, we search a future-

pointing timelike curve, ,3g  such that ,3321 λ=++ aaa  for all .0, 33 >λ∈ gP  

Hence, the curve can be parameterized in the following way: 

( )
( ) ( ) ( )

( ) ( ) ( )



=

=
=

,

,

2

1
3

sshsfsx

schsfsx
sg  

where s is the proper time parameter (i.e., the arc-length parameter for timelike 

curves), f is a function of a real variable such that ( ) ( ).2
2

sfs
ds

df
<








 Without loss 

of generality, we can consider .0>f  
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Figure 1. The triangles [ ] [ ]PFOTPOFT ,,,,, 21  and [ ].,, 3 PFOT  

Let us note that [ ] [ ] [ ]PFOTPFOTPOFT ,,,,,,,, 321  and [ ]231 ,, FFFT  are 

four pure spacelike triangles, where ( ),0,0=O  (Figure 1). 

Since ( ) ( ) ,,, 3gPPOdsf ∈=  by the Hyperbolic cosine law, we have: 

( ) ( ) ( ),2 1
22

1
2
1 schsfcsfca ++=  (1) 

( ) ( ) ( ),2 1
22

1
2
2 schsfcsfca −+=  (2) 

( ) ( ) ( )33
22

3
2
3 ˆ2 α−+= chsfOFsfOFa  (3) 

with 3α̂  the angle between 3OF  and ,OP  being 3F  the middle vertex of the future-

pointing spacelike triangle [ ].,, 3 PFOT  

Let 3λ  be a constant, ,03 >λ  and ( )Phh 22 =  such that 
















λ<<

=+

λ=∑
=

321

221

3

1
3

2 hc

haa

a
i

i

 for 

all .3gP ∈  Then, we have 




=−λ

+=
,

323

212

ah

aah
 for all .3gP ∈  
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By (3), since ( ) ,
.

,
ˆ

3

3
3

OPOF

OPOF
ch =α  we have 

( ) 2
3

2
23 ah =−λ  

( ) OPOFsfOF ,2 3
22

3 −+=  

( ) ( ( ) ( )) ( ( ) ( ))sxbsxcsxsxbc 2212
2
2

2
1

2
2

2
2 2 −−−+−=  

( ( ) ( ) ) ( ( ) ( ) )2
222

2
2

2
212

2
1 22 bsxbsxcsxcsx +−−+−=  

( ( ) ) ( )( )2
22

2
21 bsxcsx −−−=  (4) 

for all .3gP ∈  Therefore, we obtain the Lorentzian circle with center 3F  and radius 

,23 h−λ  with .0>f  

Let us note that for each 2h  fixed such that ,2 321 λ<< hc  we have the 

Lorentzian 2-ellipse, i.e., the set of points 2LP ∈  such that .221 haa =+  

By (1) and (2), we have 

( ( )) ( ( )) ( ) ( ) ,4222 222
1

222
1

22
121

2
2

2
1

2
2 schsfcsfcsfcaaaah −+++=++=  

where ( ) ( ) ( ).2
2

2
1

2 sxsxsf −=  By computing, we obtain the following equation 

 
( ) ( )

.1

44
2
1

2
2

2
2

2
2

2
1 =

−

−

c
h

sx

h

sx
 (5) 

Since we are looking for a Lorentzian 3-ellipse 3g  such that ,
3

1
3∑

=

λ=
i

ia  by (4) and 

(5), 3g  is given by the set of points ( ) ( ) ( ) ( )( ) 2, LsshsfschsfP ∈=  such that 

( ) ( )sfs
ds

df 2
2

<







 and 
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( )

( )

( )

( )

( )( ) ( )( ) ( )( )











−λ=−−−

=

−

−

,

,1

44
2

23
2

22
2

21

2
1

2
2

2
2

2
2

2
1

shbsxcsx

c
sh

sx

sh

sx

 (6) 

with ( ) 3213 2,0 λ<<>λ shc  and ( ) ( ) ( ) .11211 csxsxcsx −<<+−  

By symmetry ( ) ( ),,, xyyx →  it is possible to construct a Lorentzian 3-ellipse 

which is a pure spacelike curve. 

Therefore we start the following theorem. 

Theorem 2. Given ,03 >λ  in the Lorentzian plane there exist a pure timelike 

curve (resp., pure spacelike curve), ,3g  and three points 321 ,, FFF  such that 3g  is 

a Lorentzian 3-ellipse with 321 ,, FFF  vertices of a pure spacelike triangle (resp., 

pure timelike triangle) as foci. 

Remark 3. In the above construction, we consider the pure spacelike triangle 

[ ]PFFT ,, 21  and we obtain that ,2 121 aac ≤+  by the Reversed triangular 

inequality. Then .2 21 hc <  

In addition, we note that 










−−<<

<<+−

.
42

0

,
24

2
22

1
2

2

21
22

1

2
2

h
c

h
a

ha
h

c
h

 

4.1. A geometric interpretation of the 3-ellipse in 3L  

According to [7], the 3
1R  space with signature ( )++− ,,  is congruent to .3L  

Let be ( ) 0,,, 1
3
1321 >∈= cxxxP R  and .03 >λ  The nullcone with vertice 

( ),,, 322 λbc  where 120 cc <<  and { },,min0 2122 cccb −<<  has equation: 

 ( ) ( ) ( ) .0
2

33
2

22
2

21 =λ−+−+−− xbxcx  (7) 

Let M be the surface in 3
1R  given by 
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λ<<

=
−

−

.2

,
4

1

4

331

2
1

2
3

2
2

2
3

2
1

xc

cx

x

x

x

 (8) 

By (8), we have 

[ ( ) ] [ ( ) ] ( ) .0162222 2
1

2
1

22
2

2
1

2
1

22
2

2
1

2
1

2
3 =−−++−−++− xcxcxxcxx  Hence, 

( ) ( ) .160,2,2,2,2
2
1

2
1

4

2
2
1

2
1

4

32
2
1

2
1 xcxcxxxcx −=+−+  

Then the curve 3
13

~
R⊂g  satisfying 

( ) ( )

( )















λ<<

=λ−−−

−=+−+

331

2
332221

2
1

2
1

4

2
2
1

2
1

4

32
2
1

2
1

2

,0,,

,160,2,2,2,2

xc

xbxcx

xcxcxxxcx

 

is identified with the curve 3g  when .23 hx =  

5. Lorentzian 4-ellipse 

Here, we show a geometric process to construct a Lorentzian 4-ellipse, ,4g  such 

that the curve is a pure timelike curve and where the four focal points are the vertices 

of a pure spacelike quadrilateral in the Lorentzian plane. 

Let ( ) ( ) ( )2231211 ,,0,,0, bcFcFcF ==−=  and ( ) ,, 2
224 LbcF ∈−=  

with 120 cc <<  and { }.,min0 2122 cccb −<<  Without loss of generality, we 

search a future-pointing timelike curve, ,4g  such that ,44321 λ=+++ aaaa  for 

all .0, 44 >λ∈ gP  Hence, the curve can be parameterized in the following way: 

( )
( ) ( ) ( )

( ) ( ) ( )





=

=

=

,

,

2

1

4

sshsfsx

schsfsx

sg  

where s is the proper time parameter, f is a function of a real variable such that 
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( ) ( ).2
2

sfs
ds

df
<








 Without loss of generality, we can consider .0>f  

 

Figure 2. The triangles [ ]PFFT ,, 21  and [ ].,, 34 PFFT  

Let us note that [ ]PFFT ,, 21  and [ ]PFFT ,, 34  are pure spacelike triangles, 

(Figure 2). Also [ ]2341 ,,, FFFFP  is a pure spacelike quadrilateral. 

Let 4λ  be a constant, ,04 >λ  and ( )Phh 44 =  such that 















λ<<

=+

λ=∑
=

,

2 442

443

4

4

1

hc

haa

a
i

i

 for 

all .4gP ∈  Then, we have ,

2144

434







+=−λ

+=

aah

aah

 for all .4gP ∈  

Let us remark that the condition 24 2ch >  is derived from the Reversed 

triangular inequality applied to [ ].,, 34 PFFT  

Since ,2144 aah +=−λ  by (1) and (2), we have 

( ) ( )2
21

2
44 aah +=−λ  

( ( )) ( ( )) ( ) ( ) ,422 222
1

222
1

22
1 schsfcsfcsfc −+++=  
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for all .4gP ∈  

Analogously to Section 4, for each 4h  fixed such that ,
2

2

144

24





>−λ

>

ch

ch
 we 

obtain 

 
( )

( )

( )

( )
,1

44
2
1

2
44

2
2

2
44

2
1 =

−
−λ

−
−λ

c
h

sx

h

sx
 (9) 

for all ,4gP ∈  which is a Lorentzian 2-ellipse with focus 1F  and ,2F  with 

.2 144 ch >−λ  

Now, we consider the pure spacelike future-pointing triangle [ ].,, 34 PFFT  Let 

( ) ,,, 42 gPPOdd ∈′=  with ( ).,0 2bO =′  By the Hyperbolic cosine law, we 

have: 

( ),ˆ2 22
2
2

2
2

2
3 tchdcdca −+=  (10) 

( ),ˆ2 22
2
2

2
2

2
4 tchdcdca ++=  (11) 

where t̂  is the angle between 3FO′  and .PO′  

By (10) and (11), we have 

( )2
43

2
4 aah +=  

( ) ( ) ( ) ,ˆ422 22
2

2
2

22
2

2
2

2
2

2
2 tchdcdcdc −+++=  

for all ( ) ( ( ) )2
22

2
1

2
24 , bsxsxdgP −−=∈  and ( ) ( )

( ) ( ( ) )
.ˆ

2
22

2
1

2
12

bsxsx

sx
tch

−−
=  

Therefore, for each 4h  fixed, we have 

 
( ) ( ( ) )

,1

44
2
2

2
4

2
22

2
4

2
1 =

−

−
−

c
h

bsx

h

sx
 (12) 
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for all ,4gP ∈  which is a Lorentzian 2-ellipse with foci 3F  and ,4F  where 

.2 24 ch >  

By (9) and (12), the future-pointing timelike curve ,4g  is given by the set of 

points ( ) ( ) ( ) ( )( ) 2, LsshsfschsfP ∈=  such that ( ) ( )sfs
ds

df 2
2

<







 and 

 

( )

( )

( ( ) )

( )

( )

( ( ))

( )

( ( ))













=

−
−λ

−
−λ

=

−

−
−

1

44

,1

44

2
1

2
44

2
2

2
44

2
1

2
2

2
4

2
22

2
4

2
1

c
sh

sx

sh

sx

c
sh

bsx

sh

sx

 (13) 

with 14424 2,2 chch >−λ>  and ( ) ( ) ( ) .21221 csxsxcsx −<<+−  

By symmetry ( ) ( ),,, xyyx →  it is possible to construct a Lorentzian 4-ellipse 

which is a pure spacelike curve. 

Therefore we start the following theorem. 

Theorem 4. Given ,04 >λ  in the Lorentzian plane there exist a pure timelike 

curve (resp., pure spacelike curve), ,4g  and four points 4321 ,,, FFFF  such that 

4g  is a Lorentzian 4-ellipse with 4321 ,,, FFFF  vertices of a pure spacelike 

quadrilateral (resp., pure timelike quadrilateral) as foci. 

5.1. A geometric interpretation of the 4-ellipse in 3L  

Let M be the surface in 3
1R  given by: 

 

( )

{ }








−<<<<λ<<

=
−

−
−

.,min0;0;2

,
4

1

4

212212431

2
2

2
3

2
22

2
3

2
1

cccbccxc

cx

bx

x

x

 (14) 

By (14), we have: 

[ ( ) ( ) ] [ ( ) ( ) ]22
22

2
1

2
2

22
22

2
1

2
2

2
3 2222 bxxcbxxcx −−+−−++−  

( ) .016 2
1

2
2 =−− xc  
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Hence 

( )
4

322
2
1

2
2 ,2,2 





 −+ xbxxc  

( ) .160,2,2
2
1

2
2

4
2
1

2
222 xcxcbx −=





 +−−  (15) 

On the other hand, let N be the surface in 3
1R  given by 

 ( ) ( )








−λ<

=
−−λ

−
−λ

.2

,
4

1

4

341

2
1

2
34

2
2

2
34

2
1

xc

cx

x

x

x

 (16) 

By (16), we have 

4

2
2
1

2
1

4

342
2
1

2
1 0,2,2,2,2 





 +−





 −λ+ xxcxxxc  

.16 2
1

2
1 xc−=  (17) 

Then, by (15) and (17), the curve 4
~g  satisfying 

( ) ( )

{ } { }














−<<<<−λ<

−=




 +−





 −λ+

−=




 +−−





 −+

2122123431

2
1

2
1

4

2
2
1

2
1

4

342
2
1

2
1

2
1

2
2

4
2
1

2
222

4

322
2
1

2
2

,min0;0;,min2

,160,2,2,2,2

,160,2,2,2,2

cccbccxxc

xcxxcxxxc

xcxcbxxbxxc

 

is identified with the curve ,4g  when .43 hx =  

6. Main Result 

A Lorentzian 5-ellipse and a Lorentzian 6-ellipse can be constructed in the same 

way to Lorentzian 3-ellipse and to Lorentzian 4-ellipse, respectively. Thus, we aplly 

these two geometric process to construct the Lorentzian n-ellipses both for n even 

and for n odd. 

Theorem 5. Given ,0 21 mλ<<λ<λ< ⋯  in the Lorentzian plane there exist 
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families { } { }mnng ...,,1∈  of pure timelike curves (resp., pure spacelike curves) and 

mFF ...,,1  points such that for all { } ngmn ,...,,1∈  is a Lorentzian n-ellipse with 

nFF ...,,1  vertices of a pure spacelike polygon (resp., pure timelike polygon) as foci, 

and 

( ) ,,

1
∑

=

λ=

n

i

ni PFd  

for all .ngP ∈  

Proof. Let ,21 mλ<<λ<λ ⋯  where iλ  is a positive real number for all i. 

In the following, we show a family { } { }mnng ...,,1∈  of n-ellipses satisfying the 

above mentioned conditions. In order to do it, without loss of generality, we fix m 

points mFF ...,,1  in 2L  as it is shown in Table 1. 

Table 1. Choice of focal points 

Points Conditions 

( )0,11 cF −=  

( )0,12 cF =  





 λ
λ<<

2
,min0 2

11c  

( )223 , bcF =  

( )224 , bcF −=  

120 cc <<  

{ }2122 ,min0 cccb −<<  

………………………. 

and for all 2≥k  

( )1112 , +++ = kkk bcF  

( ) ( )1112 , +++ −= kkk bcF  

 

…………………………….. 

kkk ccb << +1  

{ }111 ,min0 +++ −<< kkkk cccb

 

Hence, [ ( ) ]1221 ...,,, +kFFFP  and [ ]1221 ...,,, +kFFFP  are future-pointing 

spacelike polygons for all k in the set of nonnegative integer numbers. Let us recall 

that [ ]1FP  and [ ]21, FFP  are called degenerate polygons. 

By using the geometric process applied in above sections, we construct the 

family { } { }mnng ...,,1∈  of Lorentzian n-ellipses, where ( )sgg nn =  and for each sn,  

denote the proper time parameter. 
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In order to do it, we define auxiliary functions ( ) kkk aash 2122 += −  for all 

.1≥k  

Thus, we obtain the following family of pure timelike curves ,ng  for all 

{ },...,,1 mn ∈  summarised in Table 2, 

Table 2. Equations of Lorentzian n-ellipses 

n foci ( ) ( ( ) ( ))sxsxsgn 21 ,=  

1F  ( ( ) ) ( ) 2
1

2
2

2
11 λ=−+ sxcsx  

21, FF  
( )

( )

( )

( ) 4

1

4 2
1

2
2

2
2

2
2

2
1 =

−λ
−

λ cs

sx

s

sx
 

321 ,, FFF  

( )

( )

( )

( )

( ( ) ) ( ( ) ) ( ( ))








−λ=−−−

=
−

−

2
23

2
22

2
21

2
1

2
2

2
2

2
2

2
1 ,

4

1

4

shbsxcsx

csh

sx

sh

sx

 

4321 ,,, FFFF

 

( )

( )

( ( ) )

( )

( )

( ( ))

( )

( ( ))











=
−−λ

−
−λ

=
−

−
−

4

1

4

,
4

1

4

2
1

2
44

2
2

2
44

2
1

2
2

2
4

2
22

2
4

2
1

csh

sx

sh

sx

csh

bsx

sh

sx

 

…................ ……………………………. 

121 ...,, +kFF  

( )

( )

( )

( )

( )

( )

( ( ) )

( )

( ( ) ) ( ( ) ) ( )




























−λ=−−−

=
−

−
−

=
−

−

∑
=

+++

2

1
212

2
12

2
11

22
2

2
2

2
2

2
1

2
1

2
2

2
2

2
2

2
1

,
4

1

4

,
4

1

4

k

j
jkkk

kk

k

k

shbsxcsx

csh

bsx

sh

sx

csh

sx

sh

sx

⋮

 

( )121 ...,, +kFF

 

( )

( )

( ( ) )

( )

( )

( )( )

( ( ) )

( ( )( )

( )

( ) ( )

( )

( ) ( )

















=

−













−λ

−














−λ

=
−

−
−

=
−

−
−

∑∑
+

=
+

+

=
+

++

+

+

4

1

4

,
4

1

4

,
4

1

4

2
1

2
1

2
212

2
2

2
1

2
212

2
1

2
1

2
12

2
12

2
12

2
1

2
2

2
4

2
22

2
4

2
1

csh

sx

sh

sx

csh

bsx

sh

sx

csh

bsx

sh

sx

k

j
jk

k

j
jk

kk

k

k

⋮
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where 

( )( )

( ) ( ( ) ) ( ( ) ) { }

( ) { }

,12if

,...,,1,2

...,,1,,,

,,

2

2122

12

1

12

+=

















∈∀>

∈∀+=

=λ

−

+

=

+ ∑

kn

kjcsh

kjFsPdFsPdsh

FsPd

jj

jjj

k

i

ik

 

and 

( ) ( ( ) )

( ) ( ( ) ) ( ( ) ) { }

( ) { }

( ) ( )

( ),12if

.2

,1...,,2,2

1...,,2,,,

,,

1

1

2

212

2

2122

22

1

12

+=





















>













−λ

+∈∀>

+∈∀+=

=λ

∑

∑

+

=

+

−

+

=

+

kn

csh

kjcsh

kjFsPdFsPdsh

FsPd

k

j

jk

jj

jjj

k

i

ik

 

In addition, by symmetry ( ) ( ),,, xyyx →  we found a family { } { }mnng ...,,1∈  of 

Lorentzian n-ellipses where for all { } ngmn ,...,,1∈  is a pure spacelike curve with 

nFF ...,,1  vertices of a pure timelike polygon as foci, and 

( ) n

n

i

i PFd λ=∑
=1

,  

for all .ngP ∈  
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