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an infinite circular cylinder are analytically investigated when magnetic
and porous effects are taken into consideration. A general expression is
established for dimensionless velocity of fluid using the finite Hankel
transform. It can generate exact solutions for any motion of this kind of
the respective fluids and the problem in discussion is completely solved.
For illustration some special cases are considered and the results
validation is graphically investigated. Finally, graphical representations
showed that the fluid flows faster and the steady state is later reached

in the absence of magnetic field or porous medium.

1. Introduction

The exact solutions for initial-boundary value problems can describe
flows of some fluids or deformations of solids in different circumstance or
may be used to test numerical methods for more complex motion
problems. Unfortunately, there are few exact solutions in the existing
literature for magnetohydrodynamic (MHD) flows of non-Newtonian
fluids in cylindrical domains. For second grade fluids, for instance, we
mention the results of Jha and Apere [1] and Jamil and Zafarullah [2].

Constitutive equation of these fluids is given by the relation [3]
T = —pI + pA; + 0y Ay + 0p A7, (1)

where T is the stress tensor, —pl is the constitutively part of the stress
due to the constraint of incompressibility, | denotes the fluid viscosity,
oq and oy are material constants and A; and Ay are the first two

Rivlin-Ericksen tensors.

In this short note, we provide a general expression of the
dimensionless velocity field for MHD axial Couette flows of the electrical
conducting incompressible second grade fluids (ECISGFs) through a
porous medium in an infinite circular cylinder. This expression allows us
to determine exact solutions for any flow of this type of the respective
fluids and the problem in discussion is completely solved. For illustration,

as well as for the validation of this expression, some special cases are
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considered and two comparative graphs are included. Finally, the effects
magnetic field and porous medium on the fluid behavior are graphically
depicted and discussed. It was found that the fluid flows slower and the
steady state is earlier obtained in the presence of a magnetic field or

porous medium.

2. The Problem Presentation

Let us consider the MHD axial Couette flow of ECISGFs through a

porous medium in an infinite horizontal circular cylinder that, after the
moment ¢ = 0%, moves along its axis with the velocity Vf(¢). Here, V is
constant and the function f(-) is piecewise continuous and f(0) = 0. For

such a motion we are looking for a velocity field of the form [4]
w =w(r, t)= (0,0, w(r t)), 2)
in a suitable system of cylindrical coordinate r, ©® and z. Substituting

w(r, t) from Eq. (2) in (1) one finds that the non-trivial shear stress

t(r, t) satisfies the following relation

or, t) = (u + oy %) awg;’ t); O<r<a, t >0, (3)

where a is the radius of cylinder. The continuity equation is identically

verified.

In the absence of a pressure gradient in the flow direction but in the

presence of a magnetic field of strength B perpendicular to the z-axis of

the coordinate system, the balance of linear momentum reduces to the

relevant partial differential equation [2]

dw(r,t) _our,t) 1 _p2 I a; Jd .
P =5t (r, t)— 6B w(r, t) —p |1+ m w(r, t);

O<r<a, t>0, 4)
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in which p 1is the fluid density, ¢ 1is its electrical conductivity, ¢
(0 < @ <1) is the porosity and k£ (> 0) denotes the permeability of

porous medium. The corresponding initial and boundary conditions are

given by the relations
w(r, 0) =0, 0<r<a w(a, t) = VF(@), t>0. (5)

Introducing the following non-dimensional functions and variables

* * * * * * 2 *
w :lw, =% :lr, t :Lt, f(¢ ):f[a—t j (6)
a 2 Y

and dropping out the star notation one finds the dimensionless forms

T(r, t) = (1 + ocij ow(r, t); O0<r<l1, t>0, (7)
ot or
ow(r,t) otur,t) 1 B B ( 0 )
7w 71(7‘, t)— Mw(r,t)- K|1+ ocgjw(r, t);

0O<r<l1l, t>0, 8

of the governing equations. In above relations v = u/p is the cinematic

viscosity of the fluid, the constant o = o / (pa?) and the magnetic and
porous parameters M and K, respectively, are defined by the next

relations

M = (cB?/p)(a®/v) = (a®/u)oB?, K = (¢/k)a>. ©)

Eliminating (r, ¢) between Egs. (7) and (8) one obtains the governing

equation

1
+ =
r

qu(r, t) _ ( 9 ){82w(r, t) ¢
r

P 1+a=; 52

ow(r, t)
ot

- Muw(r, t) - K(l + Oca%)w(r, t), (10)
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for the dimensionless velocity field w(r, t). The corresponding initial and

boundary conditions are given by the relations

w(r,0)=0, 0<r<1; w@t)=/Fft), t>0. (11)

3. Solution of the Problem

Applying the finite Hankel transform to Eq. (10) and bearing in mind
conditions (11) and the relation (61) from Section 14 of the reference [5]

one finds the ordinary differential equation

dwg (1) 1w + Koy 1 ) ,
+ w (r,, t) = —2—=T—[f(t) + af (t)];
ot 1+o(r2 + K) HXn 1+o(r2 + K)
>0, (12)

for finite Hankel transform wpg(r,, t) of w(r,t). Here, r, are positive

roots of Jy(r) = 0.

Solving this equation with the initial condition wg(r,, 0) = 0 and

applying inverse finite Hankel transform to the obtained result one

obtains the dimensionless fluid velocity

N Jo(rr,)
- () - X o
wir, t) = f(t) - 20 + o )f(t)nZ:; L et Ry )
oo t 9
r,Jo(rr,) e _M ]
X”Z Iy ()L + o} + K)P J.f(t e p[ 1+0c(r3+K)S] 5. (13)

The corresponding shear stress can be immediately obtained substituting

w(r,t) from Eq. (13) in (7). Since f(-) is an arbitrary function, the

problem in discussion is completely solved. For illustration, as well as to

verify the correctness of obtained results and to bring to light some
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characteristics of the fluid behavior, some special cases are considered.
3.1. The cylinder oscillates along its symmetry axis

Replacing f(¢) by H(t)cos(wt) or H(t)sin(wt) (where H(t) is the unit
step function) in Eq. (13) one obtains dimensionless starting velocities
w.(r,t) and wg(r, t) corresponding to the MHD Couette flows of

ECISGFs through a porous medium in an infinite circular cylinder that

oscillates along its symmetry axis with the velocity V cos(wt) or
V sin(wt), respectively. It is well known the fact that these motions

become steady in time and, as expected, the respective starting velocities
can be presented as sums of their steady state (permanent or long time)

and transient components, namely
We(r, t) = wep(r, ) +we(r, t), wy(r, t) = wep(r, t) + wg (1, );
O0<r<1, ¢t>0. (14)

In above relations

JO(rrn)

wep(r, t) = cos(ot) — 2(1 + oK) cos(ot) rdy(m)[1 + a(r + K)]

n=1

oo

—aM
"o k“@m;;aﬁhm»u+am?+Kn

rn(rr% + Keff )JO(rrn)

oo

+ 20(1 — oM) sin(u)t)z

n=

rnJO(rrn)
andr (1) (15)

oo

rn(rr% + Keff )Jo(l"l”n)
= a,dy ()L + ofr? + K]

we(r, t) = 21 — oM)

2

+ K

xexp—rn—zefft , (16)
1+a(ry + K)
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Jo(rr,)

= sin - K)sin
w1, t) = sin(t) - 2(1 + oK) sin(wt) rdy(n )1+ a(rZ + K)]

n=1

+ 2(1 — aM) sin(wt) 3

n=1

ru(re + Ko o (rry)
a1 (r)[1 + (12 + K)]

oo

r,Jo(rr,)
- 2(,0(1 - OLM) COS(OJt) E_ W s (17)
B - r,Jo(rr,) r,% + Kofy
et = 20003 Gy EOEE L

in which the constants a, = (rZ + Ko 2 + 0?1 + o(r2 + K)? with

n=123, ...

Direct computations, using the governing equation for steady

motions, show that the steady state velocities w,(r, t) and wg,(r, t) can

be presented in simpler forms, namely

INYES io Iolrvs o
Wep(r, t) = Re{%e t}, Wep(r, t) = Im{%e t};
0O<r<1, t>0, (19)

where & = [K 4 +io(l + aK)]/ (1 +ioa), Kgp =M+ K is effective
permeability and I(-) is the modified Bessel function of zero order.
Figures 1 clearly shows the equivalence of the expressions of wp,(r, )

and wg,(r, t) given by Egs. (15), (19)1 and (17), (19)z, respectively.
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Figure 1. Equivalence of the expressions of wp,(r, t) and wg,(r, t) given
by Eqgs. (15), (19)1 and (17), (19)2, respectively, for a = 0.8, B = 0.5,
®=7/6, M =2, K =4 and three values of ¢.

3.2. The cylinder slides along its axis with the constant velocity
\%

Substituting f(¢) by H(t) in Eq. (13) or making @ = 0 in (14): one
finds the dimensionless starting velocity wce(r, t) corresponding to the

motion of ECISGFs induced by cylinder that moves along its axis with the
constant velocity V. This velocity can be also written as sum of its steady

and transient components, i.e., wc(r, t) = wey, (r) + we (v, ¢) in which

wcp( =1- ZKeffZ T‘T‘n) ) (20)
= 100+ Keopp)

~ > rnJ()(rrn)
wee(r, ) = =201 OLZVIZ1 r + o) [1+a(r + K)J(r,)

2

+ K

xexp| - —1 el |, @y
1+ao(r; + K)



EXACT GENERAL SOLUTIONS FOR MHD AXIAL ... 63

An equivalent form for the steady velocity wc,(r), namely wc,(r) =

Io(ryKef )/ Io({Kgp ), can be obtained making @ =0 in Eq. (191
From Eq. (20) it clearly results that the steady velocity wcy,(r), which is

the same for Newtonian and second grade fluids, does not depend on the
parameters M and K independently but only by means of the effective

permeability Keff- Consequently, a two parameter approach in this

steady motion of the incompressible Newtonian or second grade fluids is
superfluous. In all other cases the similar solutions corresponding to
same motions of the incompressible Newtonian fluids can be immediately

obtained making o = 0 in the general solutions for second grade fluids.

4. Some Graphical Representations and Conclusions

In this note the motion problem of ECISGFs through a porous
medium in an infinite circular cylinder that moves along its symmetry
axis is completely solved when influence of magnetic field and porous
medium is taken into account. General expression that has been
established for the dimensionless velocity of the fluid can generate exact
solutions for any motion of this kind of the respective fluids. For
illustration some special cases were considered and results correctness
was graphically proved. Velocity field for the incompressible Newtonian
fluids performing the same motion can be immediately obtained putting

o = 0 in general solution.

Now, in order to bring to light the influence of magnetic field and
porous medium on the fluid behavior, Figures 2 and 3 are prepared for a
fixed value of the material constant o and increasing values of magnetic
and porous parameters M or K. From these figures it clearly results
that the fluid velocity wc(r, t) increases in time but is a decreasing
function with respect to the two parameters. Consequently, the fluid

flows faster in the absence of a magnetic field or porous medium.
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Moreover, as expected, the diagrams of the starting velocity w¢(r, t) tend
to overlap with that of its steady component wy,(r) for increasing values
of the time ¢. In this way the required time to reach the steady or
permanent state is obtained. It declines for increasing values of M or K.

It means that the steady state is earlier reached in the presence of the

magnetic field or porous medium.
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Figure 2. Convergence of starting velocity wc(r,t) to its steady

component wc,(r) for a =03, K=2 M =025 or M =0.75 and

increasing values of ¢.
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Figure 3. Convergence of starting velocity wc(r,t) to its steady
component wey,(r) for a =03 M =07, K=2 or K=3 and

increasing values of ¢.
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Finally, we conclude with an important remark concerning the

governing equation for shear stress that can be obtained for such motions

of ECISGFs. More precisely, eliminating w(r, t) between Egs. (7) and (8)

one finds the following governing equation

o(r, t) _ 9\ %*(r,t) 1ot t) 1
5 (1 +o at){ . o 3 or, t)

_ M, t) - K(1 ‘ a%)r(r, 0, 22)

for the non-trivial shear stress 1(r, ). This equation, which is first time

mentioned here, can be useful for the study of MHD motions of the same

fluids through a porous medium in an infinite circular cylinder that

applies a shear stress Sf(¢) to the fluid. The shear stress corresponding to

such motion can be determined following the same way as before while

the adequate velocity field can be obtained solving the linear ordinary

differential equation (8).
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