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Abstract

Let M be a I'-semiring. In this paper, we introduce the notion of

extensions of fuzzy ideals, fuzzy weakly completely prime ideals and
fuzzy 3-weakly completely prime ideals of M X M. In particular, we
study some of the relationships between fuzzy weakly completely prime
ideals, fuzzy 3-weakly prime ideals in terms of the extension of fuzzy

ideals of M x M. Our work is inspired by [1].

1. Some New Notions and Notations

Remark 1.1. We assume M is a I'-semiring as defined in [1].

Definition 1.2. Let M be a I'-semiring. A fuzzy subset L of M x M will be
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called a fuzzy ideal if for all (x, m), (v, v)e M xM, o€ T, it holds
(@) wx+y, m+v) = min{u(x, m), u(y, v)},

(b) w(xoy, mow) > max{u(x, m), u(y, v)}.

Definition 1.3. Let M be a I'-semiring. A fuzzy ideal f of M xM will be
called a fuzzy k-ideal of M x M if f(x, m) = min{f(x+ y, m+v), f(y, v)} for
all (x, m), (y,v)e M xM.

Definition 1.4. Let M be a I'-semiring, L be a fuzzy subset of M x M, and
s€ M. The fuzzy subset (s, u): M xM [0, 1], defined by (s, u)(x, m) =
w(sowx, som) for all (x, m)e M xM, o e I, will be called an extension of |1 by

s.
Definition 1.5. Let M be a I'-semiring. If u is a fuzzy subset of M X M, we

define suppu = {(s, s)e M XM |u(s, s) > 0}.

Definition 1.6. Let M be a I'-semiring, A be a subset of M XM, and
(x, m)e M xM. We define (x, A) ={(s, s)e M xM |(xas, mas)e A} for all

ael.

Definition 1.7. Let M be a I'-semiring. We say W is a fuzzy weakly
completely prime ideal if W(x;0ux,, xjos ) = max{u(x;, x), W(x,, x5)} for all

(x1, x1), (x5, x5)e M, and o e I.

Definition 1.8. Let M be a I'-semiring. A fuzzy ideal © of M x M will be
called 3-weakly completely prime ideal if for all (xj, xi), (x5, x5 ), (x3, x3)

e MxM, ae I, wehave
H(xpop0urg, xjoupon ) = max{p(x 0w, xjous ), w(xjous, xjous )}
= max{l-l(xzwffx’ x,z(XXé )7 u(xza“xl? x'ZOUCi )}

= max{u(x306x1, xéa‘x{ )7 “'('x3(x“x27 xéo‘“xé)}
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2. Some Properties

Proposition 2.1. Let M be a commutative T -semiring. If W is a fuzzy ideal of

M XM, and s € M, then the extension of L by s is a fuzzy ideal of M X M.

Proof. Obviously, (s, u) is a fuzzy subset of M xM. Let (x, m), (y, v)

€ M xM, and a, B € T. Observe we have the following
(s, W(x + y, m+v) = p(sox + y), salm +v))
= u(sox + souy, soum + so)
> min{u(sowx, som), WisoLy, sow)}
= min{(s, p)(x, m), (s, W(y, v)}
which implies
s, W(x+ v, m+v) = ming(s, w)(x, m), (s, )y, V).
Also
(s, W(xBy, mPv) = p(souPy, samPy)
> u(sowx, som)
= (s, W)(x, m).
Hence
(s, W)(xBy, mBv) = (s, p)(y, v)
which implies (s, 1) is a fuzzy ideal of M x M.

Proposition 2.2. Let M be a T -semiring. If W is a fuzzy k- ideal of M X M,

and s € M, then the extension of W by s is a fuzzy k- ideal of M X M.

Proof. By the previous Proposition, (s, ) is a fuzzy ideal of M X M. Since [
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is a fuzzy k- ideal of M x M, then
w(sowx, som) = min{u(sox + soy, soum + sow), wsoy, sow)}
for all (x, m), (y,v)e M xM, oe I. Thus,
(s, w)(x, m) = min{(s, W)(x + y. m+v), (s, Wy, v)}
forall (x, m)(y,v)e M xM, aeT. So (s, 1) isa fuzzy k-ideal of M x M.

Proposition 2.3. Let M be a T'-semiring, s€ M, and W\ be a fuzzy ideal of
M X M. Then

(@) nc (s, W1,
(b) <(soc)"_ls, },l> c <(s0c)" 8, ].L> for every natural number n, o€ T,
(©) If W(s, s) > 0, then supp(s, 0y =M X M.

Proof. Let M be a I'-semiring, s € M, W be a fuzzy ideal of M X M, and

ael.

For (a) Since | is a fuzzy ideal of M x M, by Proposition 2.1, {s, 1) is an
ideal of M x M. Now

(5. 1(x. m) = plserr, soum) > p(x, m)
forall (x, m)e M xM and o in I', which implies W (s, 1).

For (b) For all natural numbers n and for all (x, m)e M XM, o, Be T, we

have
((so0)"s, w)e. m) = w((sa)" sBx, (s00)" sm)
= n(sa(sa) L spx, salsa) " spm)

> p((sa)" " s, (sot)" " spm)
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= ((s0)" "5, w)(x, m)
which implies <(s0c)” s, u> c <(s0c)"_1s, u>.
For (c) Let u(s, s) >0, (x, m)e M x M. Now
(s, W)(x, m) = p(sowx, sam) > u(s, s) > 0
which implies
(s, w)(x, m) 20
which implies
x< supp{s, 1)
for all (x, m)e M x M. Thus
M < supp(s, ).
By Definition 1.5,
supp(s, W) € M
which implies
M = supp(s. ).

Proposition 2.4. Let M be a T -semiring, A be a subset of M XM, and

(x, mM)e M x M. Then
(s, Ma) = Mg a)

for all (s, s)e M XM, where A, denotes the characteristic function of

AcCMXxXM.

Proof. Let (x, m)e M xM, o e I. Observe
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(s, Mg )(x, m) = A 4 (sowx, som) =1 or 0.
(@) If (s oy )(x, my =1, then a4 (sowx, som) =1 forall (s, s)(x, m)e M x M,
o € I', which implies
(sowx, soum) e A
for all (s, s)(x, m)e M x M, o e T, which implies
(x, m) € (s. A)
which implies
s, 4y (x, m) = 1.

(b) If (s, A4)(x, m) =0, then A4 (sox, soum) =0 forall (s, s)e M XM, and

o € I', which implies

(sowx, soum) g A
which implies

(x, m) & (s, A)
which implies

Mg, a)(x, m)=0
which implies

(8, Xa) = M, -

Theorem 2.5. Let M be a T'-semiring, and L be a fuzzy weakly completely
prime ideal of M XM. If (x,m)e M XM is such that W(x, m)=

inf(y,v)eMxMu(yy v), then ((x, m), By = L.

Proof. Let (y, v)e M x M. Clearly, inf(, v)eprxpr W(y, v) is in [0, 1]. Thus
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((x, m), u)(y, v) = wW(xory, mow). Since W is a fuzzy weakly completely prime ideal
of M X M, then

u(xary, mow) = max{u(x, m), u(y, v)}.
Thus either

w(xoy, mow) = p(x, m)
or

u(xay, mow) = pu(y, v).

Suppose p(xoy, mov) # W(y, v). Then pw(xoy, mow) = u(x, m). Since U is a fuzzy

ideal of M x M, by Proposition 2.3, u < ((x, m), u) which implies
u(y, v) < ((x, m), u)(y, v)
which implies
w(y, v) < ulxoy, mow)
which implies
H(y, v) < plx, m).
Also since p(x, m) = inf(y ,)eprxpr Wy, v), this implies
uix, m) < u(y, v).

From p(x, m) = W(y, v) and p(xoy, mow) = w(y, v), we get a contradiction. It

follows that pu(xoy, mow) = w(y, v) which implies
(x, (v, v) = uly, v)
forall (y, v)e M x M. Hence ((x, m), 1Ly = L.

Theorem 2.6. Let M be a commutative T -semiring, |\ be a fuzzy subset of
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M XM such that (s, s), W) = W for every (s, s") € M X M, then W is constant.

Proof. Let M be a commutative I'-semiring, |l be a fuzzy subset of M X M
such that ((s, s"), p) = for every (s, s)e M xM and (x, m)(y, v)e M X M.

Then ((x, m), W) = n and {(y, v), u) = u. Thus
w(y, v) = ((x, m), w)(y, v)
= p(xoy, mow)
= u(yow, voun)
=((y, v), Wlx, m)
= u(x, m)
which implies U is constant.

Theorem 2.7. Let M be a T'-semiring, W be a fuzzy ideal of M XM,
Imp = {1, o}. Suppose ((y, v), W) =W, for all those (y,v)e M XM, for which

W(y, v) = o Then W is a fuzzy weakly completely prime ideal of M x M .

Proof. Let (x;, x]), (x5, x5) € M x M. Since W is a fuzzy ideal of M XM,

(xiBxy, xiBx3) 2 ulxy, x7) and plxiBxy, xiPxy) 2 plxy, x3).
Case 1. p(xBrs, xipa3) = (. 37)
Then w(x;, x7) = W(xy, x5) which implies
max p(xy, x1), f(xy, x5) = plxp, 1) = By, xiBxs).
Case 2. (x By, xipx3) # plxy. ¥3)

Then W(x;, x{) is not maximal of W(M xM), otherwise W(x;, xj)=1=
u(x;Bxy, x{Bx5) which is a contradiction. Thus, u(x;, x;) = o, and by hypothesis

(u(x;, x1), 1wy = which implies
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(uxp, x0), Wu(ry, x5) = ulxp, x3)
which implies
(B, x{Bxz) = ulxz, x3)
which implies
H(xg, x5) = u(xfoy, xiBay) = plxy, xq)
which implies
w(xBxy, x{Bx3) = max u(x;, xi), n(xy, x3).
It follows that p is a fuzzy weakly completely prime ideal of M x M.

Theorem 2.8. Let M be a commutative T -semiring and |\ be a fuzzy ideal of
M X M. Then W is a fuzzy 3-weakly prime ideal of M X M iff any extension of |

by (x, m), where (x, m)e M XM, is a fuzzy weakly completely prime ideal of
M xXM.

Proof. Suppose | is a fuzzy 3-weakly completely prime ideal of I'-semiring

M and (x, m)e M, o€ I. Observe
((x, m), W) = plxowgouey, mowjou; )
= max{u(xow;, mouxi), p(xowx,, mou; )}
= max{((x, m), W(xy, x7), ((x, m), w)(xa, x3)}

for all (x;, x7), (xp, x3)€ M xM, ae . Thus ((x, m), W) is a fuzzy weakly
completely prime fuzzy ideal of M x M, for every (x, m)e M x M. Conversely,
suppose {(x, m), W) is a fuzzy weakly completely prime ideal of M X M, for every

(x, m) e M x M. Observe we have the following

W00 03, xjos0u3) = ((x, m), w(xs0urs, X503 )
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= max{((x;, x), W)(x2, x3), (x> x1), W3, X3)}

= max{pu(x; 00y, xjous ), m(opours, xjows3 )}
and since p is commutative, then by Defintion 1.8, u is a fuzzy 3-weakly
completely prime ideal of M X M.

3. Open Problem

To our knowledge the following is unsolved:

Conjecture 3.1. Let M be a commutative I'-semiring, and u be a fuzzy ideal
of M xM. If n is a weakly completely prime ideal of M X M, then p is a fuzzy 3-

weakly completely prime ideal of M x M.
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