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Abstract 

The notion of modal -Θ valent set ( )smΘ  noted ( ) ,, αFpZF  p prime, is 

defined by F. Ayissi Eteme in [3]. In this note, the purpose is to 

construct the Θm  completion of Fraction Field of -p adic numbers on 

;ZFp  which respects the structure of .smΘ  We think that this approach 

will bring something of interest to the notion of set of -p adic numbers 

pZ  as presented by Alain M. Robert in 2000 [2]. 
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0.1. Introduction 

A Θm  approach of the notion of set [1] has allowed to bring out the 

new classes of sets: Θm  sets. The Θm  sets present an enrichment from 

the logical view-point compared with the classical sets. Indeed, with the 

notion of Θm  sets, we can mathematically speak of smΘ  of Θm  -p adic 

integers ZZ p  such that the subset of the Θm  invariants of ZZ p  is pZ  

the classical -p adic set, 

( ) ., pp FC ZZ Z =′α  

A Θm  approach of Θm  ring ZZ p  would consist in enriching the 

alphabet pF  by taking instead of this one, a richer alphabet as the prime 

Θm  field ZFp  with 2p  elements [3]. 

The purpose of this paper is to define on the Θm  set ( )αFp ,ZF  a 

notion of completion of Fraction Field of -p adic Integers which respects 

its structure of Θm  set in the same manner completion of Fraction Field 

of -p adic Integers is defined on a finite classical field. 

Section 2 recalls the essential notions of Θm  set for our purpose. 

Section 3 presents first and briefly ,pZ  the classical set of -p adic 

integers as in [2] and then defines a study of Θm  Ring .ZZ p  Section 4 is 

devoted to establish the Θm  fraction field of .pZ  Section 5 presents the 

Θm  completion of .ZQp  

0.2. The Modal -Θ valent Set Structure and the 

Algebra of ( )αFp ,ZF  

0.2.1. The modal -Θ valent set structure 

Θm  sets are considered to be non-classical sets which are compatible 



THE Θm  COMPLETION OF FRACTION FIELD OF … 

 

17 

with a non-classical logic called the chrysippian Θm  logic. 

Definition 0.1. Let E  be a non-empty set, I  be a chain whose first 

and last elements are 0  and ,1  respectively, ( )
*IF ∈αα  where =*I  

{ }0\I  be a family of applications form E  to .E  

A Θm  set is the pair ( ( ) )
*

, IFE ∈αα  simply denoted by ( )αFE,  

satisfying the following four axioms: 

� ( ) { ( ) { } ;:

*

∅≠∈=

∈α

α

α

α ExxFEF

I

II  

� ,, *I∈βα∀  if ,β≠α  then ;βα ≠ FF  

� ,, *I∈βα∀  ;ββα = FFF o  

� ,, Eyx ∈∀  if ( ) ( ),,* yFxFI αα =∈α∀  then .yx =  

Theorem 0.1. (The theorem of Θm  determination) 

Let ( )αFE,  be a Θm  set. 

,, Eyx ∈∀  yx Θ=  if and only if ,*I∈α∀  ( ) ( ).yFxF αα =  

Proof 0.1. [3]. 

Definition 0.2. Let ( ) ( ).,

*

EFFEC

I

I
∈α

αα =  We call ( )αFEC ,  the set 

of Θm  invariant elements of the Θm  set ( )., αFE  

Proposition 0.1. Let ( )αFE,  be a Θm  set. The following properties 

are equivalent: 

1. ( );

*

EFx

I

I
∈α

α∈  

2. ( ) ;,* xxFI =∈α∀ α  
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3. ( ) ( );,, * xFxFI βα =∈βα∀  

4. ( ).,* xFxI µ=∈µ∃  

Proof 0.2. [3]. 

Definition 0.3. Let ( )αFE,  and ( )α′′ FE ,  be two Θm  sets. Let X  be 

a nonempty set. We shall call 

1. ( )α′′ FE ,  a modal -Θ valent subset of ( )αFE,  if the structure of 

Θm  set ( )α′′ FE ,  is the restriction to E ′  of the structure of the Θm  set 

( ),, αFE  this means: 

� ;EE ⊆′  

� .,: * EFFI ′αα =′∈αα∀  

2. X  a modal -Θ valent subset of ( )αFE,  if: 

� ;EX ⊆  

� ( )XFX α,  is a smΘ  which is a modal -Θ valent subset of 

( )., αFE  

In all what follows we shall write xFα  for ( ),xFα  EFα  for ( ),EFα  

etc. 

Example 0.1. For ,*Nn ∈  we define the closed chain 

{ }

{ }





≥−=

=
=

− .3if1...,,1,0

;2if2,1,0

1 nn

n
I

nN
 

The Θm  set ( ).,, αFn ZZ Z  

Let us set ( )
*In rpx ∈αα+=Z  where ZZ nx \∈  ( rprpnx ,;+=  
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).11; −≤≤∈ nrZ  







≥

=
∈

− .3if

;2if

1

2

n

n
x

n
n

Z

Z
Z  

Let us set 

( )( ){ }.mod0: nxxnn ≡¬∪= ZZ ZZ  

We define for all ;*I∈α  

ZZ ZZ nnF →α :  

( )








−≤≤∈+=

∈=α+=

∈=

α

α

.11;,:

\,

,

21221

21

nbbbbnbb

nbbaifbbaF

aifaaF

a
n

Z

ZZ

Z

Z
a  

( )αFn ,ZZ  is a Θm  set such that ( ) ., ZZ Z =αFC n  

Consider ( )αF,2ZZ  

{ };...,7,5,3,1 22222 ZZZZZ ZZ ∪=  

( ) { } { } ;2,1101 2
2,12 ZZ ∈=⋅α+= ∈α  

( ) { } { } ;3,2113 2
2,12 ZZ ∈=⋅α+= ∈α  

( ) { } { } ;4,3125 2
2,12 ZZ ∈=⋅α+= ∈α  

( ) { } { } ;5,4137 2
2,12 ZZ ∈=⋅α+= ∈α  

M  

;21 ZZZ == FF  

;1110121 =⋅+=ZF  ;2120122 =⋅+=ZF  
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;2321 =ZF  .3322 =ZF  

0.2.2. The Algebra of ( )αFp ,ZF  

Let ,N∈p  a prime number. Let us recall that if ,ZFpa ∈  then 

{ ( )( )};mod0: pxx ppp ≡¬∪= ZZ FF  { }.1...,,2,1,0 −= ppF  

We define the Θm  support of a  denoted ( )as  as follows: 

( )
( )( )




≡=

∈
=

.mod0withif

;if

pxxax

aa
as

p

p

Z

F
 

Thus ( ) .pas F∈  

Definition 0.4. Let ⊥  be a binary operation on .pF  So, ,, pba F∈∀  

.pba F∈⊥  Let ., ZFpyx ∈  We define a binary operation *⊥  on ZFp  as 

follows: 

( ) ( )
( ) ( )( ) ( )

( ) ( )( )






⊥




≡⊥

∈
⊥

=⊥

.otherwise
,otherwisemod0

,,
if

*

Z

F

p

p

ysxs
pysxs

yx
ysxs

yx  

*⊥  as defined above on ZFp  will be called a Θm  law on ZFp  for 

., ZFpyx ∈  Thus we can define ZFpyx ∈+  and ZFpyx ∈×  for every 

,, ZFpyx ∈  where +  and ×  are Θm  addition and Θm  multiplication, 

respectively. 

Theorem 0.2. ( )×+α ,,, FpZF  is a Θm  ring of unity 1  and of Θm  

unity .
1

Zp
 

Proof 0.3. [1]. 

Remark 0.1. Since p  is prime, ( )αFp ,ZF  is a Θm  field. 

Definition 0.5. x  is a divisor of zero in ( )αFp ,ZF  if there exists 
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ZFpy ∈  such that .0=× yx  

Example 0.2. 1. ,2=p  we have { }.3,1,1,0 222 ZZZF =  

The table of Θm  determination and tables laws of ZF2  

ZF2  0  1  Z21  Z23  

1F  0  1  1  0  

2F  0  1  0  1  

 

Θ+  0  1  Z21  Z23  

0  0  1  Z21  Z23  

1  1  0  0  0  

Z21  Z21  0  0  0  

Z23  Z23  0  0  0  

 

Θ×  0  1  Z21  Z23  

0  0  0  0  0  

1  0  1  Z21  Z23  

Z21  0  Z21  Z21  Z23  

Z23  0  Z23  Z23  Z21  

Observation. 

ZF2  has no divisor of zero, is a Θm  ring from four elements, that is a 
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Θm  field of four elements. 

2. ,3=p  we have { }.8,7,5,4,2,1,2,1,0 3333333 ZZZZZZZF =  

The table of Θm  determination and tables laws of ZF3  

ZF3  0 1 2 Z31  Z32  Z34  Z35  Z37  Z38  

1F  0 1 2 1 2 2 0 0 1 

2F  0 1 2 2 1 0 2 1 0 

 

+  0 1 2 Z31  Z32  Z34  Z35  Z37  Z38  

0 0 1 2 Z31  Z32  Z34  Z35  Z37  Z38  

1 1 2 0 Z32  0 Z35  0 Z38  0 

2 2 0 1 0 Z34  0 Z37  0 Z31  

Z31  Z31  Z32  0 Z32  0 Z35  0 Z38  0 

Z32  Z32  0 Z34  0 Z34  0 Z37  0 Z31  

Z34  Z34  Z35  0 Z35  0 Z38  0 Z32  0 

Z35  Z35  0 Z37  0 Z37  0 Z31  0 Z34  

Z37  Z37  Z38  0 Z38  0 Z32  0 Z35  0 

Z38  Z38  0 Z31  0 Z31  0 Z34  0 Z37  

          

×  0 1 2 Z31  Z32  Z34  Z35  Z37  Z38  

0 0 0 0 0 0 0 0 0 0 
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1 0 1 2 Z31  Z32  Z34  Z35  Z37  Z38  

2 0 2 1 Z32  Z34  Z38  Z31  Z35  Z37  

Z31  0 Z31  Z32  Z31  Z32  Z34  Z35  Z37  Z38  

Z32  0 Z32  Z34  Z32  Z34  Z38  Z37  Z35  Z37  

Z34  0 Z34  Z38  Z34  Z38  Z37  Z32  Z31  Z35  

Z35  0 Z35  Z31  Z35  Z31  Z32  Z37  Z38  Z34  

Z37  0 Z37  Z35  Z37  Z35  Z31  Z38  Z34  Z32  

Z38  0 Z38  Z37  Z38  Z37  Z35  Z34  Z32  Z31  

0.3. The Θm  Ring ZZ p  of -p adic Integers 

0.3.1. pZ  the set of -p adic integers [2] 

Definition 0.6. A -p adic integer is a formal series ∑ ≥0i

i
i pa  with 

integral coefficients ia  satisfying 

.10 −≤≤ pai  

In particular, if ,
0∑ ≥

=
i

i
i paa  ∑ ≥

=
0i

i
i pbb  ( ),,with pii ba F∈  

we have 

.0allfor ≥=⇔= ibaba ii  

Remark 0.2. From the definition, we immediately infer that the set 

of -p adic integers is not countable. 

0.3.2. The Θm  ring ZZ p  

ZZ p  is smΘ  of -p adic integers which has ( ) pp FC ZZ Z =′α,  as the 
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subset of modal -Θ valent invariants. 

Definition 0.7. A Θm  -p adic integer is a formal series ∑ ≥0i

i
i pa  

with integral coefficients ZFpia ∈  satisfying 

( ) ;piaF F∈α    .*I∈α∀  

With this definition, a Θm  -p adic integer ∑ ≥
=

0i

i
i paa  can be 

identified with the sequence ( ) 0≥iia  of its coefficients, and the set of Θm  

-p adic integers coincides with the Cartesian product 

.

0

N
ZZZ FF p

i

ppX ∏
≥

==  

The usefulness of the series representation will be revealed when we 

introduce algebraic operations on these Θm  -p adic integers. Let us 

already observe that the expansions in base p  of natural integers 

produce Θm  -p adic integers, and we obtain a canonical embedding of 

the set of natural integers { }...,2,1,0=N  into .ZpX  

1. Addition of Θm  -p adic integers 

Let us define the sum of two Θm  -p adic integers a  and b  by the 

following procedure. The first component of the sum is ( ) ( ),00 bFaF αα +  

*I∈α∀  if this is less than or equal to ,1−p  or ( ) ( ) pbFaF −+ αα 00  

otherwise. In the second case, we add a carry to the Θm  component of p  

and proceed by addition of the next Θm  components. In this way, we 

obtain a series for the sum that has Θm  components in the desired 

range. More succinctly, we can say that addition is defined Θm  

componentwise, using the system of carries to keep them in .pF  
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Example 0.3. Let 3=p  and 

,...3032383131 43
3

2
3

1
3

0 +×+×+×+×+×= ZZZa  

...3037323435 43
3

21
3

0
3 +×+×+×+×+×= ZZZb  

with an infinity of zero coefficients from .4=i  

To simplify the notation, we will simply note 

( )...,0,2,8,1,1 333 ZZZ=a    and   ( )....,0,7,2,4,5 333 ZZZ=b  

We calculate the different Θm  values of a  and .b  

( ) ( )...,0,2,1,1,11 =aF  and ( ) ( ),...,0,1,0,2,12 =aF  

( ) ( )...,0,0,2,2,01 =bF  and ( ) ( )....,0,1,2,0,22 =bF  

Thus 

( ) ( ) ( ) ( )( )bFaFbFaFba 2211 , ++=+  

( ) ( )( )...,0,1,0,0,0,0,...,0,1,0,1,0,1=  

( )....,0,1,0,8,0,8 33 ZZ=  

So 

( )....,0,1,0,8,0,8 33 ZZ=+ ba  

2. Product of two Θm  -p adic integers 

Let us define the product of two Θm  -p adic integers by multiplying 

their expansions Θm  componentwise, using the system of carries to keep 

these Θm  components in the desired range .pF  

This multiplication is defined in such a way that it extends the usual 

multiplication of elements of ,ZFp  written in base .p  
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Example 0.4. Let 3=p  and 

( );...,0,5,4,2,1,7 333 ZZZ=a    ( )...,0,2,8,2,0,1 333 ZZZ=b  

with an infinity of zero coefficients from .6=i  We calculate the different 

Θm  values of a  and .b  

( ) ( )...,0,0,2,2,1,01 =aF    and   ( ) ( ),...,0,0,0,2,1,1,12 =aF  

( ) ( )...,0,2,1,2,0,11 =bF    and   ( ) ( )....,0,1,0,2,0,22 =bF  

Thus 

( ( ) ( ))baFbaFba ××=× 2
2

2
1 ,  

( ( ) ( ) ( ) ( ))bFaFbFaF 2211 , ××=  

(( ) ( ))...,0,2,1,2,0,1,1,0,1,...,0,1,1,1,2,0,1,2,0=  

( )....,0,1,1,1,4,7,1,4,7 333333 ZZZZZZ=  

So 

( )....,0,1,1,1,4,7,1,4,7 333333 ZZZZZZ=× ba  

Definition 0.8. Let ∑ ≥
=

0i

i
i paa  be a Θm  -p adic integer. If 

,0≠a  that is, ,*I∈α∀  ( ) ,0≠α aF  there is a first index ( ) 0≥= Θ avv  

such that ( ) .0≠α vaF  This index is the -p adic order 

( ) ( ),aordavv pZ== Θ  and we get a Θm  map 

{ } .0: NZ ZZ →−=Θ
ppordv  

Proposition 0.2. The ring ZZ p  of Θm  -p adic integers is an Θm  

integral domain. 

Proof 0.4. The commutative Θm  ring ZZ p  is not { },0  and we have to 



THE Θm  COMPLETION OF FRACTION FIELD OF … 

 

27 

show that it has no zero divisor. Let therefore ,0
0

≠= ∑ ≥i

i
i paa  

,0
0

≠= ∑ ≥i

i
i pbb  and define ( ),avv Θ=  ( ).bvw Θ=  Then va  is the 

first nonzero Θm  coefficient of ,a  ,*I∈α∀  ( ) ,0 paF v << α  and 

similarly wb  is the first nonzero Θm  coefficient of .b  In particular, p  

divides neither va  nor wb  and consequently does not divide their product 

wvba  either. By definition of multiplication, the first nonzero Θm  

coefficient of the product ab  is the Θm  coefficient wvc +  of ,wvp +  and 

this Θm  coefficient is defined by 

( ) ( ) ( ) ( ).mod,0, 2
* pbaFcFpcFI wvwvwv α+α+α ≡<<∈α∀  

0.4. The Fraction Field of ZZ p  

Let ( )αFp ,ZF  be the finite Θm  field with 2p  elements. 

Definition 0.9. The Θm  mapping 

Zpapaa

i

i
i mod0

0

a∑
≥

=  

defines a ring Θm  homomorphism ZZ FZ pp →εΘ :  called reduction 

.mod Zp  

This reduction Θm  homomorphism is obviously surjective, with 

kernel 

{ ( ) } .0,:

0

1

1

0* ZZ ZZ p

i

i
i

i

i
ip ppappaaFIa =













===∈α∀∈ ∑∑
≥

+

≥

α  

Since the quotient is a Θm  field, the kernel ZZ pp  of Θε  is a maximal 

ideal of the Θm  ring .ZZ p  
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Theorem 0.3. The Θm  group ×
ZZp  of invertible elements in the Θm  

ring ZZ p  consists of the Θm  -p adic integers of order zero, namely 

.0: 0

0 











≠= ∑
≥

× apa

i

i
ipZZ  

Proof 0.5. If a Θm  -p adic integer a  is invertible, so must be its 

reduction ( )aΘε  in .ZFp  This proves the inclusion ⊂×
ZZp  

.0: 00 





 ≠∑ ≥

apa
i

i
i  Conversely, we have to show that any Θm  

-p adic integer a  of order ( ) 0=Θ av  is invertible. In this case the 

reduction ( ) ZFpa ∈εΘ
0  is not zero, and hence is invertible in this field. 

Choose ,*I∈α∀  ( ) pbF << α 00  with ( )ZZ pba p mod100 ≡  and write 

( ) .100
2 pkbaF ×+=α  Hence, if we write ( ) ,0 kpaaF ′×+=α  then 

( ) kpbkppkbaF ′′×+=′+×+=⋅α 11 00
2  

for some Θm  -p adic integer .k ′′  It suffices to show that the classical 

-p adic integer pk ×′′+1  is invertible, since we can then write 

( ) ( ) ,11
1

0
2 =×′′+⋅ −
α pkbaF    ( )( ) ( ) ( ) .1

1
0

1 −
α

−
α ×′′+= pkbFaF  

In other words, it is enough to treat the case ( ) ,10 =α aF  

( ) .1 pkaF ×′′+=α  Let us observe that we can take 

( ) ( ) ...11
21 −×′′+×′′−=×′′+ −

pkpkpk  

,...1 2
11 +×+×+= pcpc  

with integers .pic F∈  This possibility is assured if we apply the rules for 

carries suitably. 
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Remark 0.3. The ring ZZ p  of Θm  -p adic integers has a unique 

maximal ideal, namely 

.×−= ZZZ ZZZ pppp  

The statement of the preceding remark corresponds to a partition 

C ZZZ ZZZ ppp p×=  (a disjoint union). In fact, one has a partition 

{ } .0

0

×

≥

=− ZZ ZZ p

k

k
p pC  

Definition 0.10. Every nonzero Θm  -p adic integer ZZ pa ∈  has a 

canonical representation ,upa v=  where ( )avv Θ=  is the -p adic order 

of a  and ×∈ ZZpu  is a Θm  -p adic unit. 

The principal Θm  ideals of the ring ,ZZ p  

( ) { ( ) },: kxordxpp ppp
kk ≥∈== ZZZ ZZ  

have an intersection equal to { }:0  

{ }.0......
0

=⊃⊃⊃⊃⊃
≥Ik

p
k

p
k

pp ppp ZZZZ ZZZZ  

Indeed, any element 0≠a  has an order ( ) ,kav =Θ  hence ( ).1+∉ kpa  

In fact, these principal Θm  ideals are the only nonzero ideals of the ring 

of Θm  -p adic integers. 

Proposition 0.3. The ring ZZ p  is a principal Θm  ideal domain. 

More precisely, its ideals are the principal ideals { }0  and ,ZZp
kp  .N∈k  

Proof 0.6. Let { }0≠I  be a nonzero Θm  ideal of ZZ p  and Ia ∈≠0  

an element of minimal order, say ( ) .∞<= Θ avk  Write upa k=  with a 
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Θm  -p adic unit .u  Hence Iaupk ∈= −1  and ( ) .Ipp p
kk ⊂= ZZ  

Conversely, for any ,Ib ∈  let ( ) kbvw ≥= Θ  and write 

.ZZp
kkwkw puppupb ∈′×=′= −  

The ring of Θm  -p adic integers is an Θm  integral domain 

(Proposition 0.2). Hence we can define the field of Θm  -p adic numbers 

as the fraction field of ZZ p  

( ).ZZ ZQ pp Frac=  

We have seen that any nonzero Θm  -p adic integer ZZ px ∈  can be 

written in the form upx m=  with a Θm  unit u  of ZZ p  and N∈m  the 

order of .x  The inverse of x  in the Θm  fraction field will thus be 

.
1 .1−−= up
x

m  This shows that this Θm  fraction field is generated-

multiplicatively, and a fortiori as a Θm  ring by ZZ p  and the negative 

powers of .p  We can write 

.
1




=

ppp ZZ ZQ  

The representation .11 −−= up
x

m  also shows that ZZ p
mp

x
−∈

1
 and 

C
0≥

−=

m

p
m

p p ZZ ZQ  

is a union over the positive integers .m  These considerations also show 

that a nonzero Θm  -p adic number ZQpx ∈  can be uniquely written as 

upx m=  with Z∈m  and a unit ;×∈ ZZ pu  hence 

C
0≥

×−× =

m

p
m

p p ZZ ZQ  
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is a disjoint union over the rational integers .Z∈m  

0.5. Θm  Completion of ZQp  

0.5.1. The smΘ  of -ZQp sequences 

Definition 0.11. Intrinsic metric of ZQp  or Θm  metric space on 

ZQp  is any list defined as follows: 

( ),,, ZZQ pp dFα  or simply ( )ZZQ pp d,  

with Zpd  a Θm  -p adic metric such that: 

( ) ,0≥=∀ iixx   ( ) ;0 ZQpiiyy ∈= ≥   ( )
( )

( )
,

1,
sup,

0 yxvi

ii

i
p

pp

yx
yxd

−≥
Θ

=
δ

=Z  

where ( )






=

≠
=δ

ii

ii

ii
yx

yx
yx

if0

if1
,  is the discrete topology. 

Definition 0.12. ( )ma  is a Θm  Cauchy sequence of ,ZQp  =ma  

,,
0∑ ≥i

i
im pa  if and only if ( )ma  verifies the following statement: 

,*
+∈∀ Qε    ( ) .,,: 0

*
0 ε≤⇒≥′′′∈∃ ′′′ mmp aadmmmm ZN  

( )pQ℧℧ =  is the set of sequences of elements of pQ  noted 

( ) ;: mam ∀  .pma Q∈  

( )pQΩ=Ω  is the set of Cauchy sequences of .pQ  

Let Zp℧  be the set of sequences of elements of ( );: mp a∀ZQ  

,*I∈α∀  ( ) ( ) ( ).pmm aFaF Q℧∈= αα  

Remark 0.4. 1. ( )αFp ,Z℧  is a smΘ  whose the subset of Θm  

invariants, ( )ZpC ℧  is ( );pQ℧  so 



PEMHA BINYAM GABRIEL CEDRIC et al. 

 

32 

( ) ( )., pp FC QZ ℧℧ =α  

2. ( )αΩ Fp ,Z  is a smΘ  whose the subset of Θm  invariants, ( )ZpC Ω  

is ( );pQΩ  so 

( ) ( )., pp FC QZ Ω=Ω α  

Definition 0.13. Let ( )ZZ Qpmp ΘΩ=Ω  be the set of Θm  Cauchy 

sequences of ( ).ZQp  

0.5.2. Θm  construction of �ZQp  

Definition 0.14. We define ZpR  in ZpΩ  as follows: 

( ) ( ) ( ) ( )mpmpmm baba ZZ R,, Ω∈∀  

( ( ) ).,:, 0
*

0
* εε ≤⇒≥∈∃∈∀⇔ + mmp badmmm ZNQ  

Consequence 0.1. 1. Let .Ω= ZpRR  By definition, 

( ) ( ) ( ) ( )mmmm baba R,, Ω∈∀  

( ( ) ),,:, 0
*

0
* εε ≤⇒≥∈∃∈∀⇔ + mm badmmm NQ  

where ( )
( )

.
1

,
mm bavmm

p
bad

−
=  

2. ( ) ( );, mm ba∃  ( ) ( ) Zpmm ba Ω∈,  such that ( ) ,Ω−Ω∈ Zpma  ∈mb  

Ω   but ( ) ( ).mpm ba ZR  

Therefore ( ) ( );mpm ba ZR  either ( ) ( ) Ω−Ω∈ Zpmm ba ,  or ( ) ( )mm ba ,  

.Ω∈  

Observation 0.1. 1. Since ZpR  is respectful with the Θm  structure 

of ZpΩ  
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( ) ( ) ( ) ( ).,* mmmm bFaFIba αα∈α∀⇒ RR  

Therefore let �ZpΩ
Z

Z

p

p

R

Ω
=  be the Θm  quotient smΘ  modulo ZpR  of 

.ZpΩ  

2. Let N  be defined as follows: 

( ) ( ) ( ) ( ){ }.0:; RN mmm aaa Ω∈=  

It is known that N  is a maximal ideal of .Ω  ZpN  defined as follows: 

( ) ( ) ( ){ }NN ∈∈α∀Ω∈= α mpmmp aFIaa ,:; *ZZ  

respects all the Θm  structures of ZpΩ  and even is a Θm  maximal ideal 

of ZpΩ  for all its Θm  algebraic structures. Obviously, .
Z

Z

Z

Z

p

p

p

p

RN

Ω
=

Ω
 

Let �ZQp .
Z

Z

p

p

N

Ω
=  

The following remark results from the preceding observation. 

Remark 0.5. �ZQp  is a Θm  quasifield whose the subfield of the Θm  

invariants, ( )�
ZQpC  is �pQ ( )�

ZQpC: �
pQ= . 

Consider the following commutative diagram: 

 

With the following definitions ( ) ( ).:: mppp aajaja =∈∀ ZZZQ a  

( ) ( )( )
( )

;:
Z

ZZ
p

m
mm

a
aa

pp RRR =ϕϕ a      �Zpj
�
Zpjx a: ( )

( )
.

Zp

ma
a

R
=  
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1. By construction, �Zpj ZZ pjp
oRϕ=  is a Θm  isomorphism of Θm  

ring from the ZQpfmΘ  over the sub ( )ZQpjfm ˆΘ  of �ZQp . 

2. =ĵ �
Zpj pQ

 is a field isomorphism of pQ  over the subfield ( )pj Qˆ  

of �pQ . 

Definition 0.15. 1. Let ,0 ZQpa ∈  ( )ma  a sequence of elements of 

;ZQp  ( )ma  Θm  converges ( )cvmΘ  to ;0a  notation ( ) 0acvmam →Θ  if 

and only if: 

( ) .,:, 00
*

0
* εε ≤→≥∈∃∈∀ + aadmmm mpZNQ  

2. ( )ma  Θm  converges to a  in ZQp  is equivalent to the following 

statement: 

( )maFI α∈α∀ ,*  converges to ( )aFα  in .pQ  

Proposition 0.4. ,ZQpa ∈∀  ,: *IJJ ⊂≠∅∀  ( ) .Zpma ℧∈∀  If 

,J∈α∀  ( )maFα  converges to ( ) ,paF Q∈α  then ( ) -Jam converges to 

.ZQpa ∈  

Proof 0.7. Since ,α∀  ,J∈α  N∈∃ α0m  such that →≥ α0mm  

( ) ,, *
+αα ∈∀≤ Qε

ε

JCard
aFaFd m  .J∈α∀  

Let { };max 00 α= mm  then ( )
JCard

aFaFdmm m
ε

≤→≥ αα ,0  

,*
+∈∀ Qε  .J∈α∀  Therefore ( ) ( )( ) ε≤∑ ∈α ααJ m aFaFd ,  what is 

( ) ε≤aad mJ ,  and ( ) -Jam converges to a  in .ZQp  

Lemma 0.1. If ∈̻ �
ZQp , then 

( ) ;̻∈∀ ma  ( )maĵ Θm  converges to ̻  in �ZQp . 
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Proof 0.8. It is obvious that in �ZQp  as well as in ZQp  the following 

statements are equivalent: 

1. ( )ma  Θm  converges to ̻  in ZQp  and 

2. ,*I∈α∀  oαF �
Zpj ( )ma  converges to ̻αF  in �pQ . 

So that it then remains the same to state that ,*I∈α∀  ( )maFj α
ˆ  

converges to ̻αF  in �pQ . That is 

,*I∈α∀ ,*
+∈∀ Qε αα ≥∈∃ 0

*
0 : mmm N  

( )( ) .,
*ICard

FaFjd m
ε

̻ ≤⇒ αα  

Let { },max 00 * α∈α= mm I  if ,0mm ≥∀  then ,*I∈α∀  

( )( )̻αα FaFjd m ,  .
*ICard

ε
≤  Therefore ( )( ) ., ε̻ ≤αα FaFjd m  

This means that ,*
+∈∀ Qε  Zpdmm ⇒≥ 0 (�Zpj ( ) ) ., ε̻ ≤ma  So that 

( )maĵ Θm  converges to ̻  in �ZQp . 

Remark 0.6. It is obvious that *: IJJ ⊂≠∅∀  if ∈̻ �
ZQp , 

( ) ( ),ZQpJma Ω∩∈∀ ̻  then ( ) cvJam  to ̻  in .ZQp  One would then 

say that ZQp  is -J dense in �ZQp . 

ZQp  is Θm  dense in �ZQp . 

Theorem 0.4. Let ( )α′Fp ,ZK  be a fmΘ  such as ZQp  is Θm  dense in 

ZK p  and any Θm  Cauchy sequence of ZK p  cvmΘ  in ,ZK p  then 

�
Zpf∃ �

ZQp: ZK p→  such that �Zpf  is a Θm  isomorphism of �
ZQp  over 

,ZK p  ( )Zpfs  is unique and �
ZQ

Z
p

pf .
ZQp

id=  
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Proof 0.9. Any Θm  Cauchy sequence of �ZQp  is a Θm  Cauchy 

sequence of .ZK p  Let then �
ZQpa ∈ˆ  and ( ) Zpma Ω∈  such that 

( )
.ˆ

Zp

ma
a

R
=  It is known that ( )ma  cvmΘ  say to â  in �ZQp . 

As a Cauchy sequence of ,ZK p  let a′  be the Θm  limit of ( )ma  in 

.ZK p  Define now f  as follows: 

�
Zpf
�
ZQp: ZK p→ : .ˆ aa ′a  

By definition of �Zpf  and the respective laws of �ZQp  and ,ZK p  

�

ZQ
Z

p
pf .

ZQp
id=  

0.6. Conclusion 

This note shows that ZQp  is a Θm  Fraction Field of ,ZZ p  the ring of 

Θm -p adic integers compatible with the Θm  structure as presented in 

[4]. 

ZQp  is Θm  dense in �ZQp . �ZQp  is the unique Θm  completion of 

ZQp  and 

( �ZQpC , ) =′αF �
pQ . 

The results obtained in this paper can be used in the construction of 

the compact topological Θm  ring ZZ p  of Θm  -p adic integers and of its 

quotient Θm  field ZQp  the locally compact Θm  field of -p adic numbers. 
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