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1. Introduction

In 2011, Azam et al. [1] introduced the notion of complex valued metric space
which is the generalization of the classical metric space and obtained sufficient
conditions for the existence of common fixed points of a pair of contractive type

mappings involving rational expressions.

Afterwards several authors have dealt and studied with fixed points and common

fixed point theory in complex valued metric space (see for instance [2-6, 9]).

Recently, Sintunavarat et al. [7] introduced the concept of a C-Cauchy sequence
in C-complete complex valued metric space and established the existence of common

fixed point theorem in C-complete complex valued metric spaces.

In 2016, Kumar et al. [8] proved common fixed point theorems for weakly
compatible maps, weakly compatible along with (CLR) and (E.A.) properties in C-

complete complex valued metric spaces.

Very recently, Dubey et al. [9] established common fixed point theorems for a
pair of mappings satisfying rational inequality in C-complete complex valued metric

spaces.

So, in this paper, we shall establish and prove some common fixed point results
for mappings satisfying rational type contractive condition in which the constant has
been replaced by control function, in the framework of C-complete complex valued
metric space. Our results unify, generalize and compliment the comparable results

from the current literature [7-8].
2. Preliminary

The following definitions and results will be needed in the sequel.

Let C be the set of complex number and z;, z, € C. Define a partial order <
on C as follows: z; < z, if and only if Re(z;) < Re(zy) and Im(z;) < Im(z,),

thatis, z; < 2z, if one of the following hold:

(C)) Re(z)) = Re(zy) and Im(zy) = Im(z,),
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(C2) Re(z)) < Re(zy) and Im(zy) = Im(z,),
(C3) Re(z;) = Re(z,) and Im(z;) < Im(z,),
(Cy) Re(z1) < Re(zy) and Im(z;) < Im(z,).

Particularly, we write z; < zp if z; # zp and one of (C,), (C;) and (Cy) is

satisfied and we will write z; < z, if only (C,) is satisfied.

d

Remark 2.1. We denote that following statements hold:

(i) a,be R and a <b=az < bz, Vze C.
(i) 0z z1 2 22=|zl<|znl
(i) z; <% zp and zp < 73 = 77 < 3.

Definition 2.2 [1]. Let X be a non empty set and let the mapping

: X X X — C satisfies the following conditions:

(d) 0 < d(x, y) forall x, ye X;

(dy) d(x, y)=0iff x=1y, Vx, ye X;

(d3) d(x, y)=d(y, x) forall x, ye X;

(dy) d(x, y) < d(x, z)+d(z, y) Vx, y, z€ X.

Then d is called a complex valued metric on X and the pair (X, d) is called a

complex valued metric space.

Example 2.3. Let X = C. Define the mapping d : X x X — C by

d(zp, ) = = x|+ y1 = y2 1

where z; = x; +iy; and z, = xy + iy,.

Then (X, d) is a complex valued metric space.
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Definition 2.4 [1]. Let (X, d) be a complex valued metric space. Then

(1) A point x e X is called an interior point of a set A € X whenever there

exists 0 < r € C such that
Blx, r)={ye X :d(x, y)<r}c A
(2) A point x € X is called a limit point of A whenever for all 0 < r € C,
B(x, )N (A-{x}) # @.

(3) A set Ac X is called an open set whenever each element of A is an

interior point of A.

(4) Aset A < X is called closed set whenever each limit point of A belongs to

(5) A sub-basis for a Hausdorff topology T on X is the family
F{B(x,r):x€ X and 0 < r}.

Definition 2.5 [1]. Let (X, d) be a complex valued metric space, {x,} be a

sequence in X andlet x e X.

(1) If for any c € C with 0 < ¢, there exists N € N such that for all n > N,
d(x,, x) < c. Then {x,} is said to be convergent to a point x€ X and x is the

limit point of {x,}. We denote this by

lim x, =xorx, = xasn — oo,
n—oo

(2) If for any c € C with 0 < ¢, there exists N € N such that for all n > N,

d(x,, x,,,) < c, where m € N, then {x,} is called Cauchy sequence in X.

(3) If every Cauchy sequence in X is convergent, then (X, d) is said to be

complete complex valued metric space.

Lemma 2.6 [1]. Ler (X, d) be a complex valued metric space and {x,} be a
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sequence in X. Then {x,} converges to x if and only if |d(x,, x)| > 0 as

n — oo,

Lemma 2.7 [1]. Let (X, d) be a complex valued metric space and {x,} be a
sequence in X. Then {x,} is a Cauchy sequence if and only if | d(x,,, X,1,,)| = 0

as n — o where me N.

Further, Sintunavarat et al. [7], introduced the notation of a C-Cauchy sequence

in C-complete complex valued metric space as follows:

Definition 2.8 [7]. Let (X, d) be a complex valued metric space and {x,} be a

sequence in X as x e X.

(i) If for any ¢ € C with 0 < ¢, there exits k € N such that for all m, n > k,

| d(x,, X,4m)| < c, then {x,} is called a C-Cauchy sequence in X.

(i) If every C-Cauchy sequence in X is convergent, then (X, d) is said to be a

C-complete complex valued metric space.
And he also proved the following fixed point result:

Theorem 2.9 [7]. Let S and T be self-mappings of a C-complete complex
valued metric space (X, d). If there exist mappings o, B: C, — [0, 1) such that

forall x, ye X:
(@) a(x)+B(x) <1,

(b) The mapping v : C, — [0, 1) defined by

_ofx)
v(x) = ) el.

d(x, $9d(y, Ty)

© d($5.79) 3 old(x. (s )+ Bld(x. ) S0

Then S and T have a unique common fixed point.

After that, in 2018, Dubey et al. [9], proved the following fixed point results:
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Theorem 2.10 [9]. Let S and T be self-mappings of a C-complete complex
valued metric space (X, d). If there exist mappings a, B, y: C, xC, — [0, 1)

such that forall x, ye X:
(i) a(x) +Blx) + v(x) <1,
(ii) The mapping w: C,. x C, — [0, 1) defined by

_alx, y)
u(x9 Y) - 1_B(x, y) € F

d(x, Tx)[1+d(x, Sx)]
1+d(x, y)

(iii) d(Sx, Ty) 2 olx, y)d(x, y) +Bx, y)

d(y, Sx)[1+d(x, Ty)]
1+d(x, y) ’

+7(x, y)

Then S and T have a unique common fixed point.

3. Main Results

Throughout this paper, R denotes a set of real numbers, C, denotes a set
{ce C,:0 < ¢} and T denotes the class of functions p:C, xC, — [0, 1)

which satisfies the condition:
for (x,, y,)in C, xC,,
wx,, y,) > 1= (x,, y,) = 0.

We extend and generalize of the results [7, 8, 9] and obtain common fixed point

theorem for rational expression in C-complete complex valued metric space.

Theorem 3.1. Let K and L be self-mappings of a C-complete complex valued
metric space (X, d). If there exist mappings M\i, Ay, A3, Ag, A5 : CL xC,

— [0, 1) such that

7\-1(.7(?, )’)"‘7\-2(% y)+7\‘3(-x’ Y)+7\-4(x» )’)+7\-5(x» Y) < 1 (31)
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The mapping W : C, x C, — [0, 1) defined by

_ 7\.()(?, y)+7\‘4(-x’ y)
R e T W P B W e

I. (3.2

(K, Ly) = M y)d(x y) + Ag(r, y) L0 K00 Ly)

1+d(x, y)
gl ) T O T ) A L)
(e ) d(y, Ly)d(y, Kx) (3.3)

1+d(x, y)
Then K and L have a unique common fixed point.

Proof. Let xj € X be an arbitrary point in X. We construct the sequence {x,,}

in X such that
X141 = Kxyp,
Xp142 = Lxo,y, for all 1 > 0. (3.4)
For [ 2 0, we get
d(x1415 Xp142) = d(Kxyy, Lxyiy)

(07, Kxpp)d(x141, Lxpy41)
1+d(x, x41)

d
< M(ggs xp)d (x5 Xpp41) + Ao (x5 X2741)

) d(xy;, Lxpyq)d(xp41, Kxpp)
L+ d(xy, Xp741)

+ A3 (xp, X741

(x21, Kxg)d(xgy, Lxyy4)
1+ d(xy, xp41)

d
+ Ay (x5 X0741)

)d(x21+17 Lxyp1)d(xp741, Kxyp)

+ A ,
5(x21 X21+1 1+ d(le, x21+1)
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(a1, X9141)d (X141, X2142)
1+d(xy, xo741)

d
= 7¥1(X21’ x21+1)d(x21’ x21+1) + kz(xzz’ x21+1)

d(xo7, Xp142)d(X01415 Xo741)
+ A3 (x5 x0741) T+ d(x )
205 X21+1
(21, Xp141)d (X975 X142)
1+d(xy, x741)

d
+ Ag (x5 X9141)

d(x7415 X9142)d (X141, X2741)
+7\,5(x21, x21+1) +1+d2—x21 X +1) =
> X204
(a1, X9141)d(Xp141> X2142)
1+d(xy, xo41)

d
= 7¥1(X21’ x21+1)d(x21’ x21+1) + kz(xzz’ x21+1)

d(xo;, xp741)d (X3, X0742)
L+ d(xg, x41)

+Ag (x5 X9141)

2 M (gps xgp40)d (x, xop41) + o (g, xp00)d (x40, X2742)
+hg (o, X0 Hd (xag, xo41) + d (X415 X9742)}
which implies that
d(xp415 Xo142) = W, Xop41)d(xy, Xp141), (3.5)

M(x, ) +Ay(x, y)
1=2p(x, ¥) = Ag(x, y)°

where | =

Similarly, for [ = 0, we get

d(xy112, Xo143) = H(xor41s X2142)d (X741, X2142)- (3.6)
From (3.5) and (3.6), we get
d(xpp, X9p41) 2 Wxgy1, X91)d(xy_y, Xy), forall 1€ N.
Therefore, we get

| d(xpp5 x0141) | < W(xgyys 29y d(xgy_y, X)) |
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< | d(.X2l_1, le)l for all / € N. (37)

= The sequence {| d(xy_y, x3) [}, is @ monotone non-increasing and bounded

below, therefore,
| d(xp;_1, xp;)| — 9, for some & > 0.
Next we claim that § = 0. Assume contrary that & > 0.

Proceeding limit as [ — oo, we have from (3.7), W(xy;_q, xo;) — L.

Since w e I, so, we get (xy;_q, xp;) — 0, thatis, | d(xy;_;, xo;)| — 0, which

is contradiction. Therefore, we have 6 = 0, i.e.,
| d(x31_15 x97) | = 0. (3.8)

Next, we show that {x,;} is C-Cauchy sequence. According to (3.8), it is sufficient
to prove that the subsequence {x,;} is a C-Cauchy sequence. Let, if possible, {x,;}
is not a C-Cauchy sequence. So, there is ce C with 0 < ¢, for which for all

k € N, there exists m(k) > I(k) > k, such that
d(le(k)» x2m(k)) <« (3.9)

Further, corresponding to [(k), we can choose m(k) in such a way that it is the

smallest integer with m(k) > I(k) = k satisfying (3.9). Then, we have

d(le(k)» x2m(k)) 2 (3.10)
and

d(x20)s Xam(r)-2) < ¢ (3.11)
From (3.10) and (3.11), we have

c = d(le(ky x2m(k))

LA

d(XZZ(k)’ x2m(k)—2)+ d(xzm(k)—z» x2m(k)—1) + d(x2m(k)—1’ x2m(k))
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<c+ d(me(k)—Z’ x2m(k)—l)+ d(x2m(k)—1’ x2m(k))-
This implies that

le] < | d(x21(k)’ x2m(k))|

<lel+ d| (x2m(k)—2’ x2m(k)—1)| + d| (x2m(k)—1’ xzm(k))|-

On taking limit k — oo, we get
|d(x21(k)’ x2m(k))| —|cl. (3.12)

Further, we have

d(x2l(k)’ x2m(k)) = d(XZI(k)’ xzm(k)+1)+ d(x2m(k)+l’ x2m(k))
< d(x21(k)’ x2m(k))+ d(x2m(k)’ x2m(k)+1)
+ d(x2m(k)+17 x2m(k))
= | d(le(k)’ x2m(k))| < | d(x2l(k)’ x2m(k))|
+| d(x2m(k)9 x2m(k)+1)| +| d(xzm(k)w xzm(k))|-
Letting, k — oo and using (3.8) and (3.12), we get

| d(x21(k)’ x2m(k)+1)| —|cl. (3.13)
Now

d(XZI(k)’ x2m(k)+l)
= d(x2l(k)’ xzz(k)+1)+ d(x2l(k)+1’ x2m(k)+2)+ d(x2m(k)+27 xzm(k)+1)
= d(x2l(k)’ xzz(k)+1)+ d(Kx2l(k)’ Lx2m(k)+1) + d(x2m(k)+29 x2m(k)+l)

3 d(x2l(k)’ xzz(k)+1)+ kl(xzz(k)’ x2m(k)+1)d(x2l(k)’ xzm(k)+1)
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d(xZZ(k)’ Kx21(k))d(x2m(k)+l’ Lxlm(k)+l)
1+ d ) X2m(x)+1)

+ 7L2(3621(k)’ sz(k)+1)

d(XZZ(k)’ Lx2m(k)+l)d(x2m(k)+l’ szz(k))
1+ d(x90)> Xom(x)+1)

+ 7‘3(x2l(k)’ x2m(k)+l)

d(xZZ(k)’ Kx21(k))d(x21(k)’ Lxlm(k)+l)
1+ dx)s X2m(x)+1)

+ 7¥4(x21(k)’ x2m(k)+1)

d(xzm(k)+1» Lx2m(k)+l)d(x2m(k)+l’ Kx2l(k))
1+ d(x90)> Xom(x)+1)

+ 7‘5(x2l(k)’ sz(k)+1)

+ d(x2m(k)+2v x2m(k)+l)
= d(x21(k)’ x21(k)+1)+ 7»1()621(1()’ x2m(k)+l)d(x21(k)’ x2m(k)+l)

d(xzz(ky x21(k)+1)d(x2m(k)+17 x2m(k)+2)
1+ d{x)s X2m(x)+1)

+ 7L2(3621(k)’ sz(k)+1)

d(XZZ(k)’ X2m(k)+2 )d(x2m(k)+l’ x21(k)+1)
1+ dou0)s Xom(x)+1)

+ 7‘3(x2l(k)’ x2m(k)+l)

d(xzz(ky x21(k)+1)d(x21(k)7 x2m(k)+2)
1+ dx1)s Xom(x)+1)

+ Mg (r2100) Xom(a)s1)

d(x2m(k)+l’ x2m(k)+2)d(x2m(k)+l’ le(k)+1)
1+ dx)s X2m(k)+1)

+ 7‘5(x2l(k)’ sz(k)+1)

+ d(x2m(k)+2’ x2m(k)+l)-
Tmplies that
| d(xZZ(k)’ x2m(k)+l)|
< | d ey %2004+ M 2wy Xomiaoye)| @020y Xam@era1)|

d(x2l(k)’ x2l(k)+1)d(x2m(k)+l’ x2m(k)+2)
1+ d(xp0)> Xom(k)+1)

+ Ao (210> Xam(x)e1)
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+ 7¥3(x21(k)’ sz(k)+1)
+ Ag (210> Xam(x)e1)

+ 7L5(3521(k)7 x2m(k)+1)

d (XZZ(k)’ Xom(k)+2 )d (x2m(k)+l’ Xzz(k)+1)

1+ d(le(k), -x2m(k)+l)

d(x2l(k)’ x2l(k)+1)d(x21(k)’ x2m(k)+2)

1+ d(le(k)’ xzm(k)+l)

d(xlm(k)+17 Xom(k)+2 )d(me(k)H’ x21(k)+1)

1+ dxya)s Xom(x)+1)

+| d (x2m(k)+2’ x2m(k)+l)|

IN

d(le(k), x2l(k)+1)d(x2m(k)+l’ x2m(k)+2)

| d(xzz(ky x21(k)+1)| + M(xzz(k)’ x2m(k)+l)| d(xZZ(k)’ x2m(k)+l)|

1+ d (o )s Xom(x)+1)

d(le(ky x2m(k)+2)d(x2m(k)+17 le(k)+1)

1+ dx)» Xom(x)+1)

d(le(k), x2l(k)+1)d(x2l(k)’ x2m(k)+2)

L+ dxo)» Xom(x)+1)

d(xlm(k)+17 Xom(k)+2 )d(me(k)H’ le(k)+1)

1+ d(le(k), x2m(k)+l)

+| d (x2m(k)+2’ x2m(k)+l)|

IN

| d(xzz(ky X20(k)+1 )|

(A + 2,y )(le(k), x2m(k)+l)

1= (A + Ay )X21(k)> X2m(e)+1

)| d(x2l(k)’ x2m(k)+1)|

+‘ d(le(ky x21(k)+1)d(x2m(k)+l’ x2m(k)+2)
1+ dx)» X2m(x)+1)

+‘ d(le(ky x2m(k)+2)d(x2m(k)+17 le(k)+1)
1+ dx)» X2m(x)+1)
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‘ d(le(ky x21(k)+1)d(x21(k)7 x2m(k)+2)
1+ dx)s Xom(x)+1)

‘ d(xzm(k)+1» xzm(k)+2)d(x2m(k)+1» le(k)+1)
L+ dxo)» Xom(x)+1)

+ | d (x2m(k)+2’ x2m(k)+1)|

< | d(le(ky x21(k)+1)| + “(xZI(k)’ x2m(k)+l)| d(x21(k)’ x2m(k)+l)|

d(XZI(k)’ x2l(k)+1)d(x2m(k)+l’ x2m(k)+2)
1+ d (o 0)> Xom(x)+1)

d(le(ky x2m(k)+2)d(x2m(k)+17 le(k)+1)
1+ dx)» X2m(x)+1)

d(XZI(k)’ x2l(k)+1)d(x2l(k)’ x2m(k)+2)
1+ dxou0)» Xam(k)+1)

d(xlm(k)+17 Xom(k)+2 )d(me(k)H’ le(k)+1)
1+ dx). Xom(x)+1)

+| d(x2m(k)+2» x2m(k)+1)|~

Taking limit as k — oo, we get

< 1 , <
|| kfi,“(le(k) "2m(k)+1)|c| ¢l

= lim pix . X =1.
ku( 21(k) 2m(k)+l)

Since ue F, we get (.le(k), .me(k)_H) —> 0, i.e., d(XZI(k)’ sz(k)_H) — 0 which

contradicts 0 < c¢. Therefore we can conclude that {x,;} is C-Cauchy and hence

{x;} is C-Cauchy sequence in X and X is complete, so there exists a point u in

K suchthat x; = u as [ — oo,

Next we prove that Ku = u. If Ku # u, then d(Ku, u) > 0.

Now
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d(KM, Lt) =< d(u, .le+2) + d(.X2l+2, KM)

d(u, x3747) + d(Lxy 1y, Ku)
=d(u, xp147) +d(Su, Lxy; )
3 d(xgrig, )+ A, x9141)d(u, x9741)

d(u, Ku)d(xg1, Lxgi 1)
1+ d(u, x2l+1)

+ Ao, x9741)

d(u, Lxy; 4 )d (x4, Ku)
1+d(u, xp41)

+ Az (U, x741)

d(u, Ku)d(u, Lxy;,)
1+d(u, xp41)

+ Ay (u, x341)

(x07415 Lxpgy)d(xp41, Ku)
1 + d(”» x21+1)

d
+ s (U, x741)

= d(xgi49, u) + M (u, x9711)d(w, x9741)

d(u, Ku)d(xy;41, X3142)
1 + d(l/l, X21+1)

+ A, x9741)

d(u, xp,2)d(xp.1, Ku)
L+ d(u, x3741)

+ A3 (u, xp741)

d(u, Ku)d(u, x347)
L+ d(u, x3741)

+ Ay (u, x2141)

d(xp141, X142 )d (X941, Ku)
1 + d(l/l, X21+1)

+ s (u, xp41)

Letting [ — o, we get

d(u, Ku)d(u, u)

o, Ku) 3 dlus )+ h s ), ) + R ) =P =0
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d(u, u)d(u, Ku)
1+ d(u, u)

d(u, Ku)d(u, u)

+ Asd(u, u) T+ dGa. o)

+ Aqd(u, u)

+ Asd(u, u)—d(”;’f;‘iii"u’){”)

= | d(u, Ku)| = 0, which is a contradiction.
Thus, we get Ku = u.
Similarly, we get Lu = u.
Therefore, u = Ku = Lu, thatis, u is common fixed point of K and L.

Finally, we show that, u# is the unique common fixed point of K and L.

Assume that there exists another point v such that v = Kv = Lv.
From (3.1), we have
d(u, v) = d(Ku, Lv)

d(u, Ku)d(v, Lv)
1+d(u, v)

< M(u, v)d(u, v) + Xod(u, v)

d(u, Lv)d(v, Ku)
1+d(u, v)

d(u, Ku)d(v, Ku)

* Ayd(u, v) 1+d(u, v)

+ Aygd(u, v)

T Asdlu, v)—d(vi f%,v’v )K“)
d(u, Lv)d(v, Ku)
1+d(u, v)

A (u, v)d(u, v) + A3d(u, v)

A

[Ay(u, v) + Asd(u, v)]d(u, v)
= | d(u, v)| < @, v) + Ayd(u, v)] d(u, v)|
= M, v)+Asd(u, v) 21,

which is contradiction and hence u = v.

Therefore, u is a unique common fixed point of K and L.
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Corollary 3.2. Let S and T be self-mappings of a C-complete complex valued
metric space (X, d) satisfying the following:

d(x, Kx)d(y, Ly) N d(x, Ly)d(y, Kx)
1+d(x, y) 1+d(x, y)

d(Kx, Ly) < od(x, y)+B

d(x, Kx)d(x, Ly) 5 d(y, Ly)d(y, Kx)
1+d(x, y) L+d(x, y)

(3.14)

Then S and T have a unique common fixed point.

Proof. By putting A;(x, y) =, Ay(x, y) =B, A3(x, y) =7 Au(x, y)=n,

As(x, y) =& in Theorem 3.1, we get the required result.

Corollary 3.3. Let K be self-mapping of a C-complete complex valued metric
space (X, d), if there exist mappings Aj, Ay, A3, Ay, A5 : C, xC, — [0, 1)
satisfying (3.1), (3.2) and the following:

d(x, Kx)d(y, Ky) s d(x, Ky)d(y, Kx)

d(x, Kx)d(x, Ky) d(y, Ky)d(y, Kx)
1+d(x, y) S 1+d(x,y)

+ XAy (3.15)

Then K has a unique fixed point in X.
Proof. By putting K = L in Theorem 3.1, we get the required result.

Corollary 3.4. Let K be self-mapping of a C-complete complex valued metric
space (X, d) satisfying the following:

(x, Kx)d(y, Ky) N d(x, Ky)d(y, Kx)

d(Kx, Ky) < od(x, y)+Bd 1+d(x, y) 1+d(x, y)

d(x, Kx)d(x, Ky) s d(y, Ky)d(y, Kx)
1+d(x, y) 1+d(x, y)

(3.16)

forall x, ye X. Then K has a unique fixed point in X.
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Proof. By putting A;(x, y) =0, Ay(x, y) =P, Az(x, y)=A, Aulx, y) =1,

As(x, y) =8 in Corollary 3.3, we get the required result.

Theorem 3.5. Let K be a self-map of a C-complete complex valued metric
space (X, d), if there exist mappings A, Ay, A3, Ay, A5 : C, xC, — [0, 1)
satisfying (3.1), (3.2) and the following:

(X, Kn-x)d(y’ Kny)

n_ gen d
d(K"x, K"y) < M(x, y)d(x, y)+ 1A, 1+d(x, y)

d(x, K"y)d(y, K"x) o d(x, K"x)d(x, K"y)

A3 1+d(x, y) 4 1+d(x, y)

d(y, K"y)d(y, K"x)

*As 1+d(x, y) ’

3.17)
forall x, ye X and some ne€ N. Then K has a unique fixed point in X.

Proof. From Corollary 3.3, K" has a fixed point u. But K" has a fixed point
Ku, since K"(Ku)= K(K"u)= Ku. Therefore, Ku =u by the uniqueness of a
fixed point K". Therefore, u is also a fixed point of K. Since the fixed point of K
is also a fixed point of K", the fixed point of K is also unique.

Corollary 3.6. Let K be self-mapping of a C-complete complex valued metric
space (X, d) satisfying the following:

d(x, K"x)d(y, K"y) . d(x, K"y)d(y, K"x)

n n
AR5 K"y) 3 od(x,y)+ B e

d(x, K"x)d(x, K"y) +8d(y, K"y)d(y, K"x)

u 1+d(x, y) 1+d(x, y) ’

(3.18)

where o, B, ¥, W, & are non-negative reals with o +B+vy+ U +08<1. Then K

has a unique fixed in X.

Proof. By putting A;(x, y) =a, Ay(x, y) =P, Az(x, y) =7V, Aslx, y)=n,
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As(x, y) = & in Theorem 3.5, we get the required result.
Now, we deduce the main results of [7] as follows.

Theorem 3.7 [7, Theorem 3.2]. Let (X, d) be a C-complete complex valued

metric space. If there exist two mappings o, :C, — [0,1) such that for all

x, ye X
(@) a(x)+p(x) <1

(b) The mapping v : C,. — [0, 1) defined by

_ o) :
Y(x) = 1= B I

()

d(x, $9d(y, Ty)

d(Sx, Ty) 3 old(x, y))d(x, y)+B—7~ a(x, y)

(3.19)

Then S and T have a unique common fixed point in X.

Proof. Define A, Ay, A3, Ay, A5 : CL. xC, —[0,1) by Ai(x, y)
= (X‘(d(x’ )’))’ 7\42()6', )’) = B(d(‘x7 )’))’ 7\,3()&', y) = 0’ 7\’4()(:’ y) = O’ 7\'5(x’ y) = O

and K =S, L=T inTheorem 3.1, we get the required result.

Corollary 3.8 [7, Corollary 3.3]. Let S and T be self-mappings of a C-

complete complex valued metric space (X, d) satisfying the following:

d(x, Sx)d(y, Ty)

d(Sx, Ty) 2 Ad(x, y)+u 1+d(x,y)

(3.20)

forall x, ye X, where A, W are non-negative reals with A+ < 1. Then S and

T have a unique common fixed point.

Proof. By putting a(d(x, y)) = A and B(d(x, y)) = 1 in Theorem 3.7, we get

the required result.
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Corollary 3.9 [7, Corollary 3.4]. Let (X, d) be a C-complete complex valued

metric space and T :X — X be a mapping. If there exist two mappings
o, B:C, —[0,1), such that forall x, ye X

() ox) + B(x) < 1;
(b) The mapping v : C,. — [0, 1) defined by

o(x)

1-B(x)

Y(x) = el

()

(-x’ Tx)d(y’ Ty) )

dTe, Ty) 3 ald(x, (x, y) + o] e (3.21)

Then T has a unique common fixed point in X.
Proof. By putting S =T in Theorem 3.7, we get the required result.

Corollary 3.10 [7, Corollary 3.5]. Let (X, d) be a C-complete complex valued
metric space and T : X — X be a mapping. If T satisfies

d(x, Tx)d(y, Ty)

d(Tx, Ty) = Ad(x, y)+u 1+d(x,y)

(3.22)

forall x, ye X, where A, L are non-negative reals with A+ L < 1, then T has a

unique fixed point in X.

Proof. By putting ad(x, y) = A and Bd(x, y) =l in Corollary 3.9, we get the

required result.

Theorem 3.11 [7, Corollary 3.6]. Let (X, d) be a C-complete complex valued

metric space and T :X — X be a mapping. If there exist two mappings

o, B:C, —[0,1), suchthat, forall x, ye X

(@ a(x)+p(x) <L
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(b) The mappings o, p: C, — [0, 1) defined by

__ox) :
Y(x) = 1= B € I

()

(X, Tn-x)d(y’ Tny)
1+d(x, y)

d(T"% T"y) < ofd(x, y)d(x, y)+ B2 (3.23)

for some ne N. Then T has a unique common fixed point in X.

Proof. From Corollary 3.9, we get T" has a fixed point u. Since
T"(Tu) = T(T"u) = Tu, we get Tu is a fixed point of T". Therefore, Tu = u by
the uniqueness of a fixed point T". Since the fixed point of T is also fixed point of
T", then we get that fixed point of T is also unique.

Corollary 3.12 [7, Corollary 3.7]. Let T be a self-mapping of a C-complete

complex valued metric space (X, d) satisfying the following:

d(x, T"x)d(y, T"y)

n n
d(T"x, T"y) 2 Md(x, y)+p 1+d(x, y) ’

(3.24)
forall x, ye X and ne N where A, L are non-negative reals with A+ < 1,
then T has a unique fixed point in X.

Proof. By putting ad(x, y) =A and Bd(x, y) =W in Theorem (3.11), we get

the required result.
4. Weakly Compatible Maps

In 1996, Jungck [10] introduced the concept of weakly compatible maps as

follows:

Definition 4.1. Two self-maps f and g are said to be weakly compatible if

they commute at coincidence points.
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Lemma 4.2 [11]. Let T : X — X be a function, then there exists a subset
E c X suchthat T(E)=T(X) and T : E — X is one to one.

Theorem 4.3. Let K and L be self-mappings of a complex valued metric space
(X, d) such that L(o)) € K(X) and K(X) is C-complete. If there exit mappings

My Ao, A3, Ay, As : CL xC, — [0, 1) satisfying (3.1), (3.2) and the following:

d(Kx, Lx)d(Ky, L
d(Lx, Ly) < A (Kx, Ky)d(Kx, Ky) + Ao (Kx, Ky) (1x+ d(;{x( Iiy) )

d(Kx, Ly)d(Ky, Lx)

+ A3(Kx, Ky) 1+ d(Kx, Ky)

d(Kx, Lx)d(Kx, Ly)
1+ d(Kx, Ky)

+ A4 (Kx, Ky)

d(Ky, Ly)d(Ky, Lx)

+ As(Kx, Ky) 1+d(Kx, Ky)

.1

forall x, ye X. Then K and L have a unique fixed point of coincidence in X.
Moreover, if K and L are compatible, then K and L have a unique common fixed

point.

Proof. Consider the mapping K : X — X. By Lemma 4.2, there exists £ c X
such that K(E) = K(X) and K : E — X is one to one.

Next we define a mapping O : K(E) —» K(E) by O(Kx)= Lx, for all
Kx € K(E). Therefore, ® is well defined, since K 1is one to one on L. Since

®o K = L, using (4.3) we get

d(Kx, OKx)d(Ky, OKy)
d(®Kx, ©Ky) < A|(Kx, Ky)d(Kx, Ky) + ko (Kx, Ky) T+ d(Kx. Ky)

d(Kx, ®Ky)d(Ky, ®Kx)

+ A3(Kx, Ky) T+ d(Kr. Ky)

d(Kx, OKx)d(Kx, OKy)
1+ d(Kx, Ky)

+ A4(Kx, Ky)
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d(Ky, OKy)d(Ky, OKx)
1+ d(Kx, Ky)

+ As(Kx, Ky) 4.2)

for all Kx, Ky € K(E). Since K(E) = K(a) is C-complete and (4.2) holds, we can
apply Corollary 3.3, with a mapping ®. Therefore, there exists a unique fixed point
u in K(X) such that ®Ou = u.

Next since u e K(X), there exists a point v in X such that u = Kv,
O(Kv) = Kv, thatis Lv = Kv.
Therefore, K and L have a unique point of coincidence.

Next, we show that K and L have a common fixed point. Now, we have
u=Lv=Kv. Since K and L are weakly compatible, we get Ku = KLv = Lv.

This implies that, u is a point of coincidence of K and L.

Finally, we prove the uniqueness of common fixed point of K and L. Assume
that, w is another common fixed point of K and L. So, w = Kw = Lw and w is

also a point of coincidence of K and L.

However, we know that, u is a unique point of coincidence of K and L.

Therefore, we get w = u, thatis, u is a unique common fixed point of K and L.
5. Weakly Compatible and (CLR) Property

In 2011, Sintunavarat et al. [12], introduced the notion of (CLR) property as

follows:

Definition 5.1. Two self-mappings f and g of a metric space (X, d) are said

to satisfy (CLR f) property if there exists a sequence {0, } in X such that

lim fx, = lim gx, = fx,
n—o0 n—>oo

for some x € X.

In a similar mode, we use this property in complex valued metric space.
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Theorem 5.2. Let K and L be self-mappings of a complex valued metric space
(X, d) such that

(a) K and L are weakly compatible;

(b) K and L satisfy (CLRf) property,

d(Kx, Lx)d(Ky, Ly)
1+ d(Kx, Ky)

d(Lx, Ly) < M(Kx, Ky)d(Kx, Ky) + A, (Kx, Ky)

d(Kx, Ly)d(Ky, Lx)

+23(Kx, Ky) 1+ d(Kx, Ky)

d(Kx, Ly)d(Ky, Lx)
1+ d(Kx, Ky)

+ A4 (Kx, Ky)

d(Ky, Ly)d(Ky, Lx)

+ As(Kx. Ky) 1+d(Kx, Ky)

5.1

where Aj, Ay, A3, Ay, A5 : C. xC, — [0,1) be the mappings satisfying (3.1).

Then K and L have a unique common fixed point.

Proof. Since K and L satisfy the (CLRf) property, there exists a sequence

(x,) in X such that

lim Kx, = lim Lx, = Kx,

n—yoo n—yoo
for x e X.

We claim that

From (5.1), we have

d(Kx,, Lx,)d(Kx, L)

d(Lx,, Lx) < A{(Kx,, Kx)d(Kx,, Kx) + L, (Kx,, Kx) T+ d(Kr.. Kn)
ne

d(Kx,, Lx)d(Kx, Lx,)

+ A3(Kx,, Kx) T+ d(Kr.. K2)
ne
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d(Kx,, Lx)d(Kx,, Lx)

+ Ay (Kx, Kx) 1+ d(Kx,, Kx)

d(Kx, Lx)d(Kx, Lx,)

+ As(Kx, Kx) T+ d(Kr. K2)
ne

(5.2)

Letting L — oo, we get d(Kx, Lx) < 0, which implies that | d(Kx, Lx)| < 0, that
is Kx = Lx.

Let u=Kx=Lx. Since K and L are weakly compatible mappings,
KLx = LKx, implies that

Ku = KLu = LKu = Lu.
Now, we claim that, Lu = u. Let, if possible, Lu # u. From (5.1), we have
d(Lu, u) = d(Lu, Lx)

d(Ku, Lu)d(Kx, Lx)

< A(Ku, Kx)d(Ku, Kx) + Ay (Ku, Kx) T+ d(Ku. K0

d(Ku, Lx)d(Kx, Lu)
1+ d(Ku, Kx)

d(Ku, Lx)d(Ku, Lx)
1+ d(Ku, Kx)

+ A3 (Ku, Kx) + Ay (Ku, Kx)

d(Kx, Lx)d(Kx, Lu)

+ As(Ku, Kx) 1+ d(Ku, Kx)

d(Lu, u)d(u, Lu)
1+ d(Lu, u)

M (Lu, u)d(Lu, u) + Az (Lu, u)

A

M (Lu, u)d(Lu, u) + As(Lu, u)d(Lu, u)
= | d(Lu, u)| < [A(Lu, u) + A3(Lu, u)] d(Lu, u)|, a contradiction.
Therefore Lu = u = Ku. So, u is the common fixed point of K and L.

For the uniqueness, let v be another common fixed point of K and L such that

VvV # U

From (5.1)
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d(u, v) =d(Lu, Lv)

d(Ku, Lu)d(Kv, Lv)

3 M(Ku, Kv)d(Kue, Kv) +ho(Ku, Kv)=am=e

d(Ku, Lu)d(Kv, Lu)
1+ d(Ku, Kv)

d(Ku, Lv)d(Kv, Lu)
1+ d(Ku, Kv)

+ A3(Ku, Kv) + Ay (Ku, Kv)

d(Kv, Lv)d(Kv, Lu)

+ hs(Ku, Kv) 1+ d(Ku, Kv)

d(u, v)d(v, u)

= M(Lats wd (e, )+ Ay V) o

< M, v)d(u, v) + A3(u, v)d(u, v)
= |d(u, v)| < [M(u, v)+ A3, v)] du, v)|, a contradiction.

Hence u = v. Therefore, K and L have a unique common fixed point.

6. Weakly Compatible and E.A. Property

In 2002, Aamri et al. [13], introduced the notion of weakly compatible maps as

follows:

Definition 6.1. Two self-mappings f and g of a metric space (X, d) are said

to satisfy E.A. property if there exists a sequence {x,} in X such that

lim fx, = lim gx, =1,
n—yoo n—yco

for some r € X.

Theorem 6.2. Let K and L be such mappings of a complex valued metric

space (X, d), satisfying condition (b) of Theorem 5.2 and (5.1) and the following
K and L satisfy the E.A. property

L(a) € K(X). 6.1)

In the range of K or L is a C-complete subspace of X, then K and L have a
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unique common fixed point in X.

Proof. Since K and L satisfy the E.A. property, there exists a sequence {x,}

in X such that

lim Kx, = lim Lx, = u,
n—»oo n—»oo

for some u € X.

Since L(X) < K(X), there exists a sequence {y,} in X such that

Kx, = Ky,
Hence lim Ky, = u.
n—>00
Now, we shall show that
Ly, =u.

Now, let lim Ly, =t
n—soo

From (5.1), we have
d(an’ Lyn) '5 7\'1(Kxn’ Kyn)d(Kxn’ Kyn)

d(Kx,, Lx,)d(Ky,, Ly,)

+ Ay (Kx,, Ky,) 1+ d(Kx,, Ky,)
no n

d(Kx,, Ly,)d(Ky,, Lx,)
1+ d(Kx,, Ky,)

+ A3(Kx,, Ky,)

d(Kx,, Ly,)d(Ky,, Lx,)
1+ d(Kx,, Ky,)

+ A4 (Kx,, Ky,)

d(Ky,, Ly,)d(Ky,, Lx,)
1+d(Kx,, Ky,) ’

+ 7&5(1()%, Kyn)

Letting n — oo, we get



COMMON FIXED POINT THEOREMS IN C-COMPLETE ...

d(u, t) 2 Ay, w)d(u, u) + Ao (u, M)M

1+d(u, u)
d(u, t)d(u, u) d(u, u)d(u, t)
+ A3, u) 1+ d(u, u) * Al w) 1+ d(u, u)
s, u)—di”; %(f‘;)”)
=0
= |du,1)|<0
= u=_t.

Hence lim Ly, = u.
n—oo

65

Now, suppose that K(X) is C-complete subspace of X. Then, there exists

u € X such that

Subsequently, we have

lim Kx, = lim Lx,
n—yco n—yco

lim Ky,

n—oo

lim Ly,

n—oo

= Ku.

Now, we will show that

Ku = Lu.

From (5.1), we have
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d(Lx,, Lu) < M\(Kx,, Ku)d(Kx,, Ku)

d(Kx,, Lx, )d(Ku, Lu)
1+ d(Kx,, Ku)

+ Ay (Kx,, Ku)

d(Kx,,, Lu)d(Ku, Lx,)
1+ d(Kx,, Ku)

+ A3(Kx,,, Ku)

d(Kx,,, Lu)d(Ku, Lx,)

+ Ay (Kx,, Ku) T+ d(Ke.. Ki)
ne

d(Ku, Lu)d(Ku, Lx,)

+ hs(Kxy, Ku) 1+ d(Kx,, Ku)
n»

Letting n — oo, we get
d(Ku, Lu) =0
= d(Ku, Lu) <0
= Ku = Lu = u.
Since, K and L be weakly compatible so, KLu = LKu
= KLu = LKu
=LLu
= LKu.
Now, we claim that Lu is the common fixed point of K and L.
Let, if possible, Lu # LLu.
From (5.1) we have
d(Lu, LLu) < X(Ku, KLu)d(Ku, KLu)

d(Ku, Lu)d(KLu, LLu)

+ Ay (Ku, KLu) 1+ d(Ku, KLu)
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d(Ku, KLu)d(KLu, Lu)

+ M(Ku, KLu) 1+ d(Ku, KLu)

d(Ku, Lu)d(Ku, LLu)
1+ d(Ku, KLu)

+ A4 (Ku, KLu)

d(KLu, LLu)d(KLu, Lu)

+ As(Ku, KLu) 1+ d(Ku, KLu)

d(Lu, LLu)d(LLu, Lu)
1+ d(Lu, LLu)

= M (Ku, KLu)d(Ku, KLu) + A3(Lu, LLu)

< | M (Ku, KLu) + A3(Lu, LLu)|d(Ku, KLu)
= | d(Lu, LLu)| < [A(Ku, KLu) + A3(Lu, LLu)] d(Lu, LLu)|,
which is a contradiction. Hence Lu = LLu = KLu.

Therefore, Lu is the common fixed point of K and L.

For the uniqueness, Let u and v be any two common fixed point of K and L

such that u # v.
d(u, v) =d(Lu, Lv)

d(Ku, Lv)d(Kv, Lv)
1+ d(Ku, Kv)

< M (Ku, Kv)d(Ku, Kv) + Ay (Ku, Kv)

d(Ku, Kv)d(Kv, Lu)
1+ d(Ku, Kv)

+ A3(Ku, Kv)

d(Ku, Lu)d(Ku, Lv)

+ My (Ku, Kv) 1+ d(Ku, Kv)

d(Kv, Lv)d(Kv, Lu)
1+ d(Ku, Kv)

+ As5(Ku, Kv)

d(u, v)d(v, u)

= M (u, v)d(u, v) + As(u, v) 1+ d(u, v)

< A, v)d(u, v) + A3(u, v)d(u, v)
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= | d(u, v)| < M@, v) + A3(u, v)] d(u, v)],
which is a contradiction. Hence u = v.

Therefore, K and L have a unique common fixed point.
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