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Abstract 

The aim of this manuscript is to establish common fixed point results 

satisfying rational type contraction conditions in the setting of C-complete 

complex valued metric space. Also we use weakly compatible maps, 

weakly compatible along with (CLR) and (E.A.) properties that 

generalizes the existing results. Also the results proved herein are the 

generalization and extension of some well known results in the existing 

literature [7, 8, 9]. 
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1. Introduction 

In 2011, Azam et al. [1] introduced the notion of complex valued metric space 

which is the generalization of the classical metric space and obtained sufficient 

conditions for the existence of common fixed points of a pair of contractive type 

mappings involving rational expressions. 

Afterwards several authors have dealt and studied with fixed points and common 

fixed point theory in complex valued metric space (see for instance [2-6, 9]). 

Recently, Sintunavarat et al. [7] introduced the concept of a C-Cauchy sequence 

in C-complete complex valued metric space and established the existence of common 

fixed point theorem in C-complete complex valued metric spaces. 

In 2016, Kumar et al. [8] proved common fixed point theorems for weakly 

compatible maps, weakly compatible along with (CLR) and (E.A.) properties in C-

complete complex valued metric spaces. 

Very recently, Dubey et al. [9] established common fixed point theorems for a 

pair of mappings satisfying rational inequality in C-complete complex valued metric 

spaces. 

So, in this paper, we shall establish and prove some common fixed point results 

for mappings satisfying rational type contractive condition in which the constant has 

been replaced by control function, in the framework of C-complete complex valued 

metric space. Our results unify, generalize and compliment the comparable results 

from the current literature [7-8]. 

2. Preliminary 

The following definitions and results will be needed in the sequel. 

Let C  be the set of complex number and ., 21 C∈zz  Define a partial order 
~
p  

on C  as follows: 21 ~
zz p  if and only if ( ) ( )21 zRezRe ≤  and ( ) ( ) ,21 zImzIm ≤  

that is, 21 ~
zz p  if one of the following hold: 

(C1) ( ) ( )21 zRezRe =  and ( ) ( ),21 zImzIm =  
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(C2) ( ) ( )21 zRezRe <  and ( ) ( ),21 zImzIm =  

(C3) ( ) ( )21 zRezRe =  and ( ) ( ) ,21 zImzIm <  

(C4) ( ) ( )21 zRezRe <  and ( ) ( ).21 zImzIm <  

Particularly, we write 21 ~
zz p  if 21 zz ≠  and one of (C2), (C3) and (C4) is 

satisfied and we will write 21 zz p  if only (C4) is satisfied. 

Remark 2.1. We denote that following statements hold: 

(i) R∈ba,  and .,
~

C∈∀⇒≤ zbzazba p  

(ii) .
~~

0 2121 zzzz <⇒pp  

(iii) 21 ~
zz p  and .3132 zzzz <⇒<  

Definition 2.2 [1]. Let X  be a non empty set and let the mapping 

C→× XXd :  satisfies the following conditions: 

(d1) ( )yxd ,
~

0 p  for all ;, Xyx ∈  

(d2) ( ) 0, =yxd  iff ;,, Xyxyx ∈∀=  

(d3) ( ) ( )xydyxd ,, =  for all ;, Xyx ∈  

(d4) ( ) ( ) ( ) .,,,,
~

, Xzyxyzdzxdyxd ∈∀+p  

Then d  is called a complex valued metric on X  and the pair ( )dX ,  is called a 

complex valued metric space. 

Example 2.3. Let .C=X  Define the mapping C→× XXd :  by 

( ) ,, 212121 yyixxzzd −+−=  

where 111 iyxz +=  and .222 iyxz +=  

Then ( )dX ,  is a complex valued metric space. 
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Definition 2.4 [1]. Let ( )dX ,  be a complex valued metric space. Then 

(1) A point Xx ∈  is called an interior point of a set XA ⊆  whenever there 

exists C∈rp0  such that 

( ) ( ){ } .,:, AryxdXyrx ⊆<∈=β  

(2) A point Xx ∈  is called a limit point of A  whenever for all ,0 C∈rp  

( ) { }( ) ., ∅≠− xArxB I  

(3) A set XA ⊆  is called an open set whenever each element of A  is an 

interior point of .A  

(4) A set XA ⊆  is called closed set whenever each limit point of A  belongs to 

.A  

(5) A sub-basis for a Hausdorff topology τ  on X  is the family 

( ){ }.0and:, rXxrxBF p∈  

Definition 2.5 [1]. Let ( )dX ,  be a complex valued metric space, { }nx  be a 

sequence in X  and let .Xx ∈  

(1) If for any C∈c  with ,0 cp  there exists N∈N  such that for all ,Nn >  

( ) ., cxxd n p  Then { }nx  is said to be convergent to a point Xx ∈  and x  is the 

limit point of { }.nx  We denote this by 

.asorlim ∞→→=
∞→

nxxxx nn
n

 

(2) If for any C∈c  with ,0 cp  there exists N∈N  such that for all ,Nn >  

( ) ,, cxxd mnn p+  where ,N∈m  then { }nx  is called Cauchy sequence in .X  

(3) If every Cauchy sequence in X  is convergent, then ( )dX ,  is said to be 

complete complex valued metric space. 

Lemma 2.6 [1]. Let ( )dX ,  be a complex valued metric space and { }nx  be a 
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sequence in .X  Then { }nx  converges to x  if and only if ( ) 0, →xxd n  as 

.∞→n  

Lemma 2.7 [1]. Let ( )dX ,  be a complex valued metric space and { }nx  be a 

sequence in .X  Then { }nx  is a Cauchy sequence if and only if ( ) 0, →+mnn xxd  

as ∞→n  where .N∈m  

Further, Sintunavarat et al. [7], introduced the notation of a C-Cauchy sequence 

in C-complete complex valued metric space as follows: 

Definition 2.8 [7]. Let ( )dX ,  be a complex valued metric space and { }nx  be a 

sequence in X  as .Xx ∈  

(i) If for any C∈c  with ,0 cp  there exits N∈k  such that for all ,, knm >  

( ) ,, cxxd mnn p+  then { }nx  is called a C-Cauchy sequence in .X  

(ii) If every C-Cauchy sequence in X  is convergent, then ( )dX ,  is said to be a 

C-complete complex valued metric space. 

And he also proved the following fixed point result: 

Theorem 2.9 [7]. Let S  and T  be self-mappings of a C-complete complex 

valued metric space ( )., dX  If there exist mappings [ )1,0:, →βα +C  such that 

for all :, Xyx ∈  

(a) ( ) ( ) ,1<β+α xx  

(b) The mapping  [ )1,0: →γ +C  defined by 

( )
( )

( )
.

1
Γ∈

β−

α
=γ

x

x
x  

(c) ( ) ( ( )) ( ) ( ( ))
( ) ( )

( )
.

,1

,,
,,,

~
,

yxd

TyydSxxd
yxdyxdyxdTySxd

+
β+αp  

Then S  and T  have a unique common fixed point. 

After that, in 2018, Dubey et al. [9], proved the following fixed point results: 
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Theorem 2.10 [9]. Let S  and T  be self-mappings of a C-complete complex 

valued metric space ( )., dX  If there exist mappings [ )1,0:,, →×γβα ++ CC  

such that for all :, Xyx ∈  

(i) ( ) ( ) ( ) ,1<γ+β+α xxx  

(ii) The mapping [ )1,0: →×µ ++ CC  defined by 

( )
( )

( )
.

,1

,
, Γ∈

β−

α
=µ

yx

yx
yx  

(iii) ( ) ( ) ( ) ( )
( )[ ( )]

( )yxd

SxxdTxxd
yxyxdyxTySxd

,1

,1,
,,,

~
,

+

+
β+αp  

( )
( )[ ( )]

( )
.

,1

,1,
,

yxd

TyxdSxyd
yx

+

+
γ+  

Then S  and T  have a unique common fixed point. 

3. Main Results 

Throughout this paper, R  denotes a set of real numbers, +C  denotes a set 

{ }cc
~

0: p+∈ C  and Γ  denotes the class of functions [ )1,0: →×µ ++ CC  

which satisfies the condition: 

( ) ,in,for ++ × CCnn yx  

( ) ( ) .0,1, →⇒→µ nnnn yxyx  

We extend and generalize of the results [7, 8, 9] and obtain common fixed point 

theorem for rational expression in C-complete complex valued metric space. 

Theorem 3.1. Let K  and L  be self-mappings of a C-complete complex valued 

metric space ( )., dX  If there exist mappings :,,,, 54321 λλλλλ ++ × CC  

[ )1,0→   such that 

 ( ) ( ) ( ) ( ) ( ) .1,,,,, 54321 <λ+λ+λ+λ+λ yxyxyxyxyx  (3.1) 
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The mapping [ )1,0: →×µ ++ CC  defined by 

( )
( ) ( )

( ) ( )
.

,,1

,,
,

42

41 Γ∈
λ−λ−

λ+λ
=µ

yxyx

yxyx
yx  (3.2) 

( ) ( ) ( ) ( )
( ) ( )

( )yxd

LyydKxxd
yxyxdyxLyKxd

,1

,,
,,,

~
, 21 +

λ+λp  

( )
( ) ( )

( )
( )

( ) ( )
( )yxd

KyxdKxxd
yx

yxd

KxydLxxd
yx

,1

,,
,

,1

,,
, 43 +

λ+
+

λ+  

( )
( ) ( )

( )
.

,1

,,
,5 yxd

KxydLyyd
yx

+
λ+  (3.3) 

Then K  and L  have a unique common fixed point. 

Proof. Let Xx ∈0  be an arbitrary point in .X  We construct the sequence { }nx  

in X  such that 

,212 ll Kxx =+  

.0allfor,1222 >= ++ lLxx ll  (3.4) 

For ,0≥l  we get 

( ) ( )1222212 ,, +++ = llll LxKxdxxd  

( ) ( ) ( )
( ) ( )

( )122

121222
12221221221 ,1

,,
,,,~

+

++
+++ +

λ+λ
ll

llll
llllll xxd

LxxdKxxd
xxxxdxxp  

( )
( ) ( )

( )122

212122
1223 ,1

,,
,

+

++
+ +

λ+
ll

llll
ll xxd

KxxdLxxd
xx  

( )
( ) ( )

( )122

12222
1224 ,1

,,
,

+

+
+ +

λ+
ll

llll
ll xxd

LxxdKxxd
xx  

( )
( ) ( )

( )122

2121212
1225 ,1

,,
,

+

+++
+ +

λ+
ll

llll
ll xxd

KxxdLxxd
xx  
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( ) ( ) ( )
( ) ( )

( )122

2212122
12221221221 ,1

,,
,,,

+

+++
+++ +

λ+λ=
ll

llll
llllll xxd

xxdxxd
xxxxdxx  

( )
( ) ( )

( )122

1212222
1223 ,1

,,
,

+

+++
+ +

λ+
ll

llll
ll xxd

xxdxxd
xx  

( )
( ) ( )

( )122

222122
1224 ,1

,,
,

+

++
+ +

λ+
ll

llll
ll xxd

xxdxxd
xx  

( )
( ) ( )

( )122

12122212
1225 ,1

,,
,

+

++++
+ +

λ+
ll

llll
ll xxd

xxdxxd
xx  

( ) ( ) ( )
( ) ( )

( )122

2212122
12221221221 ,1

,,
,,,

+

+++
+++ +

λ+λ=
ll

llll
llllll xxd

xxdxxd
xxxxdxx  

( )
( ) ( )

( )122

222122
1224 ,1

,,
,

+

++
+ +

λ+
ll

llll
ll xxd

xxdxxd
xx  

( ) ( ) ( ) ( )221212221221221 ,,,,
~ +++++ λ+λ llllllll xxdxxxxdxxp  

( ){ ( ) ( )},,,, 22121221224 ++++ +λ+ llllll xxdxxdxx  

which implies that 

 ( ) ( ) ( ),,,
~

, 1221222212 ++++ µ llllll xxdxxxxd p  (3.5) 

where 
( ) ( )

( ) ( )
.

,,1

,,

42

41

yxyx

yxyx

λ−λ−

λ+λ
=µ  

Similarly, for ,0≥l  we get 

 ( ) ( ) ( ).,,
~

, 221222123222 ++++++ µ llllll xxdxxxxd p  (3.6) 

From (3.5) and (3.6), we get 

( ) ( ) ( ),,,
~

, 212212122 llllll xxdxxxxd −−+ µp  for all .N∈l  

Therefore, we get 

( ) ( ) ( )llllll xxdxxxxd 212212122 ,,, −−+ µ≤  
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( ) .allfor, 212 N∈≤ − lxxd ll  (3.7) 

⇒  The sequence ( ){ }
N∈− lll xxd 212 ,  is a monotone non-increasing and bounded 

below, therefore, 

( ) ,, 212 δ→− ll xxd  for some .0≥δ  

Next we claim that .0=δ  Assume contrary that .0>δ  

Proceeding limit as ,∞→l  we have from (3.7), ( ) .1, 212 →µ − ll xx  

Since ,Γ∈µ  so, we get ( ) ,0, 212 →− ll xx  that is, ( ) ,0, 212 →− ll xxd  which 

is contradiction. Therefore, we have ,0=δ  i.e., 

 ( ) .0, 212 →− ll xxd  (3.8) 

Next, we show that { }lx2  is C-Cauchy sequence. According to (3.8), it is sufficient 

to prove that the subsequence { }lx2  is a C-Cauchy sequence. Let, if possible, { }lx2  

is not a C-Cauchy sequence. So, there is C∈c  with ,0 cp  for which for all 

,N∈k  there exists ( ) ( ) ,kklkm ≥>  such that 

 ( ) ( )( ) .~, 22 cxxd kmkl p  (3.9) 

Further, corresponding to ( ) ,kl  we can choose ( )km  in such a way that it is the 

smallest integer with ( ) ( ) kklkm ≥>  satisfying (3.9). Then, we have 

 ( ) ( )( ) ,~, 22 cxxd kmkl p  (3.10) 

and 

 ( ) ( )( ) ., 222 cxxd kmkl p−  (3.11) 

From (3.10) and (3.11), we have 

( ) ( )( )kmkl xxdc 22 ,~p  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )kmkmkmkmkmkl xxdxxdxxd 2121222222 ,,,~ −−−− ++p  
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( ) ( )( ) ( ) ( )( ).,, 2121222 kmkmkmkm xxdxxdc −−− ++p  

This implies that 

( ) ( )( )kmkl xxdc 22 ,≤  

( ) ( )( ) ( ) ( )( ) .,, 2121222 kmkmkmkm xxdxxdc −−− ++≤  

On taking limit ,∞→k  we get 

 ( ) ( )( ) ., 22 cxxd kmkl →  (3.12) 

Further, we have 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )kmkmkmklkmkl xxdxxdxxd 21212222 ,,~, ++ +p  

( ) ( )( ) ( ) ( )( )12222 ,,~ ++ kmkmkmkl xxdxxdp  

( ) ( )( )kmkm xxd 212 ,++  

( ) ( )( ) ( ) ( )( )kmklkmkl xxdxxd 2222 ,, ≤⇒  

( ) ( )( ) ( ) ( )( ) .,, 212122 kmkmkmkm xxdxxd ++ ++  

Letting, ∞→k  and using (3.8) and (3.12), we get 

 ( ) ( )( ) ., 122 cxxd kmkl →+  (3.13) 

Now 

( ) ( )( )122 , +kmkl xxd  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )12222212122 ,,,~ +++++ ++ kmkmkmklklkl xxdxxdxxdp  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1222122122 ,,, ++++ ++= kmkmkmklklkl xxdLxKxdxxd  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1221221122 ,,,~ +++ λ+ kmklkmklklkl xxdxxxxdp  
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( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

121222
1222 ,1

,,
,

+

++
+ +

λ+
kmkl

kmkmklkl
kmkl xxd

LxxdKxxd
xx  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

212122
1223 ,1

,,
,

+

++
+ +

λ+
kmkl

klkmkmkl
kmkl xxd

KxxdLxxd
xx  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

12222
1224 ,1

,,
,

+

+
+ +

λ+
kmkl

kmklklkl
kmkl xxd

LxxdKxxd
xx  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

2121212
1225 ,1

,,
,

+

+++
+ +

λ+
kmkl

klkmkmkm
kmkl xxd

KxxdLxxd
xx  

( ) ( )( )1222 , +++ kmkm xxd  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1221221122 ,,, +++ λ+= kmklkmklklkl xxdxxxxd  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

2212122
1222 ,1

,,
,

+

+++
+ +

λ+
kmkl

kmkmklkl
kmkl xxd

xxdxxd
xx  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

1212222
1223 ,1

,,
,

+

+++
+ +

λ+
kmkl

klkmkmkl
kmkl xxd

xxdxxd
xx  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

222122
1224 ,1

,,
,

+

++
+ +

λ+
kmkl

kmklklkl
kmkl xxd

xxdxxd
xx  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

12122212
1225 ,1

,,
,

+

++++
+ +

λ+
kmkl

klkmkmkm
kmkl xxd

xxdxxd
xx  

( ) ( )( )., 1222 +++ kmkm xxd  

Implies that 

( ) ( )( )122 , +kmkl xxd  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1221221122 ,,, +++ λ+≤ kmklkmklklkl xxdxxxxd  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

2212122
1222 ,1

,,
,

+

+++
+ +

λ+
kmkl

kmkmklkl
kmkl xxd

xxdxxd
xx  
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( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

1212222
1223 ,1

,,
,

+

+++
+ +

λ+
kmkl

klkmkmkl
kmkl xxd

xxdxxd
xx  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

222122
1224 ,1

,,
,

+

++
+ +

λ+
kmkl

kmklklkl
kmkl xxd

xxdxxd
xx  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )122

12122212
1225 ,1

,,
,

+

++++
+ +

λ+
kmkl

klkmkmkm
kmkl xxd

xxdxxd
xx  

( ) ( )( )1222 , +++ kmkm xxd  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1221221122 ,,, +++ λ+≤ kmklkmklklkl xxdxxxxd  

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

2212122

,1

,,

+

+++

+
+

kmkl

kmkmklkl

xxd

xxdxxd
 

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

1212222

,1

,,

+

+++

+
+

kmkl

klkmkmkl

xxd

xxdxxd
 

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

222122

,1

,,

+

++

+
+

kmkl

kmklklkl

xxd

xxdxxd
 

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

12122212

,1

,,

+

++++

+
+

kmkl

klkmkmkm

xxd

xxdxxd
 

( ) ( )( )1222 , +++ kmkm xxd  

( ) ( )( )122 , +≤ klkl xxd  

( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( )( )122

12242

12221
,

,1

,
+

+

+

λ+λ−

λ+λ
+ kmkl

kmkl

kmkl
xxd

xx

xx
 

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

2212122

,1

,,

+

+++

+
+

kmkl

kmkmklkl

xxd

xxdxxd
 

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

1212222

,1

,,

+

+++

+
+

kmkl

klkmkmkl

xxd

xxdxxd
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( ) ( )( ) ( ) ( )( )
( ) ( )( )122

222122

,1

,,

+

++

+
+

kmkl

kmklklkl

xxd

xxdxxd
 

( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )1222

122

12122212
,

,1

,,
++

+

++++
+

+
+ kmkm

kmkl

klkmkmkm
xxd

xxd

xxdxxd
 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )122122122 ,,, +++ µ+≤ kmklkmklklkl xxdxxxxd  

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

2212122

,1

,,

+

+++

+
+

kmkl

kmkmklkl

xxd

xxdxxd
 

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

1212222

,1

,,

+

+++

+
+

kmkl

klkmkmkl

xxd

xxdxxd
 

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

222122

,1

,,

+

++

+
+

kmkl

kmklklkl

xxd

xxdxxd
 

( ) ( )( ) ( ) ( )( )
( ) ( )( )122

12122212

,1

,,

+

++++

+
+

kmkl

klkmkmkm

xxd

xxdxxd
 

( ) ( )( ) ., 1222 +++ kmkm xxd  

Taking limit as ,∞→k  we get 

( ) ( )( ) ccxxc kmkl
k

≤µ≤ +
∞→

122 ,lim  

( ) ( )( ) .1,lim 122 =µ⇒ +
∞→

kmkl
k

xx  

Since ,Γ∈µ  we get ( ) ( )( ) ,0, 122 →+kmkl xx  i.e., ( ) ( )( ) 0, 122 →+kmkl xxd  which 

contradicts .0 cp  Therefore we can conclude that { }lx2  is C-Cauchy and hence 

{ }lx  is C-Cauchy sequence in X  and X  is complete, so there exists a point u  in 

K  such that uxl →  as .∞→l  

Next we prove that .uKu =  If ,uKu ≠  then ( ) .0, >uKud  

Now 
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( ) ( ) ( )KuxdxuduKud ll ,,
~

, 2222 ++ +p  

( ) ( )KuLxdxud ll ,, 1222 ++ +=  

( ) ( )1222 ,, ++ += ll LxSudxud  

( ) ( ) ( )1212122 ,,,
~ +++ λ+ lll xudxuuxdp  

( )
( ) ( )

( )12

1212
122

,1

,,
,

+

++
+ +

λ+
l

ll
l

xud

LxxdKuud
xu  

( )
( ) ( )

( )12

1212
123 ,1

,,
,

+

++
+ +

λ+
l

ll
l xud

KuxdLxud
xu  

( )
( ) ( )

( )12

12
124 ,1

,,
,

+

+
+ +

λ+
l

l
l xud

LxudKuud
xu  

( )
( ) ( )

( )12

121212
125 ,1

,,
,

+

+++
+ +

λ+
l

lll
l xud

KuxdLxxd
xu  

( ) ( ) ( )1212122 ,,, +++ λ+= lll xudxuuxd  

( )
( ) ( )

( )12

2212
122 ,1

,,
,

+

++
+ +

λ+
l

ll
l xud

xxdKuud
xu  

( )
( ) ( )

( )12

1222
123 ,1

,,
,

+

++
+ +

λ+
l

ll
l xud

Kuxdxud
xu  

( )
( ) ( )

( )12

22
124 ,1

,,
,

+

+
+ +

λ+
l

l
l xud

xudKuud
xu  

( )
( ) ( )

( )
.

,1

,,
,

12

122212
125

+

+++
+ +

λ+
l

lll
l xud

Kuxdxxd
xu  

Letting ,∞→l  we get 

( ) ( ) ( ) ( ) ( )
( ) ( )

( )uud

uudKuud
uuduuduuuudKuud

,1

,,
,,,,

~
, 21 +

λ+λ+p  
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( )
( ) ( )

( )
( )

( ) ( )
( )uud

uudKuud
uud

uud

Kuuduud
uud

,1

,,
,

,1

,,
, 43 +

λ+
+

λ+  

( )
( ) ( )

( )uud

Kuuduud
uud

,1

,,
,5 +

λ+  

( ) ,0, =⇒ Kuud  which is a contradiction. 

Thus, we get .uKu =  

Similarly, we get .uLu =  

Therefore, ,LuKuu ==  that is, u  is common fixed point of K  and .L  

Finally, we show that, u  is the unique common fixed point of K  and .L  

Assume that there exists another point v  such that .LvKvv ==  

From (3.1), we have 

( ) ( )LvKudvud ,, =  

( ) ( ) ( )
( ) ( )

( )vud

LvvdKuud
vudvudvu

,1

,,
,,,

~ 21 +
λ+λp  

( )
( ) ( )

( )
( )

( ) ( )
( )vud

KuvdKuud
vud

vud

KuvdLvud
vud

,1

,,
,

,1

,,
, 43 +

λ+
+

λ+  

( )
( ) ( )

( )vud

KuvdLvvd
vud

,1

,,
,5 +

λ+  

( ) ( ) ( )
( ) ( )

( )vud

KuvdLvud
vudvudvu

,1

,,
,,, 31 +

λ+λ=  

( ) ( )[ ] ( )vudvudvu ,,,
~ 31 λ+λp  

( ) ( ) ( )[ ] ( )vudvudvuvud ,,,, 31 λ+λ≤⇒  

( ) ( ) ,1,, 31 ≥λ+λ⇒ vudvu  

which is contradiction and hence .vu =  

Therefore, u  is a unique common fixed point of K  and .L  
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Corollary 3.2. Let S  and T  be self-mappings of a C-complete complex valued 

metric space ( )dX ,  satisfying the following: 

( ) ( )
( ) ( )

( )
( ) ( )

( )yxd

KxydLyxd

yxd

LyydKxxd
yxdLyKxd

,1

,,

,1

,,
,

~
,

+
γ+

+
β+αp  

( ) ( )
( )

( ) ( )
( )

.
,1

,,

,1

,,

yxd

KxydLyyd

yxd

LyxdKxxd

+
δ+

+
µ+  (3.14) 

Then S  and T  have a unique common fixed point. 

Proof. By putting ( ) ,,1 α=λ yx  ( ) ,,2 β=λ yx  ( ) ,,3 γ=λ yx  ( ) ,,4 µ=λ yx  

( ) δ=λ yx,5  in Theorem 3.1, we get the required result. 

Corollary 3.3. Let K  be self-mapping of a C-complete complex valued metric 

space ( ),, dX  if there exist mappings [ )1,0:,,,, 54321 →×λλλλλ ++ CC  

satisfying (3.1), (3.2) and the following: 

( ) ( ) ( )
( ) ( )

( )
( ) ( )

( )yxd

KxydKyxd

yxd

KyydKxxd
yxdyxKyKxd

,1

,,

,1

,,
,,

~
, 321 +

λ+
+

λ+λp  

( ) ( )
( )

( ) ( )
( )

.
,1

,,

,1

,,
54 yxd

KxydKyyd

yxd

KyxdKxxd

+
λ+

+
λ+  (3.15) 

Then K  has a unique fixed point in .X  

Proof. By putting LK =  in Theorem 3.1, we get the required result. 

Corollary 3.4. Let K  be self-mapping of a C-complete complex valued metric 

space ( )dX ,  satisfying the following: 

( ) ( )
( ) ( )

( )
( ) ( )

( )yxd

KxydKyxd

yxd

KyydKxxd
yxdKyKxd

,1

,,

,1

,,
,

~
,

+
γ+

+
β+αp  

( ) ( )
( )

( ) ( )
( )yxd

KxydKyyd

yxd

KyxdKxxd

,1

,,

,1

,,

+
δ+

+
µ+  (3.16) 

for all ., Xyx ∈  Then K  has a unique fixed point in .X  
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Proof. By putting ( ) ,,1 α=λ yx  ( ) ,,2 β=λ yx  ( ) ,,3 λ=λ yx  ( ) ,,4 µ=λ yx  

( ) δ=λ yx,5  in Corollary 3.3, we get the required result. 

Theorem 3.5. Let K  be a self-map of a C-complete complex valued metric 

space ( ),, dX  if there exist mappings [ )1,0:,,,, 54321 →×λλλλλ ++ CC  

satisfying (3.1), (3.2) and the following: 

( ) ( ) ( )
( ) ( )

( )yxd

yKydxKxd
yxdyxyKxKd

nn
nn

,1

,,
,,

~
, 21 +

λ+λp  

( ) ( )
( )

( ) ( )
( )yxd

yKxdxKxd

yxd

xKydyKxd nnnn

,1

,,

,1

,,
43 +

λ+
+

λ+  

( ) ( )
( )

,
,1

,,
5 yxd

xKydyKyd nn

+
λ+  (3.17) 

for all Xyx ∈,  and some .N∈n  Then K  has a unique fixed point in .X  

Proof. From Corollary 3.3, nK  has a fixed point .u  But nK  has a fixed point 

,Ku  since ( ) ( ) .KuuKKKuK nn ==  Therefore, uKu =  by the uniqueness of a 

fixed point .nK  Therefore, u  is also a fixed point of .K  Since the fixed point of K  

is also a fixed point of ,
n

K  the fixed point of K  is also unique. 

Corollary 3.6. Let K  be self-mapping of a C-complete complex valued metric 

space ( )dX ,  satisfying the following: 

( ) ( )
( ) ( )

( )
( ) ( )

( )yxd

xKydyKxd

yxd

yKydxKxd
yxdyKxKd

nnnn
nn

,1

,,

,1

,,
,

~
,

+
γ+

+
β+αp  

( ) ( )
( )

( ) ( )
( )

,
,1

,,

,1

,,

yxd

xKydyKyd

yxd

yKxdxKxd nnnn

+
δ+

+
µ+  (3.18) 

where δµγβα ,,,,  are non-negative reals with .1<δ+µ+γ+β+α  Then K  

has a unique fixed in .X  

Proof. By putting ( ) ,,1 α=λ yx  ( ) ,,2 β=λ yx  ( ) ,,3 γ=λ yx  ( ) ,,4 µ=λ yx  
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( ) δ=λ yx,5  in Theorem 3.5, we get the required result. 

Now, we deduce the main results of [7] as follows. 

Theorem 3.7 [7, Theorem 3.2]. Let ( )dX ,  be a C-complete complex valued 

metric space. If there exist two mappings [ )1,0:, →βα +C  such that for all 

Xyx ∈,  

(a) ( ) ( ) ;1<β+α xx  

(b) The mapping  [ )1,0: →γ +C  defined by 

( )
( )

( )
;

1
Γ∈

β−

α
=γ

x

x
x  

(c) 

 ( ) ( )( ) ( )
( ) ( )

( )
.

,1

,,
,,

~
,

yxd

TyydSxxd
yxdyxdTySxd

+
β+αp  (3.19) 

Then S  and T  have a unique common fixed point in .X  

Proof. Define [ )1,0:,,,, 54321 →×λλλλλ ++ CC  by ( )yx,1λ  

( )( ) ,, yxdα=  ( ) ( )( ),,,2 yxdyx β=λ  ( ) ,0,3 =λ yx  ( ) ,0,4 =λ yx  ( ) 0,5 =λ yx  

and ,SK =  TL =  in Theorem 3.1, we get the required result. 

Corollary 3.8 [7, Corollary 3.3]. Let S  and T  be self-mappings of a C-

complete complex valued metric space ( )dX ,  satisfying the following: 

 ( ) ( )
( ) ( )

( )
,

,1

,,
,

~
,

yxd

TyydSxxd
yxdTySxd

+
µ+λp  (3.20) 

for all ,, Xyx ∈  where ,λ  µ  are non-negative reals with .1<µ+λ  Then S  and 

T  have a unique common fixed point. 

Proof. By putting ( )( ) λ=α yxd ,  and ( )( ) µ=β yxd ,  in Theorem 3.7, we get 

the required result. 
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Corollary 3.9 [7, Corollary 3.4]. Let ( )dX ,  be a C-complete complex valued 

metric space and XXT →:  be a mapping. If there exist two mappings 

[ ),1,0:, →βα +C  such that for all Xyx ∈,  

(a) ( ) ( ) ;1<β+α xx  

(b) The mapping  [ )1,0: →γ +C  defined by 

( )
( )

( )
,

1
Γ∈

β−

α
=γ

x

x
x  

(c) 

 ( ) ( )( ) ( )
( ) ( )

( )
.

,1

,,
,,

~
,

yxd

TyydTxxd
yxdyxdTyTxd

+
β+αp  (3.21) 

Then T  has a unique common fixed point in .X  

Proof. By putting TS =  in Theorem 3.7, we get the required result. 

Corollary 3.10 [7, Corollary 3.5]. Let ( )dX ,  be a C-complete complex valued 

metric space and XXT →:  be a mapping. If T  satisfies 

 ( ) ( )
( ) ( )

( )
,

,1

,,
,

~
,

yxd

TyydTxxd
yxdTyTxd

+
µ+λp  (3.22) 

for all ,, Xyx ∈  where µλ,  are non-negative reals with ,1<µ+λ  then T  has a 

unique fixed point in .X  

Proof. By putting ( ) λ=α yxd ,  and ( ) µ=β yxd ,  in Corollary 3.9, we get the 

required result. 

Theorem 3.11 [7, Corollary 3.6]. Let ( )dX ,  be a C-complete complex valued 

metric space and XXT →:  be a mapping. If there exist two mappings 

[ ),1,0:, →βα +C  such that, for all Xyx ∈,  

(a) ( ) ( ) ;1<β+α xx  



SURENDRA KUMAR TIWARI and MRIDUSMITA GAURATRA 

 

58 

(b) The mappings [ )1,0:, →βα +C  defined by 

( )
( )

( )
;

1
Γ∈

β−

α
=γ

x

x
x  

(c) 

 ( ) ( )( ) ( )
( ) ( )

( )yxd

yTydxTxd
yxdyxdyTxTd

nn
nn

,1

,,
,,

~
,

+
β+αp  (3.23) 

for some .N∈n  Then T  has a unique common fixed point in .X  

Proof. From Corollary 3.9, we get nT  has a fixed point .u  Since 

( ) ( ) ,TuuTTTuT nn ==  we get Tu  is a fixed point of .nT  Therefore, uTu =  by 

the uniqueness of a fixed point .nT  Since the fixed point of T  is also fixed point of 

,
n

T  then we get that fixed point of T  is also unique. 

Corollary 3.12 [7, Corollary 3.7]. Let T  be a self-mapping of a C-complete 

complex valued metric space ( )dX ,  satisfying the following: 

 ( ) ( )
( ) ( )

( )
,

,1

,,
,

~
,

yxd

yTydxTxd
yxdyTxTd

nn
nn

+
µ+λp  (3.24) 

for all Xyx ∈,  and N∈n  where µλ,  are non-negative reals with ,1<µ+λ  

then T  has a unique fixed point in .X  

Proof. By putting ( ) λ=α yxd ,  and ( ) µ=β yxd ,  in Theorem (3.11), we get 

the required result. 

4. Weakly Compatible Maps 

In 1996, Jungck [10] introduced the concept of weakly compatible maps as 

follows: 

Definition 4.1. Two self-maps f  and g  are said to be weakly compatible if 

they commute at coincidence points. 
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Lemma 4.2 [11]. Let XXT →:  be a function, then there exists a subset 

XE ⊆  such that ( ) ( )XTET =  and XET →:  is one to one. 

Theorem 4.3. Let K  and L  be self-mappings of a complex valued metric space 

( )dX ,  such that ( ) ( )XKL ⊆α  and ( )XK  is C-complete. If there exit mappings 

[ )1,0:,,,, 54321 →×λλλλλ ++ CC   satisfying (3.1), (3.2) and the following: 

( ) ( ) ( ) ( )
( ) ( )

( )KyKxd

LyKydLxKxd
KyKxKyKxdKyKxLyLxd

,1

,,
,,,

~
, 21 +

λ+λp  

( )
( ) ( )

( )KyKxd

LxKydLyKxd
KyKx

,1

,,
,3 +

λ+  

( )
( ) ( )

( )KyKxd

LyKxdLxKxd
KyKx

,1

,,
,4 +

λ+  

( )
( ) ( )

( )
,

,1

,,
,5 KyKxd

LxKydLyKyd
KyKx

+
λ+  (4.1) 

for all ., Xyx ∈  Then K  and L  have a unique fixed point of coincidence in .X  

Moreover, if K  and L  are compatible, then K  and L  have a unique common fixed 

point. 

Proof. Consider the mapping .: XXK →  By Lemma 4.2, there exists XE ⊂  

such that ( ) ( )XKEK =  and XEK →:  is one to one. 

Next we define a mapping ( ) ( )EKEK →Θ :  by ( ) ,LxKx =Θ  for all 

( ).EKKx ∈  Therefore, Θ  is well defined, since K  is one to one on .L  Since 

,LK =Θ o  using (4.3) we get 

( ) ( ) ( ) ( )
( ) ( )

( )KyKxd

KyKydKxKxd
KyKxKyKxdKyKxKyKxd

,1

,,
,,,

~
, 21 +

ΘΘ
λ+λΘΘ p  

( )
( ) ( )

( )KyKxd

KxKydKyKxd
KyKx

,1

,,
,3 +

ΘΘ
λ+  

( )
( ) ( )

( )KyKxd

KyKxdKxKxd
KyKx

,1

,,
,4 +

ΘΘ
λ+  
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( )
( ) ( )

( )KyKxd

KxKydKyKyd
KyKx

,1

,,
,5 +

ΘΘ
λ+  (4.2) 

for all ( )., EKKyKx ∈  Since ( ) ( )α= KEK  is C-complete and (4.2) holds, we can 

apply Corollary 3.3, with a mapping .Θ  Therefore, there exists a unique fixed point 

u  in ( )XK  such that .uu =Θ  

Next since ( ) ,XKu ∈  there exists a point v  in X  such that ,Kvu =  

( ) ,KvKv =Θ  that is .KvLv =  

Therefore, K  and L  have a unique point of coincidence. 

Next, we show that K  and L  have a common fixed point. Now, we have 

.KvLvu ==  Since K  and L  are weakly compatible, we get .LvKLvKu ==  

This implies that, u  is a point of coincidence of K  and .L  

Finally, we prove the uniqueness of common fixed point of K  and .L  Assume 

that, w  is another common fixed point of K  and .L  So, LwKww ==  and w  is 

also a point of coincidence of K  and .L  

However, we know that, u  is a unique point of coincidence of K  and .L  

Therefore, we get ,uw =  that is, u  is a unique common fixed point of K  and .L  

5. Weakly Compatible and (CLR) Property 

In 2011, Sintunavarat et al. [12], introduced the notion of (CLR) property as 

follows: 

Definition 5.1. Two self-mappings f  and g  of a metric space ( )dX ,  are said 

to satisfy ( )fCLR  property if there exists a sequence { }nα  in X  such that 

,limlim fxgxfx n
n

n
n

==
∞→∞→

 

for some .Xx ∈  

In a similar mode, we use this property in complex valued metric space. 
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Theorem 5.2. Let K  and L  be self-mappings of a complex valued metric space 

( )dX ,  such that 

(a) K  and L  are weakly compatible; 

(b) K  and L  satisfy ( )fCLR  property, 

( ) ( ) ( ) ( )
( ) ( )

( )KyKxd

LyKydLxKxd
KyKxKyKxdKyKxLyLxd

,1

,,
,,,

~
, 21 +

λ+λp  

( )
( ) ( )

( )KyKxd

LxKydLyKxd
KyKx

,1

,,
,3 +

λ+  

( )
( ) ( )

( )KyKxd

LxKydLyKxd
KyKx

,1

,,
,4 +

λ+  

( )
( ) ( )

( )
,

,1

,,
,5 KyKxd

LxKydLyKyd
KyKx

+
λ+  (5.1) 

where [ )1,0:,,,, 54321 →×λλλλλ ++ CC  be the mappings satisfying (3.1). 

Then K  and L  have a unique common fixed point. 

Proof. Since K  and L  satisfy the ( )fCLR  property, there exists a sequence 

( )nx  in X  such that 

,limlim KxLxKx n
n

n
n

==
∞→∞→

 

for .Xx ∈  

We claim that 

.LxKx =  

From (5.1), we have 

( ) ( ) ( ) ( )
( ) ( )

( )KxKxd

LxKxdLxKxd
KxKxKxKxdKxKxLxLxd

n

nn
nnnn ,1

,,
,,,~, 21 +

λ+λp  

( )
( ) ( )

( )KxKxd

LxKxdLxKxd
KxKx

n

nn
n ,1

,,
,3 +

λ+  
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( )
( ) ( )

( )KxKxd

LxKxdLxKxd
KxKx

n

nn

,1

,,
,4 +

λ+  

( )
( ) ( )

( )
.

,1

,,
,5 KxKxd

LxKxdLxKxd
KxKx

n

n

+
λ+  (5.2) 

Letting ,∞→L  we get ( ) ,0
~

, pLxKxd  which implies that ( ) ,0, ≤LxKxd  that 

is .LxKx =  

Let .LxKxu ==  Since K  and L  are weakly compatible mappings, 

,LKxKLx =  implies that 

.LuLKuKLuKu ===  

Now, we claim that, .uLu =  Let, if possible, .uLu ≠  From (5.1), we have 

( ) ( )LxLuduLud ,, =  

( ) ( ) ( )
( ) ( )

( )KxKud

LxKxdLuKud
KxKuKxKudKxKu

,1

,,
,,,

~ 21 +
λ+λp  

( )
( ) ( )

( )
( )

( ) ( )
( )KxKud

LxKudLxKud
KxKu

KxKud

LuKxdLxKud
KxKu

,1

,,
,

,1

,,
, 43 +

λ+
+

λ+  

( )
( ) ( )

( )KxKud

LuKxdLxKxd
KxKu

,1

,,
,5 +

λ+  

( ) ( ) ( )
( ) ( )

( )uLud

LuuduLud
uLuuLuduLu

,1

,,
,,, 31 +

λ+λ=  

( ) ( ) ( ) ( )uLuduLuuLuduLu ,,,,
~ 31 λ+λp  

( ) ( ) ( )[ ] ( ) ,,,,, 31 uLuduLuuLuuLud λ+λ≤⇒  a contradiction. 

Therefore .KuuLu ==  So, u  is the common fixed point of K  and .L  

For the uniqueness, let v  be another common fixed point of K  and L  such that 

.uv ≠  

From (5.1) 
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( ) ( )LvLudvud ,, =  

( ) ( ) ( )
( ) ( )

( )KvKud

LvKvdLuKud
KvKuKvKudKvKu

,1

,,
,,,

~ 21 +
λ+λp  

( )
( ) ( )

( )
( )

( ) ( )
( )KvKud

LuKvdLuKud
KvKu

KvKud

LuKvdLvKud
KvKu

,1

,,
,

,1

,,
, 43 +

λ+
+

λ+  

( )
( ) ( )

( )KvKud

LuKvdLvKvd
KvKu

,1

,,
,5 +

λ+  

( ) ( ) ( )
( ) ( )

( )vud

uvdvud
vuvuduLu

,1

,,
,,, 31 +

λ+λ=  

( ) ( ) ( ) ( )vudvuvudvu ,,,,
~ 31 λ+λp  

( ) ( ) ( )[ ] ( ) ,,,,, 31 vudvuvuvud λ+λ≤⇒  a contradiction. 

Hence .vu =  Therefore, K  and L  have a unique common fixed point. 

6. Weakly Compatible and E.A. Property 

In 2002, Aamri et al. [13], introduced the notion of weakly compatible maps as 

follows: 

Definition 6.1. Two self-mappings f  and g  of a metric space ( )dX ,  are said 

to satisfy E.A. property if there exists a sequence { }nx  in X  such that 

,limlim tgxfx n
n

n
n

==
∞→∞→

 

for some .Xt ∈  

Theorem 6.2. Let K  and L  be such mappings of a complex valued metric 

space ( ),, dX  satisfying condition (b) of Theorem 5.2 and (5.1) and the following 

K  and L  satisfy the E.A. property 

 ( ) ( ).XKL ⊆α  (6.1) 

In the range of K  or L  is a C-complete subspace of ,X  then K  and L  have a 
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unique common fixed point in .X  

Proof. Since K  and L  satisfy the E.A. property, there exists a sequence { }nx  

in X  such that 

,limlim uLxKx n
n

n
n

==
∞→∞→

 

for some .Xu ∈  

Since ( ) ( ),XKXL ⊆  there exists a sequence { }ny  in X  such that 

.nn KyKx =  

Hence .lim uKyn
n

=
∞→

 

Now, we shall show that 

.uLyn =  

Now, let .lim tLyn
n

=
∞→

 

From (5.1), we have 

( ) ( ) ( )nnnnnn KyKxdKyKxLyLxd ,,
~

, 1λp  

( )
( ) ( )

( )nn

nnnn
nn KyKxd

LyKydLxKxd
KyKx

,1

,,
,2 +

λ+  

( )
( ) ( )

( )nn

nnnn
nn KyKxd

LxKydLyKxd
KyKx

,1

,,
,3 +

λ+  

( )
( ) ( )

( )nn

nnnn
nn KyKxd

LxKydLyKxd
KyKx

,1

,,
,4 +

λ+  

( )
( ) ( )

( )
.

,1

,,
,5

nn

nnnn
nn KyKxd

LxKydLyKyd
KyKx

+
λ+  

Letting ,∞→n  we get 
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( ) ( ) ( ) ( )
( ) ( )

( )uud

tuduud
uuuuduutud

,1

,,
,,,

~
, 21 +

λ+λp  

( )
( ) ( )

( )
( )

( ) ( )
( )uud

tuduud
uu

uud

uudtud
uu

,1

,,
,

,1

,,
, 43 +

λ+
+

λ+  

( )
( ) ( )

( )uud

uudtud
uu

,1

,,
,5 +

λ+  

0=  

( ) 0, ≤⇒ tud  

.tu =⇒  

Hence .lim uLyn
n

=
∞→

 

Now, suppose that ( )XK  is C-complete subspace of .X  Then, there exists 

Xu ∈  such that 

.Kuu =  

Subsequently, we have 

n
n

n
n

LxKx
∞→∞→

= limlim  

n
n

Ky
∞→

= lim  

n
n

Ly
∞→

= lim  

u=  

.Ku=  

Now, we will show that 

.LuKu =  

From (5.1), we have 
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( ) ( ) ( )KuKxdKuKxLuLxd nnn ,,
~

, 1λp  

( )
( ) ( )

( )KuKxd

LuKudLxKxd
KuKx

n

nn
n ,1

,,
,2 +

λ+  

( )
( ) ( )

( )KuKxd

LxKudLuKxd
KuKx

n

nn
n ,1

,,
,3 +

λ+  

( )
( ) ( )

( )KuKxd

LxKudLuKxd
KuKx

n

nn
n ,1

,,
,4 +

λ+  

( )
( ) ( )

( )
.

,1

,,
,5 KuKxd

LxKudLuKud
KuKx

n

n
n +

λ+  

Letting ,∞→n  we get 

( ) 0, =LuKud  

( ) 0, ≤⇒ LuKud  

.uLuKu ==⇒  

Since, K  and L  be weakly compatible so, LKuKLu =  

LKuKLu =⇒  

LLu=  

.LKu=  

Now, we claim that Lu  is the common fixed point of K  and .L  

Let, if possible, .LLuLu ≠  

From (5.1) we have 

( ) ( ) ( )KLuKudKLuKuLLuLud ,,
~

, 1λp  

( )
( ) ( )

( )KLuKud

LLuKLudLuKud
KLuKu

,1

,,
,2 +

λ+  
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( )
( ) ( )

( )KLuKud

LuKLudKLuKud
KLuKu

,1

,,
,3 +

λ+  

( )
( ) ( )

( )KLuKud

LLuKudLuKud
KLuKu

,1

,,
,4 +

λ+  

( )
( ) ( )

( )KLuKud

LuKLudLLuKLud
KLuKu

,1

,,
,5 +

λ+  

( ) ( ) ( )
( ) ( )

( )LLuLud

LuLLudLLuLud
LLuLuKLuKudKLuKu

,1

,,
,,, 31 +

λ+λ=  

( ) ( ) ( )KLuKudLLuLuKLuKu ,,,
~ 31 λ+λp  

( ) ( ) ( )[ ] ( ) ,,,,, 31 LLuLudLLuLuKLuKuLLuLud λ+λ≤⇒  

which is a contradiction. Hence .KLuLLuLu ==  

Therefore, Lu  is the common fixed point of K  and .L  

For the uniqueness, Let u  and v  be any two common fixed point of K  and L  

such that .vu ≠  

( ) ( )LvLudvud ,, =  

( ) ( ) ( )
( ) ( )

( )KvKud

LvKvdLvKud
KvKuKvKudKvKu

,1

,,
,,,

~ 21 +
λ+λp  

( )
( ) ( )

( )KvKud

LuKvdKvKud
KvKu

,1

,,
,3 +

λ+  

( )
( ) ( )

( )KvKud

LvKudLuKud
KvKu

,1

,,
,4 +

λ+  

( )
( ) ( )

( )KvKud

LuKvdLvKvd
KvKu

,1

,,
,5 +

λ+  

( ) ( ) ( )
( ) ( )

( )vud

uvdvud
vuvudvu

,1

,,
,,, 31 +

λ+λ=  

( ) ( ) ( ) ( )vudvuvudvu ,,,,
~ 31 λ+λp  
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( ) ( ) ( )[ ] ( ) ,,,,, 31 vudvuvuvud λ+λ≤⇒  

which is a contradiction. Hence .vu =  

Therefore, K  and L  have a unique common fixed point. 
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