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Abstract

In this paper, we generalize, extend, and unify some results due to
Rangamma and Prudhvi [1], Huang and Zhang [2], and Vetro [3] with a
new type of contractive condition related to the Hardy-Rogers contraction
[4] by using a function which is defined from a Banach space in to another
Banach space [5]. Consequently, we also generalize and extend some

results due to Malhotra et al. [5].

1. Introduction

Let (X, d) be a metric space. Recall Hardy and Rogers [5] that a map

T : X — X iscalled a Hardy-Rogers contraction if
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d(Tx, Ty) < ad(x, Tx) + bd(y, Ty)
+cd(x, Ty) + ed(y, Tx) + fd(x, y)

for all x, ye X, where a, b,c, e, f 20 and satisfy a+b+c+e+ f <1. Now

we introduce the following:

Definition 1.1. Let (X, d) be a metric space, and T, g, h: X — X. We will

say the pair (7, g) is a Hardy-Rogers contraction with respect to / if
d(Tx, gy) < ad(hx, Tx) + bd(hy, gy)
+cd(hx, gy) + ed(hy, Tx) + fd(hx, hy)
forall x, ye X, where a, b, c, e, f 20 andsatisfy a+b+c+e+ f <1.

Remark 1.2. If g =T, then we say T is a Hardy-Rogers contraction with
respect to h. If g =T and h is the identity, then T is simply a Hardy-Rogers

contraction.

This paper is organized as follows. Section 2 gives some preliminary ideas that
would be useful in the sequel. Using Definition 2.14, we re-define Definition 1.1 as
Definition 2.21. The main result, Theorem 3.1, is presented in Section 3. Theorem
3.1 unifies many similar results in the literature. In particular, Theorem 3.1

generalizes Theorem 2.1 of Malhotra et al. [5] and the results therein.

2. Preliminaries

Definition 2.1. Let E be a real Banach space and P be a subset of E. The set P is

called a cone if:

(a) P is closed, nonempty and P # {Og}, where Of is the zero vector of E.
(b)a,be R,a,b=20; x, ye P implies ax + by € P.

(c) xe P and —x € P implies x = 0.
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Remark 2.2. Given a cone P c E, we define a partial ordering “<” with
respect to P by x<y if and only if y —xe P. We write x < y to indicate x<y

but x # y. While x < y iff y— x e int(P), where int(P) denotes the interior of

P

Definition 2.3. Let P be a cone in a real Banach space E, then P is called

normal, if there exists a constant K > 0 such that for all x, ye E; Og=<x<y

implies ||x| < K|y|. The least number K, for which ||x| < K]||y|| holds is called the

normal constant of P.

Definition 2.4. P is called solid if int(P) # &, that is, interior of P is nonempty.

Definition 2.5. Let X be a nonempty set. Suppose the mapping d : X X X — E

satisfies
(@) 0<d(x, y) forall x, ye X and d(x, y)=0g iff x=y.
(b) d(x, y)=d(y, x) forall x, ye X.
(¢) d(x, y)=<d(x, z) +d(z, y) forall x, y, z€ X.
Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Remark 2.6. If we replace (c) of the previous definition with the following,

which we call the heptagonal property, d(x, y)=<d(x, z)+ d(z, w)+ d(w, u)
d(u, v)+d(v,t)+d(t, y) forall x, y, z, w,u, v, t € X and for all distinct points
Z, w,u, v, t € X —{x, y}, then we say d is a cone heptagonal metric on X, and we

call (X, d) a cone heptagonal metric space.

Remark 2.7. A metric space is a cone metric space with E+ R and

P =0, + ).

Remark 2.8. If (X, d) is a cone metric space (respectively, cone heptagonal

metric space) and the underlying cone is normal, then we will say (X, d) is a normal
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cone metric space (respectively, normal cone heptagonal metric space).
In the sequel, we will need the following from Jungck et al. [6]:

Remark 2.9. Let P be a cone in a real Banach space E with zero vector O and

a, b, c € P, then
(@If a<b and b <« ¢, then a < c.
M Ifa<xband b <« ¢, then a < c.
(©) If 0p<u<< c foreach c € int(P), then u = 0.

(d) If ce int(P) and a, — Of, then there exists ny € N such that for all

n > ngy, we have a, << c.
(e)If Og=<a,=b, foreachnand a,, — a, b, — b, then a <b.
(H) If a<Xta where 0 <A <1, then a = 0.

Definition 2.10. Let (X, d) be a cone heptagonal metric space, and {x, } be a
sequence in X and x € X. If forevery c € E with 0 < ¢, there is a natural number
N such that for all n > N, d(x,, x) < c, then {x,} is said to be convergent to x

and x is the limit of {x, }. We sometimes write lim,,_,., x, = x.

Definition 2.11. Let (X, d) be a cone heptagonal metric space, and{x, } be a
sequence in X. If for every ¢ € E with 0 < ¢, there is a natural number N such that

forall n, m > N, d(x,, x,,) < ¢, then {x, } is said to be a Cauchy sequence in X.

Definition 2.12. Let (X, d) be a cone heptagonal metric space. If every Cauchy

sequence in X converges to a point in X, then X is called a complete cone heptagonal

metric space
Taking inspiration from Huang and Zhang [2], we have the following:

Lemma 2.13. Let (X, d) be a cone heptagonal metric space, P be a normal
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cone with normal constant K. Let {x,,} and {y, } be two sequences in X, then
(@) {x,} is a Cauchy sequence iff lim, ,, ., d(x,, x,,) = Of.

() If lim,_ ., x, =x and lim,_,,y, =y, then lim,_,d(x,, y,)=

d(x, y).

In the sequel, we will need the following class of functions from Malhotra et al.

[5]:
Definition 2.14. Let £ and B be two real Banach spaces, P and C be normal

cones in E and B, respectively. Let “<” and “<” be partial orderings induced by P

and C in E and B, respectively. ®(P, C) will denote the set of all functions

0 : P C satistying the following
(a)if a, be P with a<b, then ¢[a] < k¢[b] for some positive real k.
(b) Ola + b] < ¢la] + o[b] forall a, be P.

(c) 0 is sequentially continuous, that is, if a,, ae P and lim,_,. a, = a,

then lim,,_,., ¢[a, ] = ¢[a].

(d) if ¢[a,] — Op, then a, — 0, where Oy and Op are the zero vectors of

E and B, respectively.

Remark 2.15. Some elements of ®(P,C) are given by Examples 1, 2 and 3,

respectively, contained in Malhotra et al. [5].

Remark 2.16. ¢[a] = 0 iff a = 0.

Remark 2.17. Let (X, d) be a cone heptagonal metric space with normal cone
P and o€ ®(P,C). Since d(x, y)=d(x, z)+d(z, w)+d(w, u)+du, v)+d
(v, 1)+ d(, y) forall x, y, z, w,u, v, t € X and for all distinct points z, w, u, v,
te X —{x, y}, then ¢[d(x, y)]<kold(x, 2)]+ kld(z, w)]+ kold (w, u)]+ k§ld (u, v)]
+kold (v, )]+ kold(z, y)l.
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Remark 2.18. In the sequel, we will always suppose that E, B are two real
Banach spaces, P and C are normal cones in E and B, respectively and “<” and

“<” are partial orderings in E and B with respect to P and C, respectively.

Definition 2.19. Let X be a nonempty set and f, g be self-maps on X and
x, z€ X. Then x is called coincidence point of pair (f, g) if fxr = gx, and z is

called point of coincidence of pair (f, g) if fxr = gx = z.

Definition 2.20. Let X be a nonempty set and f, g be self-maps on X. Pair
(f, g) is called weakly compatible if f and g commute at their coincidence point,

that is, fgx = gfx, whenever fx = gx for some x € X.

Definition 2.21. Let (X, d) be a cone metric space; T, g, h: X — X, and P
be a normal cone with normal constant K. We will say the pair (T, g) is a ¢ -Hardy-

Rogers contraction with respect to & if
0ld(Tx, gy)l < adld(hx, Tx)] + bold(hy, gy)]+ cold(hx, gy)]
+eld (hy, Tx)] + fold(hx, hy)]
forall x, ye X; a,b,c,e, f 20, a+b+c+e+ f <1, and 0 € ®(P, C).

Remark 2.22. In the definition immediately above if we take £ =B, P =C,

and defining ¢ : P — P by ¢[la] = a forall a € P, then we recover Definition 1.1.
3. Main Results

Theorem 3.1. Let (X, d) be a cone heptagonal metric space and P be a
normal cone with normal constant K. Suppose T, g, h: X > X and the pair
(T, g) is a ¢-Hardy-Rogers contraction with respect to h. If T(X)U g(X)
c W(X) and h(X) is a complete subspace of X, then the maps T, g, h have a
unique point of coincidence in X. Moreover, if (T, h) and (g, h) are weakly

compatible pairs, then T, g, h have a unique common fixed point.
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Proof. Let x; be an arbitrary point of X. Since T(X)U g(X) < h(X) starting
with x, we define a sequence {y,} such that y,, =Tx,y, = hxy,,; and v, | =
8%2u41 = hxy,,o for all n > 0. Now, we show that {y, } is a Cauchy sequence in
X. If y, = y,4 for some n, say y,, = y3,+1, then since the pair (T, g) isa ¢-

Hardy-Rogers contraction with respect to & one obtains
Old(yon42 Yant1)] = 0ld(Txp 42, 8X2p41)]
< afld(hxypip. Txgpi )]+ bOld(hxgp 1, gxop41)]+ cOld(hxg4a. 8X2p41)]
+edld(hxy, 1, Txppgn )]+ fOld(hxg, o, hxyyyy)]
= a0ld(y2,+1. Y2n42)1+ DOld(y250 Y21+ cOld(y2p41. Y2n41)]
+edld(yan, Yons2 )1+ Ald(yani1s y2u)l-

Since y,, = yp,4+1, from the above we deduce that

0ld(yans2s Yon1)] £ adld(yoni1s Yoni2 )1+ e0ld(yoy, y2n42)])

By Definition 2.14 and since y,, = y,,.1, one deduces from the above that

Old(yanias Yans1)] < (@ +€)0ld(yon41s Yans2))

Since a +e <1, it follows from Remark 2.9 that one has O[d( 2,42, Yon+1)] =
0p, and since ¢ € ®(P, C), we have [d(y2,125 Youi1)] = O0f, thatis, yy,, o =

Y2u+1- Similalry, one obtains
Yon = Yops1 =00 =V (say).
It follows that {y, } is a Cauchy sequence. Suppose y, # y,,; forall n
Old(y20 yant1)] = 0ld(Txp,, gX241)]

< adld(hxy,, Txo, )]+ bO[d(hxoy, i1y 8%0p41 )]+ cOld(hxo,,, 8X0,41)]
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+e¢[d(hx2n+l’ Tx2n )] + fq)[d(thn’ hx2n+1 )]
= adld(yau_1s You )+ bOLd(y2ns Yons1 )]+ cOld(yan_ts Yons1)]

+e¢[d()’2n’ Yon )] + fq)[d(yZn—h Yon )]

Using Definition 2.14 in the above, one deduces that

(1-b _C)q)[d(yZn? Yon+1 N<(a+ S +C)¢[d(y2n—lv Yon )]

from which it follows that ¢[d(ys,, Y2,41)] < h0ld(ya,—1, ¥2,)], where h =

% < 1. Now put d,, = 0[d(y,, ¥,4+1)], then dy, < hd,,_;. Now observe
that

Old(yon42: Yant1)] = 0ld(Txp 42, 8X2p41)]

< afld(hxpyin, Txop 4o )]+ bOld(hxgps1s 8x2p41)]+ cOld(hxp4a. 8X2p41)]
+eQld(hxpy1s Txppgn )1+ fOld(hxgy 0. hxope)]

= adld(yops1: Yon42) 1+ 60Ld (2,0 Your1)]+ cOld (Y2415 Y2ne1)]

+e¢[d(y2n’ Yon+2 )] + f¢[d(y2n+1’ Yon )]

Using Definition 2.14 in the above, one deduces that
(1—a—-e)0ld(yp12> Yon+1)1 < b+ e+ f)O[d (o410 Yo )]

from which it follows that O[d(y2,42> Yous1)] < MOld(y2,41> Y2, )], where hy:
b+ f+e

=7 <1. Now put d, =0[d(y,, yo41)], then d,,q < hyd,,. Now
—a-e

observe that
Old(yan+2, Yons3)] = 0[d(Txa40, 83243 )]
< afld(hxgyyn, Txopin)]+ bOld(hxay .3, 8X0p43)]+ cOld(hxayyn, 8X0n43)]

+edld(hxy, 3, Txopi )]+ fOld(hxa, 0, hxyyis)]



COINCIDENCE AND COMMON FIXED POINT THEOREMS ... 37

= a¢[d()’2n+1’ Yon+2 )]+ b¢[d()’2n+2’ Yon+3 )]+ C¢[d(y2n+1’ Yon+3 )]

+edld(yon42: Yons2 )+ f0ld(youi1s Yani3)l

From the above one deduces that

(1 =D)0[d(y2n42 Yon+3 )] < adld(yap41> Yons2)]

+(c + f)¢[d(y2n+l’ Yon+3 )1

Using Definition 2.14 in the above one deduces that
(I=b—=c— fIld(yan+25 Y2n+3)]
<(a+c+ f)Old(yons1s yons2)l

Now putting d,, = 0[d(y,, ¥,+1)] in the above, we get ds,,o < hydy, 41, Where

a+ f+c

= T—b-c—f < 1. Now observe that

hz:

Old(yon4as y2nt3)] = 0ld(Txg, 4. 8%2043)]

< ald(hxppyqs Tx2piq)]+ 00[d(hxpp 43, 8X2543) ]+ cOld(hxaiq, 8%2043)]
+eQld(hxpy 43, Txgppa)]+ fOld(hxy, g, hxgyy3)]

= adld(y2,43: Yonea) 1+ 001d( Y212, Y2ui3)]+ cOld(¥2n13. Y2u43)]
+edld(yani2, Yonsa )1+ Mld(V2ni3, y2ni2)]

From the above one deduces that
(1= a)old(y2n+4 Y2043)] S €0ld (V2012 Y2014)]
+b + £0ld (2443, Yans2)]

Now using Definition 2.14 in the above, we observe that

(1=a—e)ld(yrntar Yone3) 1 S 0+ f +e)0ld(y2,43. Yania)]
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Now putting d,, = 0[d(y,, y,+1)] in the above, we get dy, 3 < h3ds,,n, Where

b+ f+e

= < 1. Now observe that
l—-a-e

h32

Old(yonsas ¥anss)] = 0ld(Txp, i, gX2045)]
< afld(hxppyqs Txopiq)]+ 00ld (x5, 8X0n15)]+ cOld(hxy, g, 8X2p45)]
+edld(hxyis, Txopea)]+ fOld(hxy, s, higyys)]
= adld(y2,43: Yon+a )1+ 60ld(y2n14, Y2u15)]+ cOld(¥2413. ¥2n45)]
+e0ld(yopsas Yonsa )+ Old(¥20135 Yonses )]
From the above one deduces that
(1 =b)0Ld(y2n+a> Yones )] < abld(y2y43, Yonsa)l

+(c + f)¢[d(y2n+3’ Yon+5 )]

Now using Definition 2.14 in the above, and putting d,, = ¢[d(y,,, y,+1)], we get

a+c+f

m < 1. Now observe that

dopsa < hydy, 3, where hy:=

Old(yan+6s Yones )] = 0ld(Txz,i6. X2nss)]
< a@ld(hxppy6s Tx2ps6)]+ bOld(Mxp, s, 8X2p45) ]+ cOld(hxyi6. 8%2p45)]
+edld(hxis, Txonie)]+ fOld(hxy, 6, hgyys)]
= afld(y2n155 Yons6 )]+ b0Ld(y2nras Yones )+ cOld(Yopsss ¥anes)]
+e0ld(yops4> Yonse )+ fOLd(¥20155 Yonses )]
From the above one deduces that
(1= a)Old(y2p+6> Yon+s)]1 < DOLd(y2psas Yonss)]

+e[d(yontas Yonte)]
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Now using Definition 2.14 in the above, and putting d,, = ¢[d(y,,, y,41)], we get

dsyis < hsdy, 4, Where hs:= % < 1. Now observe that

dyy < hdy,
< Iyhdyy—p
< hyhyhdyy, 3
< h3hyhyhdy, 4
< hyhshyyhdy,, s
< hshahshohyhdy, g

<

< (h5h4h3h2h1h)”d0.
From the above the following is immediate
A1 < W (hshyhzhah)" dg
dynin < WS (hshyhzh)" dy,
dynys < W RS RE (hshyh)
dypra < WS R R (hsh)
n+lyn+lyn+lyn+lypn+lyn
dopss Sy h3 hy " hs T hd.
Now observe from above we have the following

dyp + dopyy < [y +1)(hshyhshyh)" dy,
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dypar + dopiy < BTRE[1+ by J(hshyhsh)" .
dopr +doysy < MRS RY (14 s (hshah)" dy,
dyyss +dopyg < W RS RET G+ hy Y(hsh)" d,
dypss +dopys < MRS R IRE L+ s 0",
dypis +donee < WSTR[+ hs + hyhyhshyhsh].

Let n, me N, for the sequence {y,}, we consider 0[d(y,, y,,)] in two cases.

First observe that

OLd (Vs Y )1 < kOLd(yys Yog1 )]+ kOld(Yps1s Yns2)]
+k0ld (Y12 Yne3) ]+ kOLd(Vyi3. Yara )]+ K0ld(yyias Yuis)]
+kO[d(Ypis5s Vnse) 1+ + k0ld(yy1s v )]
<kld, +dp +dppr +dyz+dyg+dys++dy,_ )

If nis even and m > n, then we consider the following cases:

Subcase 1. Replacing n with %, then

n

OLd(yp. yp )] < K[R2 [y + 1) hshyhshyh )3 d,

n+2 n+2
+h 2 [y + 1) hshyhshyh) 2 dg + -]

n

— n
< khlz [hl + 1](h5h4h3h2h )Edo[l + h1h5h4h3h2h + .- ]

n

— n
- kh? [hy + 1) hshyhshah)2 d
N 1 = hyhshyhzhyh
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Subcase II. Replacing n with — then

-2

e 5 n-2
h2 2 h3 2 [1 + ]’l3 ](h5h4h) 2 do

n-2 n-2

old(yme yo) < k[ 2

n n n
—+1 —+1 — n
+]’l12 ]’l22 h32 [1+]’l3 ](h5h4h)2 dO + .- ]

n-2

n-2

n—2

+1

n—2
—+1 —= n-2
< khl l’l2 2 h3 2 [1 + h3 ](l’l5h4h) 2 do [1 + h1h5h4h3h2h + .-

n—2 n-2 n—2
+1

k2 2 [t b ](hsh h)nT_zd
< 1 2 3 3 \1500 0
= 1= hyhshyhshyh :

n—4

Subcase I1I. Replacing n with , then,

old(yys ym)]

n—4+1 n—4 n—4 n—4 n—4 n—4

_t] —
<kl 2 hy2 hy? R 2 hs? [1+hslh 2 d

n—4 n—4+l n—4+1 n—4 n—4 n—4

_t] —
<ki 2 hy? kg g% kg2 [+ hsh 2 doll+ hyhshyhshoh + -

n—4 n—4 n—-4 n-4 n-4 n—4
ki 2 % Ry b2 hs? [+ hslh 2 dg
1= hyhshyhshyh ‘

If nis odd and m > n, then we consider the following cases:

Subcase 1. Replacing n with nT—l , then

41
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n+l n+l

n—1 n—1 n-l1

- L5 1= - L=
S k[ 2 hy? [1+hy [(hshyhsh) 2 do+h 2 by

n+l

X [1 + l’l2 ](h5h4h3h)7d0 + .- ]

1

n—1 n—
——+1
<kh 2 hy>

n—1
[1+ iy J(hshyhyhY 2 do[1 + hyhshyhyhyh + --- ]

n—1 n—1
—+ — n-1
< khl 2 h22 [1 + l’l2 ](h5h4h3h) 2 do
1= hyhshyhslyh ‘

Subcase II. Replacing n with nT_3’ then

old(yu> yim)]

n-3 n-3 n-3 n-3
> LS S S n3
h h h4 [1+h4](h5h) 2 dO

< k[h ) s
n__1+1 n__l+l n__l+l n__l n_—l
+h 2 hy? kg hy? [1+hyl(hsh) 2 dg + -]
n_3+1 n__3+1 n__3+1 n__3 n_—3
< ki hy? hy? by ? [L+ hyN(hsh) 2 doll + hhshyhshyh + -
n=3 ., n=3,, n=3 , n=3 n-3
iy 2?2 hy? hy? 1+ hyl(hsh) 2 dy
- 1 — hyhshyhshyh ‘

Subcase III. Replacing n with n_;S’ then

Oold(yys ym)l
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X[1+ hhshyhshyh + -+ ]

n—-5 n—-5 n—5 n—5
+1 +1 Fl ——+1
iy 2 hy? hy? kg2 hg? h 2 doll+ hs + hhyhyhyhsh)
- 1 — hyhshyhzhyh '

n-5 n-5
2 2

Since h, hy, hy, h3, hy, hs <1, it follows that hhyhyh3hyhs <1, so in all sub-cases
when n is even or odd, we have ¢[d(y,, y,,)] = Op as n — o, and since ¢ €
®(P, C), we have d(y,, y,,) = Op. Thus by Lemma 2.13, {y, } = {hx,_;} isa
Cauchy sequence. Since h(X) is complete, there exists ve h(X) and u € X such
that lim,_,., ¥, =Vv and v = hu. Now, we show that u is coincidence point of the
pairs (T, h) and (g, h), thatis, Tu = gu = hu. If Tu # hu then Oy < d(Tu, hu).

Now observe that

q)[d(TM, Yon+1 )] = ¢[d(TM» 8X2n+1 )]
< adld(hu, Tu)] + bOld(hxy, 11, 8%ppe1)]+ cOld(hu, gxy,.1)]

+ed[d(hxy, iy, Tu)]+ fold(hu, hxy, )]

adld(hu, Tu)]+ bold(ya,s yaus1)]+ cOld(hu, ys,41)]

+edld (2. Tu)] + fold(hu, yy,)]

ad[d(hu, Tu)]+ bd,,, + cold(hu, yy,.1)]+ e0ld(ys,, Tu)]

+f¢[d(hu7 Yon )]

Since y,, — hu, d,, — 0p, d(Tu, y,,41) = d(Tu, hu) as n — e and ¢ €
®(P, C), therefore taking limits in the above and using Remark 2.9, we deduce,

since a + e < 1, that

O[d(Tu, hu)] < (a + e)o[d(hu, Tu)] < O[d(hu, Tu)]
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which is a contradiction, thus hu = Tu. Similarly, we can show hu = gu, thus
Tu = gu = hu = v. Thus, v is a point of coincidence of the pairs (7, k) and (g, h).

Finally, we show uniqueness of the point of coincidence. Suppose w is another point

of coincidence of these pairs, that is, 7z = gz = hz = w for some z e X. Now

observe that
old(w, v)] = 0ld(Tz, gu)]
< adld(hz, Tz)] + bold(hu, gu)]+ cld(hz, gu)]
+edld(hu, Tz)] + fold(hz, hu)]
< adld(w, w)] + bold(v, v)] + cold(w, v)] + edld (v, w)] + fold(w, v)]
<(c+e+ f)oldw, v)].

Since ¢+ e+ f <1 and using Remark 2.9, we deduce that ¢[d(w, v)] = Op, that is
w = v. Thus, point of coincidence is unique. If the pairs (7, &) and (g, h) are
weakly compatible, then since Tu = gu = hu = v, we have, Tv = Thu = hTu = hv
and gv = ghu = hgu = hv, therefore Tv = gv = hv = p (say). This shows that p is
another point of coincidence, therefore by uniqueness we must have p = v, that is,

Tv = gv = hv = v. Thus, v is unique common fixed point of the self-maps 7, g, h.

Taking B=R, C =[0, ) and ¢[a] =|a|, then C is a normal cone with
normal constant 1, ¢ € ®(P, C) with k = K (normal constant of P). Thus from the

above, we have the following:

Corollary 3.2. Let (X, d) be a cone heptagonal metric space and P be a
normal cone with normal constant K. Suppose T, g, h: X > X satisfy the

condition

ld(Tx, gy)| < alld(hx, Tx)| + blld(hy, gy)| + clld (hx, gy)|

+e||d (hy, Tx)| + fld(hx, hy)|
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forall x, ye X; a,b,c,e, f 20, atb+c+e+ f<l. U T(X)Ug(X)ch(X)
and h(X) is a complete subspace of X, then the maps T, g, h have a unique point
of coincidence in X. Moreover, if (T, h) and (g, h) are weakly compatible pairs,

then T, g, h have a unique common fixed point.
Remark 3.3. From the above Corollary we have the following
(a) If ¢ = e =0, then we get Corollary 2.2 [5].
®)If a =b =c =e=0, then we get Theorem 2.1 [1].
©)If c=e= f =0 and a = b, then we get Theorem 3.1 [1].

Remark 3.4. Taking E = B, P = C, and defining ¢ : P — P by 0[a] = a for

all a € P in Theorem 3.1, then we get the following
(a) Corollary 2.3 [5], provided ¢ = e = 0.
(b) Result of Vetro [3], provided c =e =0 and h = [y.

(b) Generalization of Theorems 1 and 3 of Huang and Zhang [2], provided
c=e=0,T=gand h=1y.
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