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Abstract

We introduce a concept of Cone Heptagonal Metric Space and obtain the

Chatterjea Fixed Point Theorem (Chatterjea [1]) in this setting.

1. Introduction

Huang and Zhang [2] introduced the concept of a cone metric space. They
replaced the set of real numbers by an ordered Banach space and proved some fixed
point theorems for contractive type conditions in cone metric spaces. Later on many
authors have proved some fixed point theorems for different contractive type
conditions in cone metric spaces; for examples, see, Common fixed point results for
non commuting mappings without continuity in cone metric spaces (Abbas and
Jungck [3]); Common fixed points for maps on cone metric space (Ilic and
Rakocevic [4]); Some notes on the paper cone metric spaces and fixed point

theorems of contractive mappings (Rezapour and Hamlbarani [5]).
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Garg [6] introduced the notion of cone hexagonal metric space and proved
Banach contraction mapping principle in a normal cone hexagonal metric space
setting. Very recently, Auwalu and Hincal [7] proved the Kannan contraction

mapping principle in cone hexagonal metric space.

In this paper, inspired by the works of Garg [6] and Auwalu and Hincal [7], we
introduce a concept of cone heptagonal metric space, and prove the Chatterjea

contraction mapping principle in this setting.

This paper is organized as follows. Section 2 contains some preliminary ideas
that would be useful in the sequel. Example 2.8 shows that the notion of cone
heptagonal metric space is a proper extension of cone hexagonal metric space.
Section 3 contains the main results, in particular, the Chatterjea contraction mapping
principle in cone heptagonal metric space is given by Theorem 3.1, and Example 3.2
is given to illustrate the Chatterjea contraction principle in cone heptagonal metric

space.
2. Preliminaries

Notation 2.1. E will denote a real Banach space.
Definition 2.2. P c E will be called a cone iff

(a) P is closed, nonempty, and P # {0},
(b)a,beR,a,b20, and x, ye P implies ax + by € P,
(c) xe P and —x € P implies x = 0.

Notation 2.3. < will denote a partial ordering with respect to P and will be
defined by x < y iff y —xe P. We shall write x < y to indicate that x < y but
x #y, while x <<y will stand for y— x € int(P), where int(P) denotes the

interior of P.

Definition 2.4. A cone P is called normal if there is a number k > O such that

for all x, ye E, the inequality 0 < x <y implies that ||x| < k|y|. The least

positive number k satisfying ||x| < k||y| is called the normal constant of P.
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Remark 2.5. In this paper, we always assume that E is a real Banach space and

P is a cone in E with int(P) # ® and < is a partial ordering with respect to P.

Definition 2.6. Let X be a nonempty set. Suppose the mapping d : X X X — E

satisfies
(@) 0 <d(x, y) forall x, ye X and d(x, y)=0 iff x = y,
(b) d(x, y)=d(y, x) forall x, ye X,
(c) d(x, y)<d(x, z)+d(z, y) forall x, y, z€ X.
Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Remark 2.7. If we replace (c) of the previous definition with the following,

which we call the heptagonal property, d(x, y) < d(x, z)+ d(z, w)+d(w, u) +
d(u, v)+d(v,t)+d(t, y) forall x, y, z, w,u, v, t € X and for all distinct points
Z, w, u, v, t € X —{x, y}, then we say d is a cone heptagonal metric on X, and we

call (X, d) a cone heptagonal metric space.

Example 2.8. Let X ={r, s, t,u,v, w, k}, E = R2 and P = {(x, y):x, y =20}
be acone in E. Define d : X X X > E by

d(x, x) =0 forall xe X,

d(r, s)=d(s, r) = (6,12),
d(r,t)=d(r,u)=d(r,v)=d(r, w)=d(s, t) = d(s, u) =d(s, v) = d(s, w) = d(¢t, u) =
dit,v)=dt, wy=d(u,v)=d, w)=dwv, w)=dt, r)=d(u, r)=d(v, r) =d(w, r) =
dt,s)=du, s)=dv, s)=d(w, s)=du,t)=dv, t) =d(w, t) =d(v, u) = d(w, u) =
dlw, v) =(1, 2),
dlk,r)=d(k, s)=d(k,t)=d(k,u)=d(k,v)=d(k, w)=d(r,k)=d(s, k) =d(t, k) =

du, k) =d(v, k) = d(w, k) = (5, 10).
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Then it is easy to see that (X, d) is a cone heptagonal metric space, but it is not

a cone hexagonal metric space, since it lacks the hexagonal property of Auwalu and
Hincal [7], since (6,12) =d(r, s) > d(r, t)+d(t, u) + d(u, v) + d(v, w) + d(w, s) =
(L2)+(1,2)+1,2)+(0,2)+(1,2)=(5,10) as (6,12)—(5,10) = (1, 2) € P.

Definition 2.9. Let (X, d) be a cone heptagonal metric space. Let {x,} be a
sequence in X and x € X. If for every c € E with 0 << ¢ there exists ny € N such

that for all n > ng, d(x,, x} << ¢, then {x,} is said to be convergent.

Definition 2.10. Let (X, d) be a cone heptagonal metric space. Let {x,} be a
sequence in X. If for every ¢ € E with 0 << ¢ there exists ny € N such that for all

n, m > ngy, d(x,, x,,)<<c, then {x, } is called a Cauchy sequence in X.

Definition 2.11. Let (X, d) be a cone heptagonal metric space. If every Cauchy
sequence is convergent in X, then X will be called a complete cone heptagonal metric
space.

Taking inspiration from Garg and Agarwal [8], we have the following

Lemma 2.12. Let (X, d) be a cone heptagonal metric space, and P be a
normal cone with normal constant k. Let {x,} be a sequence in X, then {x,}

converges to x iff |d(x,, x)| = 0 as n — oo,

Taking inspiration from Garg and Agarwal [8], we have the following

Lemma 2.13. Let (X, d) be a cone heptagonal metric space, and P be a
normal cone with normal constant k. Let {x,} be a sequence in X, then {x,} is a

Cauchy sequence iff ||d(x,, X,4m )| = 0 as n, m — oo.
Taking inspiration from Jleli and Samet [9, Lemma 1.10], we have the following

Lemma 2.14. Let (X, d) be a complete cone heptagonal metric space, P be a
normal cone with normal constant k. Let {x,} be a Cauchy sequence in X and

suppose there is a natural number N such that
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(a) x, # x,, forall n,m > N,

(b) x,,, x are distinct points in X forall n > N,
(c) x,, y aredistinct points in X for all n > N,
(d) x, >xand y, > y as h = oo,

Then x = y.
3. Main Results

Theorem 3.1. Let (X, d) be a complete cone heptagonal metric space, P be a
normal cone with normal constant k. Suppose the mapping f : X +— X satisfies the

contractive condition: d(fx, fy) < old(x, fy)+d(y, fx)] for all x, ye X and
oe (O l) Then
) 2 .
(a) f has a unique fixed point in X,
(b) for any x € X, the iterative sequence { f"x} converges to the fixed point.

Proof. Let x € X. From the contractive condition, we deduce that
d(fx, f2x) < ad(x, f2x) < ofd(x, fx)+d(fr, £x)]

from which it follows that d(fx, f2x) <

1“a d(x, fx). Similarly, we have,

d(fzx, f3x) <

2
1?0( d(fr, f2x) < (1 ixa) d(x, fx). Continuing, we deduce, for

o
1-

each positive integer n that, d(f"x, f”“x)s(

Oc)nd(x, fx)=r"d(x, fx),

where 0 < r =

< 1. Now we divide the proof into two cases.

First Case. Let f"x = f"x for some m,ne N with m #n. Let m > n.
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Then f™ " (f"x) = f"x, thatis, f”y =y, where p=m—n and y = f"x. Now
since p > 1, we have d(y, fy) =d(fPy, fP™y) < rPd(y, fv). Since re [0, 1),
it follows that —d(y, fy)€ P and d(y, fy) € P which implies that |d(y, fy)| =0,
thatis, fy = y.

m

Second Case. Assume that f™x # f"x for all m, ne N with m # n. Since

n
0 <r, then it follows that r" < 1r , thus it is clear that d(f"x, f"“x)

—r
n
r

< r'd(x, fx) <
1-r

d(x, fx).

Now d(f™x, f"2x)<d(f"x, f"™ ' x)+d(f"x, f”+2x)3%d(x, )+

n+l1 n n n
" e o) = ) G A, and sinee ——d(x, fe) < D gie £,
1-r 1-r 1-r 1-r

n
we deduce that d( f"x, f""2x) < 1r_—rd(x, ).

n 2
< (I+r+r°)

Also we have the following d(f"x, f""3x) < Td(x, fx), and
n n 2
since 1r d(x, fx) < %d(x, fx), we deduce that d( f"x, f"3x) <
_ _
n
T d(x, fx).
1-r

Therefore, it is clear, that we also have the following

d(f"x, f"+4x)S%d(x, fx) and d(f"x, f"+5x)s%d(x, ).

Now if m >35 is odd, then writing m =54+ 2,1 =1, and using the fact that

fPx# f'x for p, re N, p # r, we see that

P+ r+r2 4+t
1-r

d(f"x, f""x) < d(x, fx),
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and since
n n 2, ... 21
r dx. f) < r"(l+r+r°+-+r )d(x,fx),
1-r 1-r
rn
we deduce that d( f"x, f"""x) < - d(x, fx).

Now if m > 5 is even, then writing m = 2 + 2/, [ > 2, and using the fact that

fPx# f'x for p, re N, p #r, we see that

n 2 21-1
a( . promey < TUEIEEA ) g g,
-r
and since
n n 2. 2011
1r_rd(x,fx)S r (1+r+}i_—|; +r )d(x,fx),

n
we deduce that d( f"x, f""x) < 1r_ —d(x, fr).

n

Thus combining all the cases, we have d(f"x, f"*™"x) < 1r_ - d(x, fx), for

all n, me N.

Now if we take norm to inequality in the expression immediately above, we

n
r

n
deduce that [|d(f"x, f""x)| < k r_ - [d(x, fx)|. Since k [d(x, fx)] = 0 as

1 1-7r
n — oo, it follows that the sequence {f"x} is Cauchy, and by the completeness of

X, there is x*e€ X such that f"x — x* as n — oo. Now we show existence of the

fixed point. Notice that

< d(x*, f”x)+d(f”x, f"+1x)+d(f"+1x, f”+2x)+d(f”+2x, fn+3x)

+d(f”+3x, f”+4x)+d(f"+4x, fx* )
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<d(x*, f'x)+d(f % )+ d(F 7 £+ d( xR
+d(f"x, )+ ald(F P e )+ d(xk )]

=d(x*, ")+ d(f"x )+ d(F M )+ d(f P )

+d (" F) + ad () od (1 ).
Taking limits in the above inequality, we get d(x* fx* ) < od(x* fx*) and since
o e (O, %), it follows o <1, thus 1—-o > 0. Hence from the inequality

d(x* fe*)<od(x* fe*), we deduce that |[d(x* fx*)| =0, thatis, x*= fx*.
Now we show uniqueness of the fixed point. If y* is another fixed point of f, then it

follows that

d(x*, y*) = d(fe¥, fo* ) < old(x* fy*)+d(y*% fi* )] = of2d(x* y* )],

and since o € (O, %), it follows that 1—2o > 0. Hence from the inequality

d(x* y*) < 2ad(x* y*), we deduce that ||d(x*, y* )| =0, thatis, x*= y* and

uniqueness follows.

Now we illustrate the main result with the following

Example 3.2. Let E=C and P={(x, y) =x+iy|x, ye R, x, y>0} be a
normal cone in E. Let X and d: X > X be given by Example 2.8. Then as
Example 2.8 shows, (X, d) is a cone heptagonal metric space, but it is not a cone
hexagonal metric space, since it lacks the hexagonal property of Auwalu and Hincal
[7] since 6+12i =(6,12) =d(r, s) > d(r, t)+d(t, u)+ d(u, v)+ d(v, w)+ d(w, s)
=5+10i =(5,10) as (6 +12i)— (5+10i) = (6,12)—(5,10)=(1,2) =1+ 2ie P.
Now define a mapping f : X > X asfollows, fx =6, if x #k; fx=11if x =k.
Note that f is not a contractive mapping with respect to the standard metric since
|fk — fs| =[1—6| =5 =|k—s|=[7—2|. However, fsatisfies d(fx, fy) < o[d(x, fy)
+d(y, fx)] for all x,ye X ={r,s, t,u,v,w, k}=1{1,2,3,4,5 6,7 with
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o= % Applying the previous theorem, we obtain that f admits the unique fixed

point x*=w = 6.

(1]
(2]

(3]

(4]

(5]

(6]

(71

(8]

(91
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