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Abstract 

By using a method of Chatelain, we have been able to construct an 

integral basis for the Triquadratic Number Fields =3K  

( ),,, lnmddndm ′′′Q  and this, in all possible 3 occurring cases 
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covered by: ( ) ( ) ( )3or,2,1,1,1,1,1,, ≡′′′ lnmddndm  and ( )3,2,1  

( ).4mod  

From that point, let us take any element: 

ln
md

dm
lnmdmndndm ′

′′
ω+′′′ω+ω+ω+ω+ω=θ 654321  

,387 Kld
nm

mn
lm

nd

dn
∈′

′′
ω+′

′′
ω+  where .Q∈ωi  

Then, to say if θ  is an integer of 3K  or not, we give for the each 3 

previous cases, necessary and sufficient conditions that involve only 

congruences modulo 2, 4 or 8 on certain summations supported by the 

,Z∈ia  such that: ii a
8
1

±=ω  in the first case and ii a
4
1

±=ω  in the 2 

others. 

(The signs ±  are easy to determine and depend on 3K ). 

In conclusion, one can say that these results give practical methods to 

determine if an element of 3K  is an algebraic integer or not, but also, it 

can be seen like a generalization of those well known, for the integer 

elements of biquadratic fields ( ).,2 dndmK Q=  

1. Introduction, Recalls and Notations 

Let us put ( ),,,,,, 12310 22222 −−− µ′µ= nnn AAAAAKn KQ  for a 

general n-quadratic number field, where ( ) {( ) ( ) ( ) ,1,1,2,1,1,1, −±∈µ′µ  

( )},1,2 −±  and the ( ) ,10:4mod1
2

−≤≤≡ nkA k  are taken square free into 

{ },1\∗
Z  except in certain cases for which the quantities 22 −nA  and 12 −nA  can be 

equal to 1. 

For such number fields ,nK  D. Chatelain (cf. Ref. [1]) gave a method for the 

construction of an integral 
nKBbasis-Z  for its integral ring ,

nKZ  as well as for the 

calculations of ,QnKD  the discriminant of the number field nK  relative to .Q  If 
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this method is effective and algorithmic, for giving integral basis, in the practice we 

do not have any explicit formulae. 

It is one of the reasons why, in this paper, we study and apply Chatelain’s 

method to the Triquadratic Number Fields ( ),,,3 lnmddndmK ′′′= Q  to find 

such formulas which do not exist at this time. 

Let us remark that Park et al. (cf. Ref. [5]) and Gábor Nyul (cf. Ref. [4]) gave 

also bases of triquadratic number fields, but they did not explain the way they 

obtained them. 

Let us recall, that we use, which we agreed once and for all, (cf. Ref. [2]) the 

following notations and conventions. 

Notations 1.1. (i) Let us put ( ) ( ) .,,,,gcd Z∈∀= bababa  When we write a 

triquadradic number field: ( ),,,3 lnmddndmK ′′′= Q  this implies that ,, md  

n  are square free rational integers, such that: 

lnmdmndndm ′′′,,,  are 0≠  and 1, with ( ) ( ) ( ) ( )ldmnnmndmd ,,,, ===  

1=  and ,,, nnmmdd ′′′  and satisfying the conditions: 

( ) ( ) ( )3or,2,1,1,1,1,1,, ≡′′′ lnmddndm  and ( ) ( ).4mod3,2,1  (That we call, 

respectively, the cases 1, 2 and 3. 

(ii) ( )as  is the sign of .�Z∈a  

(iii) For ( ) ,2mod1≡a  we put { },1;1−∈λa  such that ( ).4modaa λ≡  

(iv) ( ) ,11 ±=λ= dss d  ( ) ,12 ±=′′λ= ′′ mdss md  ( ) ,13 ±=′′λ= ′′ ndss nd  =4s  

( ) .1±=′′λ ′′ nmdsnmd  

(v) 
( )

( ) ( )






≡′′′±=λ

−≡′′′−=λ
=γ

′′′

′′′

.eveniswhenisthat4mod2if,1

,4mod1if,1

2
llnmd

lnmd

lnmd

lnmd
 

(vi) 
2
nd

λ=δ  when n is even. 
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(vii) The Galois group acts on 3K  (which is a space-Q  vector set generated by 

1 and the square roots just below) like this, and will work on the same way, hereafter, 

on the Chatelain’s basis-β  of :3K  

ld
n

n

m

m

lm
n

n

d

d

ln
m

m

d

d

lnmd

mn

dn

dm

M

i

′
′′

′
′′

′
′′

′′′

α







































−−−−

−−−−

−−−−

−−−−

−−−−

−−−−

−−−−

σσσσσσσσ

=

1

11111111

11111111

11111111

11111111

11111111

11111111

11111111

11111111
87654321

3  

The results we have found (cf. Ref. [2]) on the Chatelain’s written form (unique when 

3K  satisfies Notations 1.1 (i)) of ( ),,,3 lnmddndmK ′′′= Q  on Chatelain’s β-

basis, and on Chatelain’s integral ,basis-
3KBZ  respectively, in the 3 occurring 

cases: ( ) ( ) ( )3or,2,1,1,1,1,1,, ≡′′′ lnmddndm  and ( ) ( ) ,4mod3,2,1  are 

summarized in the following ones: 

Remark 1.1. Once ( )lnmddndmK ′′′= ,,3 Q  is given satisfying Notations 

1.1 (i), then the Chatelain’s written form of 3K  is unique. 

Lemma 1.1. For Case 1. ( ) ( ) ( )4mod1,1,1,, ≡′′′ lnmddndm  

(i) A Chatelain’s written form of ( )lnmddndmK ′′′= ,,3 Q  is: 

( ).,,3 lnmddndmK ′′′= Q  

(ii) The corresponding Chatelain’s β-basis of 3K  is given by: 
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.,,,,,,,1 4321








′
′′

′
′′

′
′′

′′′=β ld
n

n

m

m
slm

n

n

d

d
sln

m

m

d

d
slnmdmnsdndm  

(iii) The corresponding Chatelain’s 
3

- Kbase BZ  of 
3KZ  is the following: 





′

′′
+′′′++++=ε ln

m

m

d

d
slnmdmnsdndm 211 1

8
1

 

,43 



′

′′
+′

′′
+ ld

n

n

m

m
slm

n

n

d

d
s  

( ) ( )



′

′′
′′λ−′′′+λ−+−=ε ′′ ln

m

m

d

d
mdslnmdmndsdndm mdd1

8
1

2  

( ) ( ) ,



′

′′
′′λ−′

′′
′′λ+ ′′′′ ld

n

n

m

m
nmdslm

n

n

d

d
nds nmdnd  

( ) ( )



′

′′
′′λ+′′′+λ−−+=ε ′′ ln

m

m

d

d
mdslnmdmndsdndm mdd1

8
1

3  

( ) ( ) ,



′

′′
′′λ−′

′′
′′λ− ′′′′ ld

n

n

m

m
nmdslm

n

n

d

d
nds nmdnd  

( ) ( )



′

′′
′′λ−′′′+λ+−−=ε ′′ ln

m

m

d

d
mdslnmdmndsdndm mdd1

8
1

4  

( ) ( ) ,



′

′′
′′λ+′

′′
′′λ− ′′′′ ld

n

n

m

m
nmdslm

n

n

d

d
nds nmdnd  

( ) ( )



′

′′
′′λ−′′′−λ+++=ε ′′ ln

m

m

d

d
mdslnmdmndsdndm mdd1

8
1

5  

( ) ( ) ,



′

′′
′′λ−′

′′
′′λ− ′′′′ ld

n

n

m

m
nmdslm

n

n

d

d
nds nmdnd  

( ) ( )



′

′′
′′λ+′′′−λ−+−=ε ′′ ln

m

m

d

d
mdslnmdmndsdndm mdd1

8
1

6  
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( ) ( ) ,



′

′′
′′λ+′

′′
′′λ− ′′′′ ld

n

n

m

m
nmdslm

n

n

d

d
nds nmdnd  

( ) ( )



′

′′
′′λ−′′′−λ−−+=ε ′′ ln

m

m

d

d
mdslnmdmndsdndm mdd1

8
1

7  

( ) ( ) ,



′

′′
′′λ+′

′′
′′λ+ ′′′′ ld

n

n

m

m
nmdslm

n

n

d

d
nds nmdnd  

( ) ( )



′

′′
′′λ+′′′−λ+−−=ε ′′ ln

m

m

d

d
mdslnmdmndsdndm mdd1

8
1

8  

( ) ( ) .



′

′′
′′λ−′

′′
′′λ+ ′′′′ ld

n

n

m

m
nmdslm

n

n

d

d
nds nmdnd  

Lemma 1.2. For Case 2. ( ) ( ) ( )4mod32,1,1,, orlnmddndm ≡′′′  

(i) A Chatelain’s written form of ( )lnmddndmK ′′′= ,,3 Q  is: 

( )







′′′−−









′′′λλ

= ′′′′′′

.,1,,

,,
2

2,,
223

eitherlnmddndm

evenislif
l

nmddndm
K

ll nmdnmd

Q

Q
 

(ii) The corresponding Chatelain’s β-basis of 3K  is given by: 





′
′′

γ′′′γ=β ,,,,,,1 21 ln
m

m

d

d
slnmdmnsdndm  

., 43




′
′′

γ′
′′

γ ld
n

n

m

m
slm

n

n

d

d
s  

(iii) The corresponding Chatelain’s 
3

base- KBZ  of 
3KZ  is the following: 

,
4

1
,

4
1 1

2
1

1
mnsdndmmnsdndm −+−

=ε
+++

=ε  

,
4

1
,

4
1 1

4
1

3
mnsdndmmnsdndm +−−

=ε
−−+

=ε  
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,
4

432
5

ld
n

n

m

m
slm

n

n

d

d
sln

m

m

d

d
slnmd ′

′′
+′

′′
+′

′′
+′′′

γ=ε  

,
4

432
6

ld
n

n

m

m
slm

n

n

d

d
sln

m

m

d

d
slnmd ′

′′
−′

′′
+′

′′
−′′′

γ=ε  

,
4

432
7

ld
n

n

m

m
slm

n

n

d

d
sln

m

m

d

d
slnmd ′

′′
−′

′′
−′

′′
+′′′

γ=ε  

.
4

432
8

ld
n

n

m

m
slm

n

n

d

d
sln

m

m

d

d
slnmd ′

′′
+′

′′
−′

′′
−′′′

γ=ε  

Lemma 1.3. For Case 3. ( ) ( ) ( )4mod3,2,1, ≡′′′ lnmddndm  

(i) A Chatelain’s written form of ( )lnmddndmK ′′′= ,,3 Q  is: 

.1,
2

2,3 







′′′−−δδ= lnmd

n
ddmK Q  

(ii) The corresponding Chatelain’s basis-β  of 3K  is given by: 





′
′′

−′′′−δδ=β ,,,,,,1 21 ln
m

m

d

d
slnmdmnsdndm  

., 43




′
′′

δ−′
′′

δ− ld
n

n

m

m
slm

n

n

d

d
s  

(iii) The corresponding de Chatelain’s 
3

- Kbase BZ  of 
3KZ  is the following: 

,
2

,
2

,
2

1 2
3

1
21

ln
m

m

d

d
slnmdmnsdndm

′
′′

−′′′−
=ε

+
δ=ε

+
=ε  

,
2

1
,

4 5
431

4
dm

ld
n

n

m

m
slm

n

n

d

d
smnsdn

−
=ε

′
′′

−′
′′

−+
δ=ε  
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and
ln

m

m

d

d
slnmdmnsdn

2
,

2

2
7

1
6

′
′′

+′′′−
=ε

−
δ=ε  

.
4

431
8

ld
n

n

m

m
slm

n

n

d

d
smnsdn ′

′′
+′

′′
−−

δ=ε  

Let us recall that there is particular suitable and useful integral bases { ,13
ε′=′KB  

}8765432 ,,,,,, ε′ε′ε′ε′ε′ε′ε′  obtained from the previous 
3KB  ones, and we will use 

in the proof of Theorem 2.1, which is: 

Lemma 1.4. (1) For Case 1. 





′

′′
+′′′++++=ε′ ln

md

dm
slnmdmnsdndm 211 1

8
1

 

,43 



′

′′
+′

′′
+ ld

nm

mn
slm

nd

dn
s  

,2222
8
1

4212 







′

′′
−′

′′
−−−=ε′ ld

nm

mn
sln

md

dm
smnsdm  

,2222
8
1

4313 







′

′′
+′

′′
−+−=ε′ ld

nm

mn
slm

nd

dn
smnsdn  

,44
8
1

414 







′

′′
−−=ε′ ld

nm

mn
smns  

,2222
8
1

4325 







′

′′
+′

′′
+′

′′
−′′′−=ε′ ld

nm

mn
slm

nd

dn
sln

md

dm
slnmd  

,44
8
1

426 







′

′′
−′

′′
=ε′ ld

nm

mn
sln

md

dm
s  

,44
8
1

437 







′

′′
+′

′′
−=ε′ ld

nm

mn
slm

nd

dn
s  



… INTEGERS OF TRIQUADRATIC NUMBER FIELDS 

 

57 

.8
8
1

48 







′

′′
−=ε′ ld

nm

mn
s  

(2) For Case 2. 

,
2

,
4

1
2

1
1

dndmmnsdndm −−
=ε′

+++
=ε′  

,,
2 14

1
3 mns

mnsdn
−=ε′

−−
=ε′  

,
4

432
5

ld
nm

mn
slm

nd

dn
sln

md

dm
slnmd ′

′′
+′

′′
+′

′′
+′′′

γ=ε′  

,
2 326 








′

′′
+′

′′
γ−

=ε′ lm
nd

dn
sln

md

dm
s  

.,
2 48437 ld

nm

mn
sld

nm

mn
slm

nd

dn
s ′

′′
γ−=ε′








′

′′
+′

′′
γ−

=ε′  

(3) For Case 3. 

,,
2

1
21 dm

dm
=ε′

+
=ε′  

,
4 4313 








′

′′
−′

′′
−+

δ
=ε′ ld

nm

mn
slm

nd

dn
smnsdn  

( ) ,
2
1

,
2 25414 








′

′′
−′′′−=ε′′

′′
−

δ
=ε′ ln

md

dm
slnmdld

nm

mn
smns  

,
2

,
4
1

43726 







′

′′
−′

′′
−

δ
=ε′








′

′′
−=ε′ ld

nm

mn
slm

nd

dn
sln

md

dm
s  

.
2 48 ld

nm

mn
s ′

′′
δ

=ε′  

To obtain such basis, let us remark that in the 
3

module- KZZ  of rank 8, the matrix 
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that changes the basis 
3KB  to the basis 

3KB′  in the Cases 1, 2 and 3 is, 

respectively: 

;

11100000

10110000

11000000

10000000

11101100

10111000

11001110

10001011

8

7

6

5

4

3

2

1
87654321

1

ε

ε

ε

ε

ε

ε

ε

ε

































−

−−

−

−−−

−

−−

−−−
ε′ε′ε′ε′ε′ε′ε′ε′

=P  

8

7

6

5

4

3

2

1
87654321

2

10100000

11000000

10000000

11110000

00001000

00001100

00001010

00001111

ε

ε

ε

ε

ε

ε

ε

ε

































−

−

−−

−

−−−
ε′ε′ε′ε′ε′ε′ε′ε′

=P  

and 

,

20001000

00100000

10000000

00000010

22000100

00111000

11000000

00000011

8

7

6

5

4

3

2

1
87654321

3

ε

ε

ε

ε

ε

ε

ε

ε

































−−

−

−

−−

ε′ε′ε′ε′ε′ε′ε′ε′

=P  

with ,12 =iP  for .3,2,1=i  
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Now in the next paragraph, we will give the main theorem of this paper. 

2. Characterization of Integers of ( )lnmddndmK ′′′= ,,3 Q  

Let us take any element: 

lnmdmndndm ′′′ω+ω+ω+ω+ω=θ 54321  

,3876 Kld
nm

mn
lm

nd

dn
ln

md

dm
∈′

′′
ω+′

′′
ω+′

′′
ω+  where .Q∈ωi  

As said in the introductive part, the problem which is set, is to know if θ  is an 

integer of ( )lnmddndmK ′′′= ,,3 Q  or not. 

The first thing to do is to distinguish among the 3 generic cases, the one we are 

dealing with. To do this, let us take a look at the 7 quantities ,,,, lnmdmndndm ′′′  

.,, ld
nm

mn
lm

nd

dn
ln

md

dm
′

′′
′

′′
′

′′
 One remarks that: 

Remarks 2.1. (1) Case 1 occurs if and only if more than 4 of the elements: 

ld
nm

mn
lm

nd

dn
ln

md

dm
lnmdmndndm ′

′′
′

′′
′

′′
′′′ ,,,,,,  are ( ) ,4mod1≡  (exactly all terms 

are ( )4mod1≡ ). 

(2) Case 2 occurs if and only if exactly 3 of the elements: ,,, mndndm  

ld
nm

mn
lm

nd

dn
ln

md

dm
lnmd ′

′′
′

′′
′

′′
′′′ ,,,  are ( ) ,4mod1≡  (that are dndm,  and 1≡mn  

( ) ,4mod  and for the others, either ld
nm

mn
lm

nd

dn
ln

md

dm
lnmd ′

′′
′

′′
′

′′
′′′ ,,,  are 2≡  

( )) ,4mod  or these same 4 ones are ( ).4mod3≡  

(3) Case 3 occurs if and only if exactly 1 of the elements: ,,, mndndm  

ld
nm

mn
lm

nd

dn
ln

md

dm
lnmd ′

′′
′

′′
′

′′
′′′ ,,,  is ( ) ,4mod1≡  (that is ( ) ,4mod1≡dm  and 

for the others: lm
nd

dn
ld

nm

mn
mndn ′

′′
′

′′
,,,  are ( ) ,4mod2≡  and ln

md

dm
lnmd ′

′′
′′′ ,  

are ( )4mod3≡ ). 
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Then let us remark that we will write θ  in Theorem 2.1, on the corresponding 

Chatelain’s β-basis for cases 1, 2 and 3. We obtain: 

Remarks 2.2. (1) In Case 1. ( ) 5114321 ω+ω+ω+ω+ω=θ mnssdndm  

.,448337226 Q∈ω







′

′′
ω+








′

′′
ω+








′

′′
ω+′′′ ild

nm

mn
sslm

nd

dn
ssln

md

dm
sslnmd  

(2) In Case 2. ( ) ( )lnmdmnssdndm ′′′γγω+ω+ω+ω+ω=θ 5114321  

.,448337226 Q∈ω







′

′′
γγω+








′

′′
γγω+








′

′′
γγω+ ild

nm

mn
sslm

nd

dn
ssln

md

dm
ss  

(3) In Case 3. ( ) ( ) lnmdmnssdndm ′′′ω−δδω+δδω+ω+ω=θ 5114321  

.,448337226 Q∈ω







′

′′
δδω−








′

′′
δδω−








′

′′
ω− ild

n

n

m

m
sslm

n

n

d

d
ssln

m

m

d

d
ss  

From that, because we are able to write ( )lnmddndmK ′′′= ,,3 Q  in a 

Chatelain’s written form, it is clear that the following quantities are well known, once 

θ  is given: 

( ) ( ) ( ) ,1,1,1 321 ±=′′λ=±=′′λ=±=λ= ′′′′ ndssmdssdss ndmdd  

( )

( )

( )







≡′′′±=λ

−≡′′′−=λ

=γ±=′′λ=

′′′

′′′

′′
,4mod2if,1

,4mod1if,1

,1

2

4
lnmd

lnmd

nmdss
lnmd

lnmd

nmd  

and 
2
nd

λ=δ  when n is even. 

From all that we get the following main theorem: 

Theorem 2.1. Let ( ),,,3 lnmddndmK ′′′= Q  a triquadratic number field, 

satisfying Notations 1.1 (i), where γ,,,, 4321 ssss  and δ  are the signs coming 

from its Chatelain’s written form. Then there are equivalencies between propositions 

(i) and (ii). 
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(i) 7654321 ω+′
′′

ω+′′′ω+ω+ω+ω+ω=θ ln
md

dm
lnmdmndndm  

,,8 Q∈ω′
′′

ω+′
′′ ild

nm

mn
lm

nd

dn
 is an integer of 3K  (i.e., belongs to the ring of 

integral elements 
3KZ  of 3K ). 

(ii) (A) Case 1. ( ) ,,,,,,,, 8
87654321 Z∈∃ aaaaaaaa  such that: 

( ln
md

dm
aslnmdamnasdnadmaa ′

′′
+′′′++++=θ 625413211 8

1
)A(  

),8473 ld
nm

mn
aslm

nd

dn
as ′

′′
+′

′′
+  and satisfying: 

( )

( )

( )

( )

( )

( )

( )

( )
























≡−−−−+++

≡−−+

≡+−−

≡−

≡−−+

≡−

≡−

∈

.8mod0

,4mod0

,4mod0

,2mod0

,4mod0

,2mod0

,2mod0

,

A

87654321

7531

6521

51

4321

13

21

1

2

aaaaaaaa

aaaa

aaaa

aa

aaaa

aa

aa

a Z

 

(B) Case 2. ( ) ,,,,,,,, 8
87654321 Z∈∃ aaaaaaaa  such that: 

( ln
md

dm
aslnmdamnasdnadmaa ′

′′
γ+′′′γ++++=θ 625413211 4

1
)B(  

),8473 ld
nm

mn
aslm

nd

dn
as ′

′′
γ+′

′′
γ+  and satisfying: 
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( )

( )

( )

( )

( )

( )

( )





















≡−+−

≡−

≡−

∈

≡−+−

≡−

≡−

∈

.4mod0

,2mod0

,2mod0

,

,4mod0

,2mod0

,2mod0

,

B

8765

76

65

5

4321

32

21

1

2

aaaa

aa

aa

a

aaaa

aa

aa

a

Z

Z

 

(C) Case 3. ( ) ,,,,,,,, 8
87654321 Z∈∃ aaaaaaaa  such that: 

( ln
md

dm
aslnmdamnasdnadmaa ′

′′
−′′′−δ+δ++=θ 625413211 4

1
)C(

 ),8473 ld
nm

mn
aslm

nd

dn
as ′

′′
δ−′

′′
δ−  and satisfying: 

( )

( )

( )

( )

( )

( )

( )

( )





















≡+−−

≡−

≡−

≡

≡−

∈

≡−

≡

.2mod0

,2mod0

,4mod0

,2mod0

,2mod0

,

,4mod0

,2mod0

C

8743

37

56

5

34

3

12

1

2

aaaa

aa

aa

a

aa

a

aa

a

Z

 

Remark 2.3. One can notice that the element θ  is written in its usual way (that 

is not in a Chatelain’s written form). 

Proof 2.1. ( )A•  Case 1. 

(i) ⇒  (ii) 

Let us suppose that θ  is an integer of .3K  So: 
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lm
nd

dn
ln

md

dm
lnmdmndndm ′

′′
ω+′

′′
ω+′′′ω+ω+ω+ω+ω=θ 7654321  

,
38 Kld

nm

mn
Z∈′

′′
ω+  with .Q∈ωi  

And following Remark 2.2. (1), we can rewrite θ  on the Chatelain’s β-basis of 

3K  as following: 

( ) 







′

′′
ω+′′′ω+ω+ω+ω+ω=θ ln

md

dm
sslnmdmnssdndm 2265114321  

.
3448337 Kld

nm

mn
sslm

nd

dn
ss Z∈








′

′′
ω+








′

′′
ω+  

We can too rewrite the integer θ  on the basis 
3KB′  of 

3KZ  (cf. Lemma 1.4. (1)). So 

there exist ( ) Z∈≤≤ 81 iix  such that: 

.8877665544332211 ε′+ε′+ε′+ε′+ε′+ε′+ε′+ε′=θ xxxxxxxx  

Let us develop and factorize this last expression on Chatelain’s β-basis of ,3K  then 

we get: 

( ) ( ) ( ) ( )mnsxxxxdnxxdmxx
x

143213121
1 422

8
1

2
8
1

2
8
1

8
−+−+−+−+=θ  

( ) ( ) ( )ln
md

dm
sxxxxlnmdxx ′

′′
+−−+′′′−+ 2652151 422

8
1

2
8
1

 

( )( )lm
nd

dn
sxxxx ′

′′
−+−+ 37531 422

8
1

 

( ) ( ).8442422
8
1

487654321 ld
nm

mn
sxxxxxxxx ′

′′
−+−+−+−+  

Let us put ( ) ,81 Z∈≤≤iia  such that: 
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


















−+−+−+−=

−+−=

+−−=

−=

−+−=

−=

−=

=

.8442422

,422

,422

,2

,422

,2

,2

,

876543218

75317

65216

515

43214

313

212

11

xxxxxxxxa

xxxxa

xxxxa

xxa

xxxxa

xxa

xxa

xa

 

Replace by these ( ) 81 ≤≤iia  the values ( ) 81 ≤≤iix  in the expression of ,θ  let us 

identify these 2 expressions of ,θ  we get our first point, that is: 

( ) ,,,,,,,, 8
87654321 Z∈∃ aaaaaaaa  such that: 

( ln
md

dm
aslnmdamnasdnadmaa ′

′′
+′′′++++=θ 625413218

1
 

).8473 ld
nm

mn
aslm

nd

dn
as ′

′′
+′

′′
+  

That demonstrates the first point ( )1A  of ( ).A  

Moreover, to demonstrate the second point ( )2A  of ( ),A  let us solve ( ) 81 ≤≤iix  

from the ( ) ,81 ≤≤iia  we get: 
























∈
−−−−+++

=

∈
−−+

=

∈
+−−

=

∈
−

=

∈
−−+

=

∈
−

=

∈
−

=

∈=

.
8

,
4

,
4

,
2

,
4

,
2

,
2

,

87654321
8

7531
7

6521
5

51
4

4321
4

31
3

21
2

11

Z

Z

Z

Z

Z

Z

Z

Z

aaaaaaaa
x

aaaa
x

aaaa
x

aa
x

aaaa
x

aa
x

aa
x

ax
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That is the requested system of congruences on the ( ) ,81 ≤≤iia  of point ( ).A2  

(ii) ⇒  (i) 

Let us suppose that there exists ( ) ,,,,,,,, 8
87654321 Z∈aaaaaaaa  such that 

(ii) is realized. We have to show that θ  is an integer of .3K  

From the congruences system, let us put the ( ) 81 ≤≤iix  in the function ( ) ,81 ≤≤iia  

as done above. Clearly the ( ) 81 ≤≤iix  belongs to .Z  

Now let us develop this following expression which is an integer of :3K  

.8877665544332211 ε′+ε′+ε′+ε′+ε′+ε′+ε′+ε′ xxxxxxxx  

We find that: 

8877665544332211 ε′+ε′+ε′+ε′+ε′+ε′+ε′+ε′ xxxxxxxx  

( ln
md

dm
aslnmdamnasdnadmaa ′

′′
+′′′++++= 625413218

1
 

)ld
nm

mn
aslm

nd

dn
as ′

′′
+′

′′
+ 8473  

.θ=  

In consequence, as announced in the point (ii) of case 1: 

lm
nd

dn
ln

md

dm
lnmdmndndm ′

′′
ω+′

′′
ω+′′′ω+ω+ω+ω+ω=θ 7654321  

,,8 Q∈ω′
′′

ω+ ild
nm

mn
 is an integer of .3K  

(Exactly with ( ) ,,,,,,,, 8
87654321 Q∈ωωωωωωωω  defined by the 

equalities: ( ) ( ,
8
1

,
8
1

,
8
1

,
8
1

,,,,,,, 4132187654321 asaaa=ωωωωωωωω

)).
8
1

,
8
1

,
8
1

,
8
1

8473625 asasasa  
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( )B•  Case 2 and ( )C  Case 3. 

(i) ⇒  (ii) 

The proof remains the same, using respectively the corresponding Chatelain’s  β-

basis. 

For case 2. 

( ) ( )lnmdmnssdndm ′′′γγω+ω+ω+ω+ω=θ 5114321  









′

′′
γγω+








′

′′
γγω+ lm

nd

dn
ssln

md

dm
ss 337226  

,
3448 Kld

nm

mn
ss Z∈








′

′′
γγω+  

and for case 3: 

( ) ( ) ( )lnmdmnssdndm ′′′−ω−δδω+δδω+ω+ω=θ 5114321  









′

′′
δ−δω−








′

′′
−ω− lm

n

n

d

d
ssln

m

m

d

d
ss 337226  

( ) .
3448 Kld

n

n

m

m
ss Z∈′

′′
δ−δω−  

And using the suitable bases ( ) 81 ≤≤ε′
ii  of Lemma 1.4. (2) and (3) for the Cases (2) 

and (3), then rewrite θ  on them, and let us factorize on corresponding Chatelain’s β-

basis, we find: 

For case 2. 

( ( ) ( ) ( ) ( )mnsxxxdnxxxdmxxx 1431321211 42222
4
1

−−+−−+−+=θ  

( ) ( ) ( ) ( ) ( )lm
nd

dn
sxxxln

md

dm
sxxlnmdx ′

′′
γ−−+′

′′
γ−+′′′γ+ 37652655 222  
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( ) ( ),42 4875 ld
nm

mn
sxxx ′

′′
γ−−+  

( ) ( )lnmdamnsadnadmaa ′′′γ++++=θ 514321 4
1

4
1

4
1

4
1

4
1

 

( ) ( ) ( ).
4
1

4
1

4
1

483726 ld
nm

mn
salm

nd

dn
saln

md

dm
sa ′

′′
γ+′

′′
γ+′

′′
γ+  

And which assures us that, what was requested: 

( ) ,,,,,,,, 8
87654321 Z∈∃ aaaaaaaa  such that point )(B1 ) is true: 

( ln
md

dm
aslnmdamnasdnadmaa ′

′′
γ+′′′γ++++=θ 625413214

1
 

).8473 ld
nm

mn
aslm

nd

dn
as ′

′′
γ+′

′′
γ+  

Now extracting the ( ) 81 ≤≤iix  from the ( ) ,81 ≤≤iia  we get the congruences of point 

:)(B2  
























∈=
−+−

∈=
−

∈=
−

∈=

∈=
−+−

∈=
−

∈=
−

=

.
4

,
2

,
2

,

,
4

,
2

,
2

,

8
8765

7
76

6
65

55

4
4321

3
32

2
21

11

Z

Z

Z

Z

Z

Z

Z

x
aaaa

x
aa

x
aa

xa

x
aaaa

x
aa

x
aa

xa

 

That concludes Case 2’s necessary conditions. 

Now for Case 3, we get: 

[ ( ) ( ) ( )lnmdxmnsxxdnxdmxxx ′′′−+δ++δ+++=θ 51433211 22422
4
1
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( ) ( ) ( ) ( )lm
nd

dn
sxxln

md

dm
sxx ′

′′
δ−++′

′′
−++ 373265 242  

( ) ( )],222 48743 ld
nm

mn
sxxxx ′

′′
δ−++++  

( )lnmdamnsadnadmaa ′′′−+δ+δ++=θ 514321 4
1

4
1

4
1

4
1

4
1

 

( ) ( ) ( ).
4
1

4
1

4
1

483726 ld
nm

mn
salm

nd

dn
saln

md

dm
sa ′

′′
δ−+′

′′
δ−+′

′′
−+  

Then the point ( )1C  is proved: 

( ) ,,,,,,,, 8
87654321 Z∈∃ aaaaaaaa  such that: 





′

′′
−′′′−δ+δ++=θ ln

md

dm
aslnmdamnasdnadmaa 625413214

1
 

,8473 



′

′′
δ−′

′′
δ− ld

nm

mn
aslm

nd

dn
as  

and by calculation of the ( ) ,81 ≤≤iix  we get the congruences ( )2C  requested in this 

last case: 























∈=
+−−

∈=
−

∈=
−

∈=

∈=
−

∈=

∈=
−

∈=

.
2

,
2

,
4

,22

,
2

,

,
4

,22

8
8743

7
37

6
56

55

3
34

33

2
12

11

Z

Z

Z

Z

Z

Z

Z

Z

x
aaaa

x
aa

x
aa

xa

x
aa

xa

x
aa

xa

 

And that concludes too the Case 3’s necessary conditions. 
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Now the converse (ii) ⇒  (i); for the Cases 2 and 3. The proof remains the same 

that in the first case. 

3. Example 

We are now giving an example in the following case. 

Example 3.1. Case 2; subcase: ( ) ( ) ( ).4mod2,1,1,, ≡′′′ lnmddndm  

Let us try to build non trivial integers of: ( )154,2310,423 −−= QK  of 

the type: 

( 231042154551533
4
1

7654321 ������� +−+−+−+−++=θ  

)708�+  where .1±=i�  

First let us show that we are effectively in this subcase mentioned. To see that, 

let us do the products modulo squares, we find: 

( ) ( ) ( ).4mod2,2,2,2,1,1,170,2310,42,154,55,15,33 ≡−−−−  

So 

( ) ( ) ( )( )( ).721111,53,113154,15,333 −××××−××=−−= QQK  

And so: 

,42,154,55,15,33 −=′
′′

−=′′′−=−== ln
md

dm
lnmdmndndm  

.70,2310 =′
′′

=′
′′

ld
nm

mn
lm

nd

dn
 

Then: 

( ) ( ).14,1,11,1,5,11,3,,,,,, −−=′′′ lnmdnmd  

The signs we need are: 

( ) ( ) ( ) ,1,1,1 321 =′′λ=−=′′λ=−=λ= ′′′′ ndssmdssdss ndmdd  
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( ) ,14 =′′λ= ′′ nmdss nmd  with: .177
2

−=λ=λ=γ −′′′ lnmd
 

And the Chatelain’s written form is: 









′′′λλ=

′′′′′′ 2
2,,

22
3

l
nmddndmK ll nmdnmd

Q  

( ) ( )( )( ),711112,53,113 −×××−−−××= Q  

where ( ) =µ′µ,  ( ).2,1 −  

The Chatelain’s β-basis is: 





′
′′

γ′′′γ=β ,,,,,,1 21 ln
m

m

d

d
slnmdmnsdndm  





′
′′

γ′
′′

γ ld
n

n

m

m
slm

n

n

d

d
s 43 ,  

{ }.70,2310,42,154,55,15,33,1 −−−−−−−−=  

Let us come back to our elements .θ  

( 154551533
4
1

54321 −+−+−++=θ �����  

),70231042 876 ��� ++−+  

where ,1±=i�  we have: 

( ( ) ( ) ( ) ( ) 42154551533
4
1

654321 −+−−−+−−−+−++=θ ������  

( ) ( ) ( ) ( )).702310 87 −−+−−+ ��  

This means that: ( ) ( ,,,,,,,,,,,,, 65432187654321 ������ −−=aaaaaaaa  

)., 87 �� −−  

Now θ  belongs to 
3KZ  if and only if: 
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( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )





















≡+−−−

≡+

≡−−

∈⇒±=

≡++−

≡−

≡−

∈⇒±=

⇒























≡−+−

≡−

≡−

∈

≡−+−

≡−

≡−

∈

4mod0

2mod0

2mod0

1

4mod0

2mod0

2mod0

1

4mod0

2mod0

2mod0

4mod0

2mod0

2mod0

8765

76

65

45

4321

32

21

01

8765

76

65

5

4321

32

21

1

����

��

��

��

����

��

��

��

Z

Z

Z

Z

aaaa

aa

aa

a

aaaa

aa

aa

a

 

{ }

( ) ( ) { } { }{ } { } { }{ }

( ) ( ) { } { }{ } { } { }{ } { } { }{ }












×−××∈++−=

−××∈+−=

∈−=

±=

⇔

.000,,22

,,0,00,,2

,,0,2

,1

111434314

111323213

12212

1

�����

�����

���

�

UU

U

kkkk

kkkk

kk
 

And because the 4 last equations leave the same that the four first ones, we have: 

( ) ( ).,,,,,, 43218765 �������� −−=  

In conclusion: 

( ) ( ){ } ( ){ }UU 111111114321 ,,,,,,,,, ������������ −−=∈ E  

( ){ } ( ){ }.,,,,,, 11111111 �������� −−−− U  

( ){ } ( ){ } ( ){ } ( ){ }.1,1,1,11,1,1,11,1,1,11,1,1,1 −±−−−±−±−±= UUU  

And then too: 

( ) ( ){ } ( ){ }UU 111111118765 ,,,,,,,,, ������������ −−−−=∈ E  

( ){ } ( ){ }.,,,,,, 11111111 �������� −−−−−− U  

This means that the solutions ( )87654321 ,,,,,,, ��������  of our problem, are 

obtained by doing: ( ) ( )( ) .,,,,,,, 87654321 EE ×∈��������  
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So: ( 231042154551533
4
1

7654321 ������� +−+−+−+−++=θ  

),708�+  where ,1±=i�  belongs to ⇔
3KZ  The 64 elements solutions of type 

8-upplets ( ) ,,,,,,,, 87654321 ��������  are such that: 

 ( ) ( )( ) ,,,,,,,, 87654321 EE ×∈��������  where: 

( ){ } ( ){ } ( ){ } ( ){ }.1,1,1,11,1,1,11,1,1,11,1,1,1 −±−−−±−±−±= UUUE  

Let us note that these 64 solutions can be classified by using the natural action of 

( )Q3KGal  on this same set of solutions. 

Then we find finally 8 orbits and each of them has a cardinal equal to 8; given by 

( ) ( ) ,8,,1,3 K=θ iKGal iQ  and each of them is passing, respectively, by only 

one of the elements: 

;
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1

1

1

1

1
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;
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−
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−

−

−

−

=θ  

For instance, the orbit 
1θS  of 1θ  under ( ) GKGal =Q3  is the following set: 
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
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
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And the irreducible polynomial of 1θ  over ,Q  whose other roots just above is (from 

MAPPLE Calculator): 

( ) 45678
1 11150915965352, XXXXXXIrr ++−−=θ  

.64914715067780011395285226650 23 ++−− XXX  

We get by the same way, the following irreducible polynomials over Q  for =θ ii ,  

.8,,2 K  

( ) 45678
2 11878913165352, XXXXXXIrr ++−−=θ  

;5848087501629900011884725343410 23 ++−− XXX  

( ) 45678
3 1180198405352, XXXXXXIrr +−−−=θ  

;5687821243330717212451753419814 23 +−−+ XXX  

( ) 45678
4 1053499805352, XXXXXXIrr ++−−=θ  

;6762474544915576810605573350466 23 ++−− XXX  

( ) 45678
5 11150915965352, XXXXXXIrr +−−+=θ  

;64914715067780011395285226650 23 +−−+ XXX  

( ) 45678
6 11878913165352, XXXXXXIrr +−−+=θ  
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;5848087501629900011884725343410 23 +−−+ XXX  

( ) 45678
7 1180198405352, XXXXXXIrr ++−+=θ  

;5687821243330717212451753419814 23 ++−− XXX  

( ) 45678
8 1053499805352, XXXXXXIrr +−−+=θ  

.6762474544915576810605573350466 23 +−−+ XXX  
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