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Abstract

It is well known that a Morris-Thorne wormhole can only be held open
by violating the null energy condition. This violation calls for the
existence of so-called exotic matter, as exemplified by the Casimir effect.
Being a rather small effect, it needs to be boosted by assuming an

appropriate modification of the underlying gravitational theory.
1. Introduction

Wormholes are handles or tunnels in spacetime that connect widely
separated regions of our Universe or different universes altogether. Even
though wormholes are just as good a prediction of Einstein’s theory as
black holes, they are subject to severe restrictions from quantum field

theory. More precisely, holding a wormhole open requires a violation of
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the null energy condition, calling for the existence of “exotic matter” [1].
This violation is more of a practical than conceptual problem, as
illustrated by the Casimir effect [2]: exotic matter can be made in the
laboratory. Being a rather small effect, it is not immediately obvious that

it is sufficient for supporting a traversable wormhole.

2. Morris-Thorne Wormholes

In this section, we are going to recall that wormholes are handles or
tunnels in spacetime that connect widely separated regions of our
Universe or different universes altogether. The first detailed analysis of
humanly traversable wormholes was carried out by Morris and Thorne
[1]. With the Schwarzschild solution in mind, they proposed the following
static and spherically symmetric line element to model a wormhole

spacetime:

2
ds? = —ezq)(r)dt2 + —b(;j + rz(cle2 + sin? qu)z ), (1

using units in which ¢ = G = 1. Here ® = ®(r) is usually referred to as

the redshift function, which must be finite everywhere to prevent the

occurrence of an event horizon. The function b = b(r) is called the shape

function since it determines the spatial shape of the wormhole when
viewed, for example, in an embedding diagram. The spherical surface

r =1y is called the throat of the wormhole. According to Ref. [1], at the
throat, b = b(r) must satisfy the following conditions: b(ry) = ry, b(r) < r
for r > 1y, and b(ry) <1, called the flare-out condition. This condition

can only be satisfied by violating the null energy condition (NEC), which
states that

Topk®kP > 0 2)
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for all null vectors k%, where Typ 1s the energy momentum tensor. As

noted above, matter that violates the NEC is called “exotic” in Ref. [1]. In

particular, for the outgoing null vector (1, 1, 0, 0), the violation becomes
TOLBkO‘kB =p+p, <0. Here, T% =-p(r) is the energy density,

T"r = p,(r) is the radial pressure, and T% = T% = pt(r) is the lateral

(transverse) pressure. Another requirement is asymptotic flatness:
lim, ., ®() =0 and lim,_,., b(r)/r = 0.

For later reference, we now list the Einstein field equations:

_1 VY
plr) = 5~ T 3)
N AL
p,(r) = Sn[ . +2[1 r] r}, (4)
and
1 (. bYas bT-b e, ®  br-b
p(r) = = (1 rj[d) 205 @ + (@) + T o) (5)

Since we are primarily interested in wormholes, we are going to follow
Ref. [3], which uses a simple but commonly used form of
f(Q): f(Q) = a@ + P [3], where o and B are free parameters. Since f'(Q)

is a constant and f”(Q) = 0, this produces the Einstein field equations

with a cosmological constant [4]. The corresponding field equations are [4]

=0€b' B 6

P="%ty (6)

pr = 4 [20rr - b - o] - B, ™
r

and
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P = L [ad 4 1) - b+ 2rlr - b )]+ LR B
o r 2

3. Casimir Wormbholes

Attempts to overcome the theoretical and practical problems
confronting Morris-Thorne wormholes have relied heavily on various
modified gravitational theories. A recently proposed modified theory,

called f(Q) gravity, is due to Jimenez, et al. [4]. Here @ is the non-

metricity scalar from the field of differential geometry. The action for this

gravitational theory is given by
1
S = [ 5 H@N=gd"x+ [ £p\- gax*, ©)

where [ (Q) is an arbitrary function of @, £, is the Lagrangian density

of matter, and g is the determinant of the metric tensor 8uv- Even

though it is a fairly new theory, numerous applications have already been
found; see, for example [5, 6, 7, 8, 9, 10].

The Casimir effect appears between two parallel, closely spaced,
uncharged metallic plates in a vacuum. It was predicted in 1948 and

subsequently confirmed. The energy density is given by

2
(r) = Lo, (10)
720r
This can now be combined with Eq. (6) to yield
2 ’
hen_ :ab(;)+E. (11)
720r r¢ 2

Solving for b'(r) and integrating, we obtain

2 3
b(r):i{_hﬂl_ér_}ﬂ. 12)
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The final form is

_ o l|her®r-m By 2
b(r)—r0+a{720 o E(r ro)(ro r0r+r). (13)

Observe that b(ry) = ry, as required.

Given that
mlr) = [ ol Par = 2 b0 14
1) 2

from Eq. (3), it now follows from Eq. (13) that thanks to the free

parameter o from f(Q) gravity, the mass of the wormhole can be

macroscopic. This is our main conclusion.
4. Conclusion

The purpose of this paper is to present a new wormhole solution by
means of a recently proposed modified gravitational theory called f(Q)
modified gravity. Here @ is the nonmetricity scalar from differential
geometry leading to the Casimir effect. Initially a small effect, it leads to
the shape function, Eq. (13). It follows that thanks to the free parameter

o from f(Q) modified gravity, the mass of the wormhole can be

macroscopic.
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