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Abstract 

We search for non-zero distinct integers yx,  representing the length and 

breadth of a rectangle which are such that each of the expressions yx +  

and ( ) 2
kyxkxy +++  is a perfect square. Few interesting observations 

are also presented. 

1. Introduction 

The problems of Heron of Alexandria and Maximus Planude on pairs of 

rectangles have engaged the attention of Mathematicians since antiquity as can be 

seen from [1, 2]. In [3], a problem dealing with two non-zero integral pairs ( )yx,  

and ( )vu,  representing the length and breadth, respectively, of two rectangles which 

are related such that ( ) { },0,;, −∈βαβ=+α=+ +zuvxyyxvu  some interesting 
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relations among the breadths and lengths of the rectangles has been analyzed. In [4], 

infinitely many rectangles, where, in each of which, the sum of the area and perimeter 

is expressed as the difference of squares of the sides, are obtained. In [5], infinitely 

many rectangles, where, in each of which, the ratio area perimeter is a perfect 

square, are obtained. In [6], different pairs of rectangles and Pythagorean triangle, 

where, each pair satisfies the relation that the sum of the perimeters of a rectangle 

and a Pythagorean triangle is equal to twice the area of the rectangle added with two, 

are obtained. In [7], an attempt has been made to search for two non-zero distinct 

integers such that each of the expressions 100 , aana +  and 1,10 >+ nana  are 

perfect squares. Also, the process of obtaining the ( )1+n  tuple 

{ },,......,,, 1000 aaaas =  where the sum of its elements and the sum of any two of 

its elements is a perfect square, is illustrated. 

This paper concerns with the problem of obtaining non-zero distinct integers 

yx,  representing the length and breadth of a rectangle which are such that each of 

the expressions yx +  and ( ) 2kyxkxy +++  is a perfect square. A few interesting 

observations are also presented. 

2. Method of Analysis 

Let yx,  represents the length and breadth of a rectangle. The problem under 

consideration is represented by the system of double equations 

,2qyx =+  (1) 

( ) ,22 pkyxkxy =+++  (2) 

where pk,  and q are any non-zero integers. 

Eliminating ‘y’ between (1) and (2), we have 

( ) .022222 =−−+− kkqpxqx  

Treating the above equation as a quadratic in x and solving for x, we have 

 ( ) ( ) .22
2

1 2222




 −++= pkqqx  (3) 
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Let 

 ( ) ( )2222 22 pkq −+=α  (4) 

which is in the form of the well-known Pythagorean equation. Employing the most 

cited solutions of the Pythagorean equation, (4) is satisfied by 

,, 22 srrsp −=α=  (5) 

.0,2222 >>−+= srksrq  (6) 

In view of (5) and (6), from (3) and (1), one obtains krx −= 2  and 

ksy −= 2  which represents the length and breadth of the rectangle satisfying (1) 

and (2). 

It is worth mentioning here that the values of sr,  and k should satisfy (6). After 

performing a few numerical calculations it is observed that (6) is satisfied by the 

following three sets of values for sr,  and k as presented in the table below. 

k r s q 

n 
n−+β+β 462 2  

32 +β  [ ]562 2 +β+β−n  

n2−  
n222 2 +β−β  

12 −β  
1222 2 ++β−β n  

( )12 −− n  1222 2 −+β+β n  
12 +β  

n222 2 +β+β  

In the above table ....,3,2,1, =β n  

A few numerical illustrations are presented below 

n β  k r s x y yx +

 
( ) 2kyxkxy +++

 

1 1 1 11 5 120 24 212  2
55  

  –2 2 1 6 3 2
3  

22  

  –1 5 3 26 10 2
6  

2
15  
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2 1 2 10 5 98 23 211  2
50  

  –4 4 1 20 5 2
5  

24  

  –3 7 3 52 12 2
8  

221  

3 2 3 21 7 438 46 222  2
147  

  –6 10 3 106 15 211  2
30  

  –5 17 5 294 30 2
18  

2
85  

3. Remarkable Observations 

(1) When ,0>k  the L.H.S. of (2) is expressed as the sum of two perfect 

squares minus ( )22 +k  times a perfect square. In other words, L.H.S. of (2) 

{[ ] [ ( ) ] ( )[ ] }.32229322418432 22232 +β+−++β−β+β+β++β= kk  

(2) When ,2nk −=  it is seen that the area of the rectangle minus even multiple 

of its semi-perimeter added with 
2

4n  is represented as the sum of two perfect 

squares added with ( )24 −n  times a perfect square. 

(3) When ( ),12 −−= nk  it is seen that the area of the rectangle minus odd 

multiple of its semi-perimeter added with ( )212 −n  is the sum of two perfect squares 

added with ( )1−n  times a perfect square. 

In particular, when ,1,1 −== kn  it is seen that the area of the rectangle minus 

its semi-perimeter and added with unity obtained from (2) represents the hypotenuse 

of the Pythagorean triangle, whose generators are ,264 22 β+β+β  .144 2 +β+β  

When ,3,2 −== kn  it is seen that the area of the rectangle minus three times 

its semi-perimeter and added with nine obtained from (2) is written as sum of three 

squares, namely, [ ] [( )( )] [ ] .24124144 22222 +β++β+β+β++β+β  
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Conclusion 

In this paper, we have presented infinitely many rectangles with dimensions 

yx,  such that each of the expressions ( ) 222 , pkyxkxyqyx =+++=+  is a 

perfect square. To conclude, one may search for other characterizations of rectangles. 
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