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Abstract

This note gives an elementary proof for the known fact that every
monomial of n variables can be expressed as a linear combination of

powers of linear forms in these n variables.

1. Introduction

It is known that a monomial in the variables x;, x,, -+, X, can be expressed as
a linear combination of powers of linear forms in the x;’s as stated in the following
theorem.

n
Theorem. A monomial of the form H xiri , where each r; is a positive integer,

i=1

can be expressed as
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with ¢, € R, r = Zi—l r;, and each y; being a linear form in the x;’s.

This note offers a very elementary proof for this fact. It should be noted that the
elementary proof given here only shows the existence of power-sum decomposition
of any monomial; it does not address the “Waring problems” of minimal

decomposition, which [1], among others, addresses.
2. Proof

We apply induction on n, the number of variables, to reduce the general case to

the two-variable case. The base case n = 2, which is the most substantial part of the

proof, will be established later. We first execute the inductive step.
2.1. The inductive step

Suppose that the result is true for all n e {2, ---, N —1}; we argue the result for

n=N.

N
Consider H l-r", where r; are positive integers. Now
i=1

N-1
By the induction hypothesis, the factor H xl-r" , having only N —1 variables, can be
i=1

expressed as
m

r—r
PICTAE

k=1

where ¢, e R, r = Zi_l r;, and each y; isa linear formin x, ---, x_;. Then
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N m
o r—ry Y
I I x;' = chyk CXN

i=1 k=1

n
= ch(y;_w “xy )

k=1

Each product ylz_rN . xlr\f,v is a monomial in two variables, which, according to the

base case of the induction, can be written as a linear combination of rth powers of

linear forms in y; and xp. As a linear form in y; and x, equals a linear form in

Xy, -+, Xy, the desired result follows.

2.2. The base case n = 2

We now address the base case n = 2. For simpler notation, let the two variables

be x and y. Let d be greater than 2. We are to show that a monomial of the form

xjyd_j with 0 < j < d is expressible as

ch((lkx +Bey).

k

where ¢y, 0, By € R.

For any integer i, consider the binomial expansion of (ix + y)d :

d-1
] d—ixd d ¢ ix)! yd=J
i+ ) = (@) +y +Z(jj< Yy,

Jj=

It follows that

d-1 (d ' )
Z“(jjxfyd‘f = (ix+ ) = (@) - y2. (1)
=1

The right side of Equation (1) is a linear combination of dth powers of linear forms in

x and y; call it R(ix, y). Now let i range over the set {1, 2, ---, (d —1)} and we
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obtain a system of (d —1) equations:

d—-1 d
i i d=j ) oy
E zj((jjxjy ]j = R(ix, y),

J=1

2

d\ . .
which can be viewed as a linear system in the (d —1) variables ( j]xf yd_f . The

d-1 .

coefficient matrix A, of this linear system is (i/) i, =15

det A; = det(i’ );1;1:1

=(d —1)detV, (1,2, -, (d 1)),

where V;_((1, 2, -+, (d —1)) is the (d —1)x(d —1) Vandermonde matrix on the

(d =1)-tuple (1, 2, -+, (d = 1)):

M 10 11 1d—2
20 21 2d—2
@-10°"  @-nt o (@-1)72

It is a standard fact that this Vandermonde matrix is invertible. It follows that the

matrix A, is invertible. The linear system (2) thus has a unique solution:

_ )
(Jxlyd_l [ R(x,y) ]
d) 5 g2
2 X~y R(2x, y)

[ S de—lyl LR((d - 1)x. y),
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Hence, for each je{l,2,--,(d—1)}, the monomial xjyd_j is a linear
combination of R(ix, y)’s, all already seen to be linear combinations of dth powers

of linear forms in x and y. The base case is now established.
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