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Abstract 

In this article, the non-commutative space effect on the Bethe-Salpeter 

equation for two particles’ bound state is investigated. In this 

investigation, the two-particle bound states are considered with spin 0-

spin 0, spin 
2

1
-spin ,

2

1
 and spin 

2

1
-spin 0 particles. In the energy 

spectrum, the lowest independent correction from the spin, in all cases 

starts from the 
4θα  order. At the same time, the spin-dependent 

correction in the non-commutative space starts from the 
6θα  order. 
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1. Introduction 

The phenomenological aspects of the non-commutative spaces have, recently, 

been matters of consideration [1-5]. In fact, the most important matter is the way to 

measure and detecting the non-commutative effect on the physical phenomena. It 

seems that the quantum electrodynamics in the non-commutative space (NCQED) is 

the best way to compute such effects. The major difference between QED and 

NCQED occurs in presence of the new interactions (three and four-photon vortexes) 

which itself leads to the complexity of the computations. In order to investigate such 

effects, one can name two-particle bound states like atoms of hydrogen, positronium, 

etc. Therefore, to do this, in addition to the precise laboratory data, the theoretical 

computations, too, must be done with great care. Although the Feynman rules are 

completely known for NCQED [2], in the case of bound states one must use these 

rules in especial methods, like Bethe-Salpeter or non-relativistic quantum 

electrodynamics (NRQED) [6]. 

2. The Bethe-Salpeter Equation 

In order to describe a system consisting of a covariant two-particle bound state, 

one must use the Bethe-Salpeter equation. This equation for the two-particle bound 

state takes the form 

 ( ) ( ) ( )
( )

( ) ( )∫ −+Ψ
π

=Ψ kqkpqpkI
i

kd
qSpSqp ,,;

2
,

4

4

 (1) 

in which ( )qp,Ψ  is amplitude for the bound state, ( )pS  and ( )qS  are the particle 

field propagators and ( )qpkI ,;  is the interaction nucleus which, itself, is formed 

from the combination of all of the non-reducible graphs. One must note that in case 

of one particle with spin ,
2

1
 S is the fermionic propagator and for non-spin particles 

it represents the bosonic propagator. In QED, the ladder approximation has been 

shown to be a more logical approximation; therefore, in its lowest order, the 

interaction nucleus can be written as follows: 

 ( )Ψ+=Ψ aobe III  (2) 

in which the subscript ( )obe  corresponds to exchanging one boson and ( )a  

corresponds to its annihilation. Of course, aI  exists only in the case of the bound and 
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anti-states of the same particle. Later, in the Feynman gauge, while separating the 

instantaneous and delayed interactions, the delayed interaction is computed with the 

aid of the perturbation. To do this, obeI  can be written, as an example, for two 

particles with spin 
2

1
 [7] as follows: 

 











 γ⋅γ
−

κ

γγ
πα+

κ

γπαγ
−=

2

21

22

2
0

0
2

0
1

2

0
2

0
1 4

4

kk

k
Iobe  (3) 

in which k is the four-momentum and κ  is the boson-exchange momentum. In 

general, I can be written in the form 

 VVI c δ+=  (4) 

in which cV  is the interaction nucleus caused by the Coloumb potential and Vδ  is 

caused by the combination of perturbative potentials. Consequently, equation (1) may 

be formulated as 

( )qp,Ψ  

( ) ( )
( )

( )
( )

( ) .,
2

,
2

4

4

4

4









−+Ψδ

π
+−+Ψ

π
= ∫ ∫ kqkpV

i

kd
kqkpV

i

kd
qSpS c  (5) 

Considering the smallness of the second component, one must, at first, arrive at an 

answer for equation (6) 

 ( ) ( ) ( )
( )

( ).,
2

,
4

4

kqkpV
i

kd
qSpSqp c −+Ψ

π
=Ψ ∫  (6) 

To do this, one can easily observe that 

 ( ) ( )P
i

Dp υφ
π

ΛΛ
=Ψ

±±
−

±± 2
211  (7) 

in which we have 

( )
( )

( )∫ ′φ
′−

′

π

α
=υφ ,

2 2

3

2
P

PP

pd
P  (8) 

( ) ( )∫ Ψ=φ PpdpP ,
00

 (9) 
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and 

 

( ) ( )
.

22

1

00

1





 ε−−




 ε−+

=−
±±

iwp
E

iwp
E

D

∓∓

 (10) 

By integrating from equation (7) on ,0p  one can arrive at the wave function ( )Pφ  

which is given by 

 ( ) ( ).
2

2110
P

i
DdpP υφ

π

ΛΛ
φ

±±
−

±±∫  (11) 

Now, as the Coloumb wave function is determined, one can compute the effect of 

Vδ  perturbation on the energy in the form of commutation in energy as [7] 

 
( )

( )( ) ( )pVppdE ΨδΨ
π

−=∆ ∫
~

2

1 4

6
 (12) 

in which we have 

 ( ) ( ) ( ) ( ).,
4

pppVpdpV ′Ψ′δ′=Ψδ ∫  (13) 

If the perturbation does not depend on p and ,p′  or ( ) ( ) ,,, PPVppV ′δ=′δ  then 

the energy commutation is simplified to 

 
( )

( ) ( ) ( ).
~

2

1 3

6
PVPpdE ′φδφ

π
−=∆ ∫  (14) 

3. The Bethe-Salpeter Equation in Non-commutative Space 

Equation (1) is a general equation and its form is independent of the type of 

interaction. Therefore, to formulate the Bethe-Salpeter equation in NCQED, 

considering the Feynman rules given in NCQED, we are required to write the 

interaction nucleus correctly. The difference of QED and NCQED, in addition to the 

presence of new interactions (three and four-photon), in the phase factors’ existence, 

depends on a momentum which is multiplied in each QED vortex. For instance, the 

interaction nucleus in the case of two particles with an opposite charge on the tree 

chart and in the mass center system is 

 ( )
( )

( )kIeppkI lP
i

l ⋅=−
κ⋅θ+θ⋅⋅

θ
−+2,;  (15) 

in which l shows the ladder approximation, and, also, ( )kI l  is the interaction nucleus 
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in the non-commutative space which, an example of which (for two particles with 

spin )
2

1
 is given in equation (3) and the non-commutative parameter θ  is an anti-

symmetric tensor, which is defined as 

 [ ]., νµµν −=θ xxi  (16) 

Later, we will assume 0=θi  since if ,0≠θi
 there will be problems in the 

uniqueness of the field theories and the concept of causation [8, 9]. Choosing ±θ  in 

equation (15) gives the probability of considering different non-commutative 

parameters for particles with opposite charges. 

In general, the interaction nucleus in the non-commutative space, compared to 

equation (2), can be written as 

 ( )Ψ+=Ψ NC
a

NC
obe

NC III  (17) 

in which 

 a
NC
a II =  (18) 

and 

 ( ).θ′+= III obe
NC
obe  (19) 

One must note that aI  expression exists only when the particle and the anti-particle 

of the associated particle, are in their bound state. Consequently, in this case, one can 

easily show that the phase factor which multiplies in each vortex of this graph equals 

1. Also, ( ),θ′I  given in equation (19) shows the interactions caused by the non-

commutative space. 

3.1. The Bethe-Salpeter equation in the non-commutative space for two particles 

with spin 0 

Here, two particles are with spin 0  and opposite charges form a bound state. 

Therefore, S in equation (1) is a bosonic propagator and one can arrive at Vδ  with 

the help of ( )θ′I  in the mass center system as 

 ( ) ( ) ( )pippip e
k

k
eI

′∧′∧ −
κ

πα
−−

κ

πα
=θ′ 2

22

2
02

2
1

4
1

4
 (20) 



ALIREZA HEIDARI et al. 110 

in which .kpp −=′  One must note that the lowest energy change by the potential 

given in equation (20) is of the order, .4θα  Actually, each momentum factor in the 

potential leads to adding one α  to the energy. Now, one can compute the change in 

energy using equation (12) in its lowest order as 

 
( )

( )
( )

( ( ).1
4

2

1 2

2

*33

6
Pe

PP
PpdpdE pip ′φ








−

′−

πα
φ′

π
−=∆

′∧∫∫  (21) 

Using the wave function Fourier transformation, one can change the above 

expression, via some algebraic operations to 

 ( ) ( ) ( ) .
4

1

4

1
4 3







π
∇⋅θ+φ−φ

π
φπα−=∆ ∫ r

irr
r

rrdE *  (22) 

Up to the first-order of ,θ  we will have 

 ( ) ( ) .
3

*3






φ

∇⋅θ⋅
−φα=∆ ∫ r

r

ir
rrdE  (23) 

Also, for two optional vectors A and B, we have 

 ( )BABA ×⋅Θ=⋅θ⋅  (24) 

in which 

 ( ).,, 123123 θθθ=Θ  (25) 

Consequently, a change in the energy up to the lowest order of θ  is given by 

 ( ) ( ).
3

*3
r

r

L
rrdE θ







 ⋅Θ
φα=∆ ∫  (26) 

By choosing Θ  in the direction of ,z  we arrive at 

 

( )1
2

1

,4

+





 +

Θα=∆

lll

P
E

ln
 (27) 

in which lnP ,  is a polynomial from the quantum numbers n and .l  

3.2. The Bethe-Salpeter equation in the non-commutative space for two particles 

with spin 
2

1
 

In this section, the bound state of two particles with spin ,
2

1
 e.g., positronium, is 
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investigated. Consequently, S in equation (1) is a fermionic propagator and ,Vδ  

here, can be reached by determining ( )θ′I  with the aid of equation (3) as 

 ( ) ( ) ( ).141
4 2

2

21

22

2
0

0
2

0
12

2

0
2

0
1 pippip

e
kk

k
eI

′∧′∧ −











 γ⋅γ
−

κ

γγ
πα−−

κ

γπαγ
=θ′  (28) 

Here, a similar trend arises as encountered earlier; the first sentence is of order 4θα  

and can be easily computed. The difference between the present collection with the 

non-spin state lies in the spin-dependent sentences present in the interaction nucleus 

(third sentence). These sentences are in the lowest order of .6θα  To compute the 

change in energy, one must use equation (12) 

( )
( )∫∫ ψ′

π
−=∆ ppdpdE *44

6
2

1
 

( ) ( ).14
2

2

21

22

2
0

0
2

0
1 pe

kk

k pip ′ψ











−












 γ⋅γ
−

κ

γγ
πα−×

′∧
 (29) 

Inspection of the above equation, reveals that the computation of change 

determination in energy is much more complex due to the dependence of the 

interaction nucleus on p and .p′  Owing to the fact that in this article the computation 

of the lowest change in energy is a priority, for the sake of facilitating computations, 

calculations are performed in the Coloumb gauge. In this gauge, the photonic 

propagator is defined by 

 










==








κ
−δ

−
=

κ

−
=→

−
=

µν
µν

.0,

,

0022

2002

ji
ji

ijij DD
kk

k

i
D

i
D

k

ig
D

 (30) 

The second sentence in equation (30) can be written as 

 








κ
−δ

κ

−
+









κ
−δ

κ
=

222

2
0

22

ji
ij

ji
ijij

kk

k

ikkki
D  (31) 

in which the first sentence is related to the soft photons propagator and the second 

sentence, the order of which is smaller than the first one, describes the super soft 

photons propagator. Therefore, a change in the energy in the lowest order of θ  is 

computed through the following equation 

( )
( )∫∫ ′Ψ′

π

πα
−=∆ ppdpdE

~

2

4 44

6
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( ) ( ).1
2

22

21

2

0
2

0
1 Pe

kk
pipji

ij

ji

Ψ−





















κ
−δ

κ

γγ
+

κ

γγ−
×

′∧
 (32) 

Considering the following equation 

 ( ) ( ),
00

21

2
2

2

2

1
1

1

121

21 pupu

mE

p

mE

p ⊗=
















χ
+

⋅σ

χ

⊗
















χ
+

⋅σ

χ

∝











χ

⊗











χ

ΛΛ ++
 (33) 

E∆  can be written as 

( )
( ) ( ) ( )






















κ
−δ

κ

γγ
+

κ

γγ−
′′′ψ′

π

πα−
=∆ ∫ 22

21

2

0
2

0
1

21
*33

6
2

4 ji
ij

ji kk
PuPuPpdpdE  

( ) ( ) ( ) ( )PPuPue pip ψ−×
′∧

21
21  (34) 

in which 

 ( ) ( ).
2

110∫ υφ
π

=ψ −
++ P

i
DdpP  (35) 

To reach equation (34), one must consider the fact that 02121 =ΛΛ=ΛΛ +−−+  and 

++ΛΛ 21  are much bigger than .21
−−ΛΛ  Now, using the following equations, one can 

compute the change in energy 

 ( ) ( )
( ) ( )

,
22 2

2
††









Ο+χ

σ×−′
χ′+χ

′+
χ′−=γ′

m

P

m

PP
i

m

PP
PuPu i  (36) 

also 

 ( ) ( )
( ) ( )









Ο+χ

′−
χ′−χ

σ⋅×′
χ′+χχ′=γ′

3

3

2

2
†

2

††
0

84 m

P

m

PP

m

PP
iPuPu  (37) 

in which the two-component spinor χ  is normalized to 1. Consequently, now, for 

,E∆  we have 

( )
( ) ( ) ( ) ( )PePPP

pdpd
E pip

i

i

ψ−′Γ′ψ
π

′
πα=∆

′∧∗ ∑∫ 2

6

33

1,
2

4  (38) 

and 
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,
1
21

κ
=Γ  (39) 

( )
,

1

4 22
1

1
2

κ

σ⋅×′
=Γ

m

PP
i  (40) 

( ),2123 →Γ=Γ  (41) 

( )
,

1

8 22
1

2

4
κ

′−
−=Γ

m

PP
 (42) 

( ),2145 →Γ=Γ  (43) 

( ) ( )
,

2

1

2 2
22

1
6 m

PPkk

m

PP jji
ij

i
′+


















κ
−δ

κ

−′+
=Γ  (44) 

( ) ( )
,

2

1

2 2

1
22

1
7

j

ji
ij

i

m

PPikk

m

PP





 σ×−′


















κ
−δ

κ

′+
=Γ  (45) 

( ) ( )
,

2

1

2 1
22

2

2
8 m

PPkk

m

PPi jji
ij

i

′+

















κ
−δ

κ



 σ×−′

=Γ  (46) 

( ) ( )
.

2

1

2 1

1
22

2

2
9

j

ji
ij

i m

PPikk

m

PPi




 σ×−′


















κ
−δ

κ

−




 σ×−′

=Γ  (47) 

In equation (38), the sentence 1Γ  starts from order ,
4θα  and its value is computed 

in equations (26) and (27). The whole other sentences’ orders ( )92 - ΓΓ  start from 

.6θα  Therefore, to determine the greatest change in energy, one must just consider 

the first sentence. However, to determine the non-commutative effect on some 

important physical phenomena which are measured with high precision in 

laboratories, such as the ultra-small slit in a positronium atom ( ) ( )2
3

1
3 22 pESE −  

[10-13], the first sentence does not exert any tangible influence. In this case, the spin-

dependent sentences ,,,, 8732 ΓΓΓΓ  and 9Γ  change the value of the ultra-small slit 

compared to ordinary space. Consequently, by computing the change in energy for 

the above-mentioned sentences, one can easily compute the ultra-small slit 

positronium ( )emmm == 21  in the non-commutative space 

( )
( ) ( ) ( ).1

2

2

2

1

6

33

22 Pe
PP

P
pdpd

m

i
E pip

e

ψ−
κ

σ⋅′×
′ψ

π

′π
−=∆

′∧∗∫  (48) 
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Following several algebraic operations, we arrive at 

( ) ( ) ( ),
4 3

13

22 r
r

Pr
irrrd

m
E

e

ψ




 σ⋅×
∇⋅θ+ψ−ψ

α
−=∆ ∗∗∫  (49) 

[ ( )] ( ).
2

3
5

13

22 r
r

LS
rLrd

m
E

e

ψ
⋅

ψ⋅Θ
α

−=∆ ∗∫  (50) 

For the rest of the sentences one can show that 

 ( )2123 SSEE →∆=∆  (51) 

and 

 ( ) [ ( )] ( )r
r

LS
rLrd

m
EEEE

e

ψ
⋅

ψ⋅Θ
α

−=∆+∆=∆+∆ ∗∫ 5

3

28732
2

3

2

1
 (52) 

in which .21 SSS +=  Therefore, equation (52) for the case where ,1=S  has a 

non-zero value. The mathematical expression equal with sentence 9E∆  in both total 

spin states is zero. Now, by the help of the computed energies, the ultra-small slit 

positronium atom in the non-commutative space is 

 ( ) ( ) ( ) ( ).
2

9
01

5

3

2
rlr

r

L
rd

m
SESE

e

ψ





ψ

⋅Θα
−==∆−=∆ ∗∫  (53) 

3.3. The Bethe-Salpeter equation in the non-commutative space for two particles 

with spin 0 and spin 
2

1
 

In this section, the case of a two-particle bound state with spins 0 and 
2

1
 is 

investigated. Consequently, in this state, one of the propagators is fermionic and the 

other is bosonic. Owing to the fact that in this state in one vortex, we have µγ  and in 

the other we have one momentum factor, the change in energy is given by 

( )
( )ppdpdE ′Ψ′

π

πα
−= ∫∫

~

2

4 44

6
 

( ) ( )Pe
kkpp pipji

ij

ji

ψ−





















κ
−δ

κ

γ
+

κ

γ−
×

′∧2

22

21

2

0
2

0
1 1  (54) 

in which 
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( ).,002 PPppp ′+′+=  (55) 

To achieve a correct normalization in a non-relativistic limit, one must divide the 

present four-momentum on the scalar vortex to .32 EE ′  Therefore, the scalar 

vortex 
m

1
 extension will be 

,1
22 4

4
00











Ο+=

′

′+

m

p

EE

pp
 (56) 

.
222 3

3











Ο+

′+
=

′

′+

m

p

m

PP

EE

PP
 (57) 

Consequently, E∆  for two particles with spins 0 and 
2

1
 is written the same as 

equation (38) 

( )
( ) ( ) ( ) ( )PePPP

pdpd
E pip

i

i

ψ−′Γ′ψ
π

′
πα=

′∧∗ ∑∫ 2

6

33

1,
2

4  (58) 

in which iΓ ’s are defined as 

,
1
21

κ
=Γ  (59) 

( )
,

1

4 22
1

1
2

κ

σ⋅×′
=Γ

m

PP
i  (60) 

( )
,

1

8 22
1

2

3
κ

′−
−=Γ

m

PP
 (61) 

( ) ( )
,

2

1

2 2
22

1
4 m

PPkk

m

PP jji
ij

i
′+


















κ
−δ

κ

′+
=Γ  (62) 

( ) ( )
.

2

1

2 2
22

1

1
5 m

PPkk

m

PPi jji
ij

i

′+

















κ
−δ

κ
−




 σ×−′
=Γ  (63) 

Here, too, the first sentence, ,1Γ  the value of which is determined by equation (26), 

starts from order, 4θα  and is the dominant effect in determining the value of .E∆  

The rest of the sentences start from order 6θα  and are much smaller than the first 
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sentence. Therefore, just computing the spin-dependent sentences 2Γ  and 5Γ  

suffices and this leads to 

[ ( )] ( )r
r

LS
rLrd

m
E ψ

⋅
ψ⋅Θ

α
−=∆ ∗∫ 5

13

1
2 2

3
 (64) 

and 

[ ( )] ( ).
3

5

13

21
5 r

r

LS
rLrd

mm
E ψ

⋅
ψ⋅Θ

α
−=∆ ∗∫  (65) 

4. Conclusion 

In this article, two particles’ bound state with spins 0 and 
2

1
 has been 

investigated by the help of the Bethe-Salpeter equation. The state of spin 0-spin 0 and 

the state of spin 
2

1
-spin 

2

1
 have previously been investigated using different 

methods. In addition, the results achieved in this article, offered in equation (26) and 

(53), are fully compatible with the previous methods. Owing to the fact that 

equivalence of the NRQED method and the Bethe-Salpeter equation have not been 

shown so far, the full compatibility of the answers for the problem solved in this 

article can, by itself, possess importance. In this article, also, for the first time, the 

spin 0-spin 
2

1
 state has been investigated using the Bethe-Salpeter equation, the 

results of which are given in equations (64) and (65). In general, the importance of 

the Bethe-Salpeter method lies in this fact that the two-particle bound states in the 

non-commutative space, in general state (different masses and spins) can be 

investigated systematically. 

Acknowledgement 

The work described in this paper was fully supported by grants from the Institute 

for Advanced Studies of Iran. The authors would like to express genuinely and 

sincerely thanks and their gratitude to Institute for Advanced Studies of Iran. 

References 

  [1] G. B. Mainland, The role of boundary conditions in solving finite-energy, two-body, 

bound-state Bethe-Salpeter equations, J. Comput. Phys. 197 (2004), 610-623. 



AN ANALYTICAL APPROACH TO THE NON-COMMUTATIVE … 117 

 [2] M. Hayakawa, Perturbative analysis on infrared aspects of noncommutative QED on 

,
4

R  Phys. Lett. B 478 (2000), 394-400. 

 [3] Y. Liao, One loop renormalization of spontaneously broken U(2) gauge theory on non-

commutative spacetime, J. High Energy Phys. 11 (2001), 67-105. 

 [4] J. Gamboa, M. Loewe and J. C. Rojas, Noncommutative quantum mechanics, Phys. 

Rev. D 64 (2001), 067901-067903. 

 [5] P. M. Ho and H. C. Kao, Non-commutative quantum mechanics from non-

commutative quantum field theory, Phys. Rev. Lett. 88 (2002), 151602-151605. 

 [6] W. E. Caswell and G. P. Lepage, Effective Lagrangians for bound state problems in 

QED, QCD, and other field theories, Phys. Lett. B. 167 (1986), 437-442. 

 [7] C. Itzykson and J. B. Zuber, Quantum Field Theory, McGraw-Hill, NewYork, 1980. 

 [8] N. Seiberg, L. Susskind and N. Toumbas, Space-time non-commutativity and 

causality, J. High Energy Phys. 06 (2000), 044-059. 

 [9] J. Gomis and T. Mehen, Space-time non-commutative field theories and unitarity, 

Nucl. Phys. B 591 (2000), 265-276. 

 [10] K. Pachucki and S. G. Karshenboim, Complete results for Positronium energy levels at 

order ,
6αm  Phys. Rev. Lett. 80 (1998), 2101-2104. 

 [11] D. Hagena, R. Ley, D. Weil, G. Werth, W. Arnold and H. Schneider, Precise 

measurement of 2=n  positronium fine-structure intervals, Phys. Rev. Lett. 71 

(1993), 2887-2890. 

 [12] R. Ley, D. Hagena, D. Weil, G. Werth, W. Arnold and H. Schneider, Spectroscopy of 

excited state positronium, Hyperfine Interactions 89 (1994), 327-341. 

 [13] A. P. Mills Jr., S. Berko and K. F. Canter, Fine-structure measurement in the first 

excited state of Positronium, Phys. Rev. Lett. 34 (1975), 1541-1544. 


