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In this paper, we consider natural multivariate extensions of 

originally two-dimensional singular mixture copulas as discussed recently 

in [1] and [2]. 

1. Example 

We start with [2], Case 2. Assume that U  and V  are independent 

uniformly distributed random variables over [ ].1,0  For ni ...,,1=  with 

N∈n  define 

ii VUTi
βα

⋅=:    with   ,0, >βα ii    ,ii β≠α    ....,,1 ni =  

Then, according to [2], p. 182 
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are also uniformly distributed random variables over [ ],1,0  i.e., 

( )nXX ...,,: 1=X  is a representative of an n -dimensional copula. The 

following graphs show empirical copulas from this construction for :3=n  

 

,21 =α  1.11 =β  

,12 =α  22 =β  

,12 =α  22 =β  

,75.13 =α  5.13 =β  

,12 =α  22 =β  

,75.13 =α  5.13 =β  

The following graph shows a 3D plot of the empirical copula: 
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2. Example 

Here we consider singular mixture copulas as in [1], Example 1. For 

this purpose, assume that X  is a uniformly distributed random variable 

over [ ].1,0  Define 

( )11
1 ,;: baXFY

−=  

with 

( ) ,1: 11111 γ⋅−⋅+= ccca    ( ) ,1: 11111 δ⋅−⋅+= cccb    (cf. [1], p. 126) 

where 1c  is a uniformly distributed random variable over [ ],1,0  

independent of ,X  and ,5.0:1 =γ  .1:1 =δ  Define further 

( )22
1 ,;: baXFZ

−=  

with 

( ) ,1: 22222 γ⋅−⋅+= ccca    ( ) ,1: 22222 δ⋅−⋅+= cccb  

where 2c  is another uniformly distributed random variable over [ ],1,0  

independent of X  and ,1c  and ,25.0:2 =γ  .5.0:2 =δ  Then 

( )321 ,,: XXX=X  represents a 3-dimensional copula. The following 

graphs show empirical copulas from this construction: 

 

The following graph shows a 3D plot of the empirical copula: 
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A possible extension to higher dimensions is obvious. 
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