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Abstract

Suppose ABCD is a nonconvex quadrilateral. We can construct 3 semi-
circles outer tangent and 2 in the semi circle tangent of the quadrilateral.
In this paper, we will discuss how to calculate length of the radius of the
circle tangent of a nonconvex quadrilateral. Furthermore, we will discuss
how to calculate lengths of the new sides formed by construction of the

semi Gergonne points on it.
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1. Introduction

Two-dimensional figure of triangle is one of the scopes of geometry that can
always be used to construct tangent circles inside and outside tangent circles [2, 8, 9,
13, 14]. If a line is drawn from the third vertex of the triangle to the point of tangency
of the circle in (incircle) then the third line will intersect at one point (concurrent),
this is called Gergonne point inside the triangle and if there is a circle outside the
triangle tangent (excircle) with the center point of tangency circle outside the triangle
(excenter), Gergonne point can also be formed outside the triangle derived from the

circle tangent [1, 9, 13].

But this does not apply to the quadrilaterals because not all quadrilaterals can be
used to construct a tangent circle inside and outer circle tangent. Circle tangent in the
quadrilateral [4, 6, 12] is a circle inside a convex quadrilateral and the quadrilateral
four sides of the offensive, while the outer circle tangent quadrilateral [5, 10, 11] is a

circle that is offensive or lengthening the other sides of a quadrilateral.

Mashadi et al. [10], have discussed about how to calculate the length of the
radius of circle tangent to the convex quadrilateral, lengths of new sides formed from
the construction and how to construct semi Gergonne point on a convex quadrilateral.
Josefsson [7] also talked about the relationship between the lengths of the fingers
outside the circle tangent to the convex quadrilateral. In the other article, Mashadi et
al. [11] also discussed the necessary and sufficient conditions in order that a
quadrilateral has a tangent circle outside, calculated the lengths of the new sides and
the lengths of the fingers and the relationship between the lengths of the fingers

formed.

In addition to a convex quadrilateral, there is a quadrilateral having a single
angle of more than 180°. This is called nonconvex quadrilateral [3]. In a nonconvex
quadrilateral, we can construct 3 tangent circles outer edges and 2 in the semi circle
tangent. In this paper, authors discuss the lengths of the fingers in a semi circle
tangent and semi circle tangent outside as well as the relationship between the lengths
of the radii of the semi circle tangent. Lengths of the new sides formed from

constructing the semi-circle tangent will also be determined.
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To be more clear about nonconvex quadrilateral which has a semi incircle and

semi excircle tangent to tangent outside, consider Figure 1.1.

Figure 1.1.

In Figure 1.1, there are some tangent circles centered at the points
1,,1,,1,,1. and I;. Circles centered at the points /,, I, and I, are called semi-
circle outside tangent of a nonconvex quadrilateral ABCD , while circles centered at
points /. and [, are called semi incircle tangent of a nonconvex quadrilateral
ABCD. Besides, there are some tangency circle radii outside are R,, R,, and R
and the radii of the incircle tangents are r. and r;. There is also a relationship

between the lengths of the fingers formed, thatis, R, - r; = R}, - r,.

2. Semi Gergonne Point and Long’s Fingers

Gergonne points can be constructed in any of the triangles, that is, 1 Gergonne
point in the circle inside and 3 Gergonne points in the circle outside [1, 9, 13], but in
the nonconvex quadrilateral, it can not be constructed. In nonconvex quadrilateral
only can be constructed circle of offending one side and the extension of the other
two sides that will form 3 pieces circles tangent outside on AABP on the side of BP

and AB and the circle tangent outside on AAQD on the side of AD and two circles
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tangent in the AABP and AAQD. Circle tangent formed on the quadrilateral is

called semi circle tangent at nonconvex quadrilateral ABCD.

If a line is drawn from each vertex to the point of tangency in front of him, then
the intersection of the three lines is called the point of the semi Gergonne point on
nonconvex quadrilateral ABCD. In Figure 2.1, there are six points of semi Gergonne

constructed at nonconvex quadrilateral ABCD, that is, Ge;, Ge,, Gez, Gey, Ges,

and Geg.

Figure 2.1.

A nonconvex quadrilateral ABCD has three outer edges tangent circles and 2 in

the semi circle tangent. Lengths of fingers for each circle tangent can be calculated.

Theorem 2.1. Suppose ABCD is a nonconvex quadrilateral with the lengths of

sides are a, b, c and d. Then the length of the radius of semi-circle tangent at the

front corner of C is

_ LOABCD _ LOABCD

R =
o a-c d-b

Proof. Let R, be the length of the radius of semi-incircle tangent in front of the

corner C as in Figure 1.1. Area of the nonconvex quadrilateral ABCD can be

calculated as
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LOABCD = LAABO + LAADO — LACBO - LADCO

SR RV P

LDABCD=%(a+d—b—c)-R0,

2LOABCD

" 4rd-b-c’

Because a + b = ¢ + d, we will obtain

R, = LOABCD o LOABCD

a—c T d-b

From Theorem 2.1, then will be calculated LOABCD. We can determine LCOOABCD

as follows.

Theorem 2.2. Let ABCD is a nonconvex quadrilateral with the lengths of sides
are AB=a, BC=b,CD =c and AD = d, then

ZB+ /2D

LUOABCD = ~abcd siny,  where Y = >

Proof. See Figure 2.1, pull the AC line so that there are two triangles AABC and
AACD. Applying cosine rule in AABC, we have

2

AC? = 42 £ b2 — 2abcos /B. 2.1

Also applying cosine rule in AACD , we have

2

AC? = 2 4 4% ~2¢d cos /D. 2.2)

Based on the equations (2.1) and (2.2), we will obtain

a? +b% 2~ 42 = 2abcos LB - 2¢d cos £D,

a” + —-C - = ap CoS — cd COS . .
(a% + 5% = ¢% —d?)? = 4(ab cos ZB — cd cos £D)? 2.3)
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Now LOABCD can be written as

LOABCD = LAABC + LAACD,
LOABCD = %ab sin ZB + % cd sin /D,
16(LOABCD)? = (2absin ZB + 2cd sin 2D)?. 2.4)
Adding equation (2.3) and equation (2.4), will be obtained
16(LOABCD)? + (a2 + b2 — 2 —42)2
= 4(absin ZB + cd sin 2D)? + 4(ab cos ZB — cd cos ZD)>

2

= 4a%b? sin? /B + 8abced sin ZBsin ZD + 4c2d? sin? 2D

2 /B — 8abcd cos /B cos ZD + 4¢2d? cos® #D

+ 4612[92 cos
= 4a*b? + 4c?d* + 8abcd(sin £ZB sin ZD — cos ZB cos £D)
= 4a°b? + 4c%d? + 8abcd cos(LB + £D)
= (2ab + 2¢d)? - 16abed cos? v,
16(LOABCD)? + (a2 + b% — ¢? — a?)? = (2ab + 2¢d)? — 16abed cos? v,
16(LOABCD)? = (2ab + 2¢d)? — (a® + b% — ¢2 — d?)? —16abed cos? y
= [(2ab + 2cd) + (a® + b = 2 — a®)[(ab + 2¢d) - (a% + b2 = % — d?)]
—16abed cos? y

=(a+b+c—-d)fa+b—c+d)c+d+a—-b)c+d—a+b)—16abcd cos® y

= (2¢)(2d)(2a)(2b) — 16abcd cos” y
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= 16abcd(1—cos® y),

16(LABCD)? = 16abed sin? y,

LUOABCD = vabcd sin v.

Based on Theorems 2.1 and 2.2, it can be determined that the length of the radius of
tangent circle outside in front of the corner C is
~abcd vabcd

R, = o siny or R, = 1—b sin .

In a convex quadrilateral there is a relationship between the lengths of the radii
construction results. Here is given a long relationship between the radii of a circle

tangent at nonconvex quadrilateral ABCD.

Theorem 2.3. Let ABCD be a nonconvex quadrilateral having semi-circle

tangent with the lengths of the radii R,, Ry,, r. and ry, then it can be shown that
Rard = Rbrc.

Proof. See Figure 1.1. Let a noncenvex quadrilateral ABCD has semi-circle

tangent with the lengths of the radii R,, Ry, . and r;. By using trigonometry rules

on AAI,S, one can obtain

R
tg—=—2%
2 7 as’
A
AS = RoXCtg7~ 2.5)

And note ABI,S in Figure 1.1,

180°— B\ R,
tgl ——— | =2,
g( 2 ) BS

BS = R, x tg% (2.6)
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From equations (2.5) and (2.6), we will obtain

AB = AS - BS,
A B
a= Ro(ctgi - tgf).

Note ABI,V, in Figure 1.1,

B_ R,
tg — =
€2 7By,

BV, =R, Xctgg.

Note AAI,V, in Figure 1.1,

180°— A) _ R,
t =
g( 2 ) AV,

AV2 = Ra th%

From equations (2.7) and (2.8), we will obtain

AB = BV2 - AVz,
B A
a= Ra(cth —tg 7)
From equations (2.7) and (2.10), we will be obtain

A B
cth—tgi

B A
Cth—th

2.7

(2.8)

(2.9)

(2.10)

2.11)

In the same way, we will obtain long-radius semi-circle outside the tangent offensive

side of the extension sides AB and AD and BC in nonconvex quadrilateral ABCD

as



A NONCONVEX QUADRILATERAL AND SEMI GERGONNE ... 119

A D
ctgi—tg?

R, = R, X (2.12)

D A
Cth—th

The length of the radius of the semi incircle the offensive side tangent AB, BC and

CD at the extension side of a nonconvex quadrilateral ABCD 1is

(2.13)

The length of the radius of the semi incircle the offensive side tangent AD, CD and

BC at the extension side of a nonconvex quadrilateral ABCD is

D C
tg——ctg—
ry = RonD—g. (2.13)
tg = —tg —
ey
By multiplying the equations (2.11) to (2.14), we obtain
ct é—t — t B—Ct £
er=R><g2 gszxgz )
‘ ’ Ct; E—té ’ ct B—tg’
872783 85785
cosésinE singcos£
2 2 2 2
sinécosE cosgsin£
R r = R2x% 2 2 2 2
“ ’ cosésiné (:0525in£ ’
2 2 2 2
sinécosé singcos£
2 2 2 2
sin E cos é sin 2 cos g
2 2 2 2 2
Rata = =Ho sin—cosﬁsingcosg. 21
2 2 2 2

And then, by multiplying the equation (2.12) to (2.13), we obtain
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A D B C
cth—tg? tgi—ctgi
Ryr, =R0><Ct Q_t AxR(,th E_t c
85 7%3 )
cos A sin D sin B cos <
2 2 2 2
sin é cos 2 cos E sin g
Ror = R2x 2 2 2 2
v ’ cos D sin A cos B sin £
2 2 2 2
sin D cos A sin B Ccos —
2 2 2 2
sin 2 cos é sin E cos g
Ry, =-R2x—2 2 22 (2.16)

sin — cos D cos B sin £
2 2 2 2

By comparing equations (2.15) and (2.16), we obtain

. B A . D C
sin — cos — sin —- cos —

2 2 2 2 2
— RS X
’ sinécosésingcos2
Rarg _ 2 27 2772
Ryr, . D A . B c’
Sin — coS — Sin — cos —

) g COSp Sy cosy
~ Ry x— D _B.C
sin E COS ? COS ? Sin 7

Rard
Rbrc

= 1, then Rard = Rbrc.

3. Long Side New Construction Results

There are some points of tangency circle centered a nonconvex quadrilateral
ABCD at point I,, including the points S, 7,U and R (See Figure 3.1). Let

BS = x, CT =z, and DR = y. The lengths of the tangent lines can be determined

based on the following theorem:

Theorem 3.1. Let ABCD be a nonconvex quadrilateral, then the length of the
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tangent of a nonconvex quadrilateral in front corner of C on the extension side AB

is

d X sin Yy X ct lA—a
a-—c v g2 ’

X =

Proof. See Figure 3.1.

#
Figure 3.1.

Let the lengths of sides AB, BC, CD and AD be, respectively, a, b, ¢ and d.

By using the concept of trigonometry on Figure 3.1, we obtain

1,§ 1,8
tglA: 9— or AS = —2—, then AS:ROXCtglA, and so
277 As oL 2
£2
abcd _ . 1
AB + BS = X xXctg = A,
Lo K<sinyxcigs
Vabcd

x = xsinyxotglA—a.

a—c 2
Remark 3.1. In the same way, we will obtain

(a) The length of a tangent of a nonconvex quadrilateral in the front corner of C
on the side BC is
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vabcd 1
X sin y X ctg — A.

=a+b-
a a-c 2

(b) The length of a tangent of nonconvex quadrilateral in the front corner of C

on the extension of the side AD is

~abcd

. 1
=c—(a+b)+ X X ctg— A
y=c—(a+b) Lo Xsinyxcigs

Theorem 3.2. Let ABCD be a nonconvex quadrilateral and the point Q an
intersection between the lines AB with CD line extension, the length of the line
AQis

AQ = abed xsnY(ctg——tg )

Proof. See Figure 3.1. Let the lengths of sides AB, BC, CD and AD be,
respectively, a, b, c and d. Then LQAP = LA, ZAQC = Z£Q, and LAPC = ZP.

By using trigonometry comparison to tangent the length of side AQ obtained at

AASI, is
tgZSAI, = tg LQzAP ,
¢ ZQAP _ the length of side S/,
£ T he length of side AS’
t A_ then AS = R, Xct
) AS 83 2"
and
1g£S0I, = tg(wj’

¢ 180° — ZAQC\ _ the length of side S/,
& 2 ~ “the length of side OS ’

ctgg Q_g such that S = R, xtg%,
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so that

AQ + 0S = AS,

AQ + 0S =R(,><ctg%,

AQ+R, xtg%= R, xctg%,

AQ = abed XSnY(ctg——tg )
a—c

Remark 3.2. In the same way, we will obtain

(a) The length of the side AP, P being intersection of the lines AD in the

extension of BC is

AP = abed X sin Y(ctg ——tg )

(b) The length of the side CQ which is an extension of the line BC to the

point Q is

vabcd

CQ = xsnY(g—+ctg2A (a+b))

(c) The length of the side CP which is an extension of the line BC to the point
P is

CP = vabcd

><smy(tg—+ctg A- (a+b))
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