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Abstract

A new proof of the convex contraction mapping theorem [1] was given by
Ampadu [2]. In the present paper, motivated by certain results contained
in Mutlu et al. [3], we obtain the coupled version of the convex

contraction mapping theorem in bipolar metric spaces.
1. Introduction
A coupled version of the Banach contraction principle appeared in Mutlu et al.

[3]. In the present paper, we address the following

Question 1.1. What is the coupled version of the convex contraction mapping

theorem [2] in the setting of bipolar metric spaces [4]?

This paper is organized as follows. Section 2 contains some preliminary ideas

that would be useful in the sequel. The main results are given in Section 3. An
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example is given to motivate the main result.
2. Preliminaries

Definition 2.1 (Mutlu and Gurdal [4]). A bipolar metric space is a triple
(X,Y,d) such that X, Y # @ and d:X — R* is a function satisfying the

following
(a)if d(x, y) =0, then x =y,
(b)if x =y, then d(x, y) =0,
(¢)if x, ye X NY, then d(x, y) =d(y, x),

(d) d(xq, yp)<d(xy, y1)+d(xy, y1)+d(xy, yp) for all (x, y), (x, y1),

(x2, y2)€ X xY.
We say d is a bipolar metric on the pair (X, Y).

Definition 2.2 (Mutlu and Gurdal [4]). Let (X, ;) and (X,, ¥, ) be pairs of
sets and f: X, UY; > X, UY, be a given function. If f(X;)< X, and

f(Y;) cY,, we say fis a covariant map from (X;, ¥;) to (X,,Y,) and write

f : (le Yl)j)(X2v Y2 ) If f(Xl) c Y27 and f(Yl) < X27 we Sa}’fis a contra-

variant map from (X,Y;) to (X,,Y,) and in this paper, we shall write
[ (X1, 1)2(Xp, 1)

Remark 2.3. If d;, d, are bipolar metrics on (X, Y;) and (X,,Y,),
respectively, we shall sometimes write f : (X, Y, d;)3(X,, Y5, d,) and f:
(X1, Y, d1) 2(X3, Yy, dy).

Definition 2.4 (Mutlu and Gurdal [4]). Let (X, Y, d) be a bipolar metric space

(a) A point ue X UY is called a left point if u € X, a right point if ue Y,

and a central point if it is both a left and right point.
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(b) A sequence {x, }€ X is called a left sequence, and a sequence {y,}€ Y is

called a right sequence. In a bipolar metric space, a left or right sequence, is simply

called a sequence.
(c) A sequence {u,} is said to be convergent to a point u, iff {u,} is a left
sequence, u is a right point and lim,_,, d(u,, u) = 0; or {u,} is a right sequence,

u is a left point and lim,_, d(u, u, ) = 0.

(d) A bi-sequence {(x,, y,)} on (X, Y, d) is a sequence on the set X x Y. If
the sequence {x,} and {y,} are convergent, then the bi-sequence {(x,, y,)} is
said to be convergent, and if {x,} and {y,} converge to a common fixed point,

then {(x,, y,)} is said to be bi-convergent.
(e) {(x,, y,)} is called a Cauchy bi-sequence if lim,, ,, ., d(x,, x,,) = 0.

(f) A bipolar metric space is called complete, if every Cauchy bi-sequence is

convergent, hence bi-convergent.

Definition 2.5 (Mutlu and Gurdal [4]). Let (X, ¥}, d;) and (X,, Y,, d,) be
bipolar metric spaces

(@ Amap f:(X,Y,d)3(X,, Yy, dy) is called left-continuous at a point

X9 € X, if for every € > 0, there exists a & > 0 such that d;(xq, y) <& implies

dy(fxg, fy) <€ forall ye Y.

(b) Amap f : (X, Y, d;)3(X,, Y,, dy) is called right-continuous at a point
yo € Y;, if for every € > 0, there exists a 8 > 0 such that d;(x, yy) <& implies

dy(fx, fyg) <€ forall xe X;.

(c) A map fis called continuous, if it is left-continuous at each point x € X; and

right-continuous at each point y € Y.

(d) A contra-variant map f :(X;,Y;)2(X,,Y,) is continuous iff it is

continuous as a covariant map f : (X, ¥1)3(X,, V).
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Remark 2.6 (Mutlu and Gurdal [4]). A covariant or contra-variant map f from

(X1, Y, dy) to (X,, Y,, dy) is continuous iff {u,} — v on (Xy, ¥, d;) implies
{f(u,)} = f(v) on (X5, Ya, dy).

Definition 2.7 (Mutlu and Gurdal [4]). Let (X, Y, d) be a bipolar metric space,
F:(X2,Y*)3(X, Y) be a covariant mapping. (a, b) € X2 UY? is said to be a

coupled fixed point of Fif F(a, b) = a and F(b, a) = b.

Definition 2.8. Let (X, Y, d) be a bipolar metric space, F: (X2, Y?)3
(X,Y) be a covariant mapping, and ki, ko, k3 be non-negative constants. If F

satisfies the condition
d(F*(a, b), F*(p. q)) < kid(a, p)+ kod(b. q)

+k3d(F(a, b), F(p, q)), k; +ky + k3 <1

forall a,be X and p,ge Y, thenwesay F: X>UY? > X UY is a coupled

convex contraction mapping of order 2.
3. Main Results

Theorem 3.1. Let (X, Y, d) be a complete bipolar metric space, and F be a

map satisfying Definition 2.8, then F has a unique coupled fixed point.

Proof. Let ap, bO € X and Po> 90 € Y. Take a, bl € X and P1> 41 € Y
with a; = F(agy, by), by = F(by, ag). p1 =F(po.q0)s q1 =F(qg. po)-

Continuing, we obtain bi-sequences {(a,,, b, )} and {(p,, ¢, )} such that
a, = F(an—h by ), An+1 = F(an, bn) = Fz(an—l’ by, ),
by = F(b,_1, ay_y). byyy = F(by,. a,) = F2(b, 1. a,_),
Pu = F(Pucts dut)s Puvt = F(Pys 00) = F(Pucts @t

2
dn = F(qn—l» Pn-1 ), dn+1 = F(qn’ pn) =F (Qn—I’ pn—l)
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forall ne N. Let y = k; +k, + k3. By definition of F, we have

(a1, Prra) = d(F(ayi1. byt F2(py. q,))
< kd(a,_y, p,)+kyd(b,_y, q,)
+k3d(F(a,_1, by_y), F(pus an))
and,
d(bysts gue2) = d(F>(by_ys ayey), F2 (40 py))
< kd(by—1s g,) + kpd(ay,_y, py)
+k3d(F(b,_y, a,_1), F(qy, Pn))

for all ne N. and y<1. Now set e, =d(a,41, Ppsr)+d(by41s 4pen ). and

observe that
enp1 < (ky +ko)d(b, 1, g,) + d(ay_y, py)]+ ksld(ay, ppyr) +d(by, gye)]
< (ky + kp d(byys qn) + d(ay_1s py)]+ k3ey,
< (ky + ko e,y + kse,
S (kg + ko + k3)e,
= ve,,.

Now it follows that 0 < ¢, ,; < Ye,, < yzen_l < --- < y"e;. Now observe that

d(an+2’ pn+1) = d(Fz(an’ by, ), Fz(pn—l» qn—l)
< kld(an’ Pn-1 ) + kZd(bn’ Qn—l)
+k3d(F(an9 bn )’ F(pn—b qn—l))

and,

d(bn+2’ Qn+l) = d(F2(bn’ a, ), F2(qn—l» pn—l)
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< kld(bn’ qn—1 ) + kzd(cln, Pn-1 )
+k3d(F(bn7 a, )’ F((’In—l’ pn—l))

forall ne N and y < 1. Put s, = d(a,2, Pye1) + d(byis qye1), and observe
that

sSup1 < (ky +ko)ld(ay,, pyoy) +d(by, gp-1)]+ ksld(aygy, py) +d(byyys q,)]
< (ky + ko )s,_y + k3s,
< (ky + kg + k3)s,,
= s,.

Now it follows that 0 < 5, < ¥s,, < yzsn_l <. < yzsl. Now observe that

d(aps1s Post) = d(F2(ap_ys byt ) F2(Ppts nt))
< kd(a,_y, py_y)+kad(by_ys gp—y1)
+h3d(F(a,_1, by—1), F(Pp-1 4y-1))
and,
d(byy1s Gus1) = d(F* (b1, @y 1) F2(qy1. Puot))
< kid(by_y, gnr) + kod(a,_y, pp_y)
+k3d(F(b,_y, ay_1)s F(q,_1, Pn_1))

for all ne N and A <1. Now set t,,1 =d(a,.1, Pus1)+d(byiq. gy1) and

observe that

twe1 S (ky +kp)ld(ay_y, ppy) +d(by_y, g4-1)]+ kald(ay. py)+d(by,. q,)]
< (ky + kot + k3t
< (kj +ky + k3t

=iy
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Now it follows that 0 <7, | <y, < yztn_l < --- < ¥"f. By Definition 2.1(d), we

have
d(api1, Ps1) S d(ayyys Pusa) +d(ayy, Ppyn)+o+day, Py,
d(byi1s Gma1) < d(byirs pin) + d(byias Gpin) + -+ d(bys qat)s
d(apy1s Pag1) S Ay, P) +d(ay, pp)+-+d(apg, Ppsr),
d(byits Gua1) < d(byits @) +d(byys gy ) + -+ d(byias Guir)
for each n, m € N, n < m. Consequently, we have
d(ays1s Pmer) +d(Byirs Gar)
<[d(ays1s Ppia) +d(byirs Guia)]+[d(ayins ppio) +d(byins gpi2)]
+-+[d(ay,, pme1)+dbps Gmsr)]
=e,41 tlypn e+ +1, +e,
< Y"+lel + Yn+2t1 + Yn+231 bt Yme1 + Ymtl

S(Yn+1 +,Yn+2 +'"+Ym)el +(,Yn+2 + n+3

AARRIE TR 1

and
d(api1, Ppst) +d(bpyirs dugr)
<ld(apsrs pm) + d(byirs g1+ d(apsns p) +d(byias g )]
+oct[d(ayins Ppat) +d(byya, quer)]
=S8, tt, t -+ S0 Fl0 8,4

m n+2

< Ymsl +Y tl +e Yy N + 'Yn+2t1 + 'Yn+1S1

n+l + +2 n+2 + Yn+3 Tt ,Ym )tl

= (v YAy )y + (Y
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for n < m. Since for an arbitrary € > 0, there exists n; such that

n1+1

v
I-vy

€1+

and

n1+1

Y
I-vy

N +
then for each n, m = n;, we deduce that

e
d(ayy1, Pms1) + d(byiys Ger) < 3

€
d(am+1’ Pn+1 ) + d(bm+h dn+1 ) < E

It follows that the sequences {(a,, p,)} and {(b,, g, )} are Cauchy bi-sequences.
By completeness of (X, Y, d), there exists a,be X and p,geY with
=b. Now

lim, . a, = p, lim, ., b, = ¢, lim,,_,,, p, =a, and lim,_,. q,

observe there exists n, € N with d(a,, p) < %, d(b,, q) < %, d(a, p,) < %,
d(b, q,) <% for all n = n, and every € > 0. Since {(a,, p,)} and {(b,, g, )}

are Cauchy bi-sequences, we get d(a,, p,) <=, and d(b,, q,) < % By the

w|m

contractive condition of the theorem, we have
d(F*(a, b), p)
< d(Fz(a’ b), Pn+2 )+ d(an+2’ Pn+2)+ d(an+2, p)

< d(Fz(a7 b)? F2(pn7 qn))+ d(an+27 pn+2)+ d(an+2’ p)

< kld(a7 pn)+ kZd(b7 Qn)+ k3d(F(a’ b)’ F(pfw qn ))
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+d(an+2’ Pn+2 ) + d(an+2’ p)

€ e . €
< (k kia)=+ k) =+2—
(k) + 3)3+ 23 +23
e €
(1()3 3
€
__|_2_
< 3
=g

for each ne N and y:=k +ky+k3 <1. So d(F2(a, b), p) =0, that is,

F?(a, b) = p. Similarly, F%(a,b)=q, F2(p, q) = a, F*(q, p) = b. Since
d(a, p)=d( lim p,, lim a,)= lim d(a,, p,) =0,
n—oo n—oo n—oo
d(, qg) =d( lim g,, lim b,)= lim d(b,, q,,) = 0.
n—oo n—o0 n—o0
It follows that @ = p and b = g. Therefore (a, b)e X>NY? is a coupled fixed

point. For uniqueness, take another coupled fixed point (ay, b;) € x2Uy2 It

(ar, b)) e X2, then we get
d(ay, a) = d(F*(ay, by), F(a, b))
< kd(ay, a) + kyd(by, b) + ksd(F*(ay, by), F(a, b))
< (ky + k3 )d(ay, a)+ kyd(by, b)
and
d(by, b) = d(F*(by, a)), F(b, a))
< kyd(by, b) + kyd(ay, a) + ksd(F2(by, ay), F(b, a))
< (ky + k3 )d(by, b) + kyd(ay, a).

From the chain of two inequalities immediately above, we deduce that
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d(ay, a)+d(by, b) < (k) + ky + k3)d(ay, a)+d(by, b)]
=Yld(ay, a)+d(b, b)] < d(ay, a)+ d(by, b)
which is a contradiction, thus d(a;, a)+ d(b;, b) =0, and so a; = a and b, = b,
that is, (a;, b; ) = (a, b). It follows that the coupled fixed point is unique.

If all the constants in the previous theorem are equal, then we obtain the

following
Corollary 3.2. Let (X,Y,d) be a complete bipolar metric space, and

F: (X2, Y?)3(X,Y) be a covariant mapping, and k <1 be a non-negative

constant. If F satisfies the condition

d(F*(a, b), F2(p, q)) < > [d(a, p)+d(b, q) + d(F(a, b), F(p, 9))]

w| =

forall a,be X and p, g€ Y, then F has a unique coupled fixed point.

Now we have the following, illustrating the main ideas of this paper

Example 3.3. Let U,(R), L,(R), d, and F be defined as in Example 1 [3].

Now fix k = %, and observe that
2 n
i, j=1

=d(F?(A, B), F(C, D))

n

k 4 4
Sg' . E(aij—clj)"‘g(bij—dlj)
i, j=1
n n
k 1 1 k
SE g(aij —CU)+§(bU _dl'j) +§ Z|(au _Cij)+(bl'j _dl])l
i, j=1 i, j=1
n n n
k 1 1 k k
= 3 g(aij _Cij)+§(bij —djj) t3 ZK%‘ — ;)| *t3 ZW?Z’J‘ —dy)|
i, j=1 i, j=1 i, j=1
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= X [a(F(a, B), F(C. D))+ a(a, ©)+ d(B, D))
Clearly, all the conditions of the previous Corollary hold, and the unique coupled

fixed point is (0,,x,,> 0,1, ) € U,(R) N L, (R), where 0,,,, is the null matrix.
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